






Se clara videndam
Obtulit et pura per noctem in luce refulsit.

Nevertheless, it shall be as Sir Digby and you, Sir, see fit. I submit to you
both my logic and my mathematics, and I consent that you make a sacrifice
of it to the memory of this illustrious man, who is no longer in a condition
to defend himself; but until you have pronounced yourselves, I claim that
the true ratio or proportion of refractions is still unknown and that θεω̃ν ’εν
γȯύνασι κει̃ται,7 in the company of so many other truths that the future
will perhaps discover better than has the past.

Excuse my lengthiness, and do me the honor of believing me to be, Sir,
Your very humble and very affectionate servant,

Fermat.

7“It rests in the lap of the gods.” Homer, Iliad, XVII, 514.
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Clerselier to Fermat

Wednesday, May 15, 1658

Sir,

1. I do not want to take too much time making excuses for having re-
sponded so late to your two letters, the one of the 3rd and the other of the
10th of March, since I am sure that you will easily understand that only insur-
mountable obstacles prevented me from responding in time to such kindness
and civility on your part. Indeed, the true reason which prevented me from
showing you my gratitude sooner is that I was sick in bed during almost this
entire period and my mind was therefore incapable of involving itself with
such elevated subjects.

But this tardiness would not matter, so long as I am able to respond to
all the doubts of your skeptic today, and to fully satisfy the problems which
you reference in your last letter, because, since they do not at all depend
on time, the response would not have been any better or more convincing,
if it had come on time.1 Nevertheless, seeing that it is with you, sir, that I
am dealing, and not with your skeptic, whose humor would be too difficult
to satisfy, I am confident that I can clarify most of his doubts and show so
clearly (unless I am mistaken), how he was mistaken in his judgments that by
having you as the arbiter of our differences and the judge of our conclusions,
I hope that you will recognize the subtleties of his and the truthfulness of
mine, that is, those of Descartes.

2. First of all, I do not see how the reasoning of M. Descartes, with respect
to his diagram on page 17 of the Dioptrics (fig. 56), is at all opposed to
common sense, nor how the extensions that he made there from reflection to
refraction is at all forced. Since the same reason which caused him to conclude

1Yes, this is supposed to be a joke.
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on page 15 that the earth CBE (fig. 53) could only stop the determination
from high to low, and not at all from left to right, because it is entirely
opposed to the first and not at all to the second; the same reason led him to
conclude, in the figure on pages 17 and 18, that the determination of high to
low could indeed be changed in some way by the encounter with the canvas
or the water, but that which causes the ball to tend towards the right hand
cannot be changed at all, because the water or canvas is in some way opposed
to the one and not the other.

I would ask that you note the way M. Descartes speaks here, (because the
solution to all of the doubts of your skeptic depends, in part, on this). He
does not say simply that the determination to move from high to low can be
changed by the encounter with the canvas, but only that it can be changed
in some way.

For, indeed, it has not changed completely, since the ball does continue
to descend, but is rather changed to some degree, inasmuch as the deter-
mination that a moving body has to advance towards a certain direction is
changed in some way, when it is made not to move as far in that direction in
a certain time as it did before: this changes the quantity of its determination.

3. What’s more, the three circumstances your skeptic puts forward to
avoid having to accept this result, cannot in any way invalidate it. Because,
if the speed were diminished, if the medium were changed, or if the determi-
nation of high to low were not entirely prevented, but the ball were to still
continue to descend, all that would not bring about a change in the deter-
mination of left to right, to which not one of these circumstances is opposed
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or presents an obstacle, since this determination can remain the same even if
the speed were changed, for the same determination may exist with different
speeds.2

The medium also cannot bring about any change in this determination,
since it can open itself to allow passage just as easily in one direction as
in another, in the medium that it travels through. And although the ball
continues to descend and does not come up again, as it would in reflection,
this determination towards the right can just as well be made and maintained
while descending as it was while ascending.

Up until now, your skeptic would be wrong, it seems, not to want to
agree that the determination from left to right remains the same in refrac-
tion, after having remained in agreement without any difficulty in the case
of reflection. And he has no reason to fear that we are quibbling over the
explanation of this term, or that he will be obliged to affirm anything that is
not proven and derived as a legitimate consequence from what came before.
For M. Descartes has too carefully pointed out the difference between the
determination and the movement (or, as you say, the power that moves), to
be able to forget about it.

4. But here is the point which frightens your skeptic, and which makes
him lose the little respect which he still seemed to attach to the name of M.
Descartes. After this, he says he will hear no more banter, and that although
he consented in good faith that the determination towards the right did not
change, he protests that he is not required to concede that that ball, changing
media, always makes an equal progress, and, as he said a little earlier, would
still go just as fast towards the right after it has been assumed that the ball
loses half of its speed at point B, and after M. Descartes has so solemnly
assured him that the determination and the motive force are totally different
and distinct.

But do you not see that what prevents your skeptic from agreeing with
this, is the fact that he himself does not sufficiently distinguish between
the determination and the moving force or the speed, and that he confuses
them together, believing that the division or the loss that one suffers, such
as to its speed, must be felt by the other, that is, by the determination
towards the right, even though nothing opposes it which could have changed

2If you read the Dioptrics, you will see that Descartes clearly does not actually maintain
a distinction between the two. Also, see the immediately preceding paragraph in this letter.
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or diminished the quantity of the determination that the ball had to advance
in this direction? For, if he had paid close attention to what M. Descartes
said, he would not have had a problem understanding that if the speed were
halved [at point B], while the determination from left to right remained the
same at that point as it was before, then it is necessary (to reconcile this
speed with this determination), that the ball follow line BI.

And although the headway or advancement towards the right that it
makes along the path that it takes, is the same as it was earlier in the same
time, and that it therefore always conserves the same determination that it
had to proceed in that direction, it does not follow that it goes just as fast
as it did earlier (which your skeptic seems to have always feared we would
make him agree to), since M. Descartes himself admits that it requires twice
the time to make as much headway as earlier. But since, along the path
that it must take, it is inclined more than it was towards the right, it is not
prevented from advancing as much towards that side, even though it goes
two times slower.

And in my opinion, this is what makes for the entire beauty and force of
M. Descartes’ reasoning, to show the right path that the ball takes in this
encounter, which can only be as he explained in that location, to correspond
to the determination towards the right that it must maintain, and to the loss
of speed which the ball underwent at B.

5. But that which has deceived your skeptic the most, is a reasoning that
seems truly plausible, and is very much capable of fooling others, and even
to fool oneself, if one is not careful, but which is, however, false, and contrary
to the intention of M. Descartes. As M. Descartes has in the figure on page
17 (fig. 56), this reasoning states that if the determination towards the right
hand is the the same, although the movement of the ball may be halved at
point B, then in twice the time it must advance twice as much towards the
right. Therefore your skeptic says that if we assume that the ball is impelled
perpendicularly from H to B, and if it continues its movement along BG, and
since the determination of the ball along BG has not changed at point B,
and remains the same, then: when the perpendicular movement is continued
along the same line HBG, it will advance twice as far in twice the time, just
as fast below B as it had gone above B before. But this is absurd, since we
had assumed that the ball lost half its speed at point B.

Truly, if the consequence that he infers were properly derived from what
M. Descartes put forward, I would conclude, like the skeptic, that M. Descartes
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would have been mistaken in his reasoning, for such an absurdity would follow
from it.

But moreover, M. Descartes says something totally different than what
your skeptic wants him to say: because when he said that the determination
the ball had of advancing towards the right side stayed the same, and that
consequently in twice the time it had to make twice as much headway towards
that side, he concluded that from the fact that, although we assume that the
ball loses half its speed at point B, nevertheless it loses nothing at all of the
quantity of the determination which it had to advance towards the right side,
to which the canvas is not at all opposed in this direction, and to which the
speed which remains in the ball can and must agree with it (for otherwise
the ball would bounce instead of penetrating the canvas), in such a way that
without departing from the loss that it suffered, and while going slower, it
still advances just as much towards the right side as it would have done if it
had lost none of its speed.

But can we say the same thing of the determination of a ball which we
assume to fall perpendicularly on the same canvas, namely, that the surface
on which it falls, is not at all opposed to that direction, and that in losing
half of its speed, it does not lose any of the quantity of the determination
which it had to advance towards the direction that it was aiming at, and
that the speed which remains in it can and must be accommodated with this
determination, to cause it to advance in an equal time on the same route
as far as it would have, had it not lost any of its speed? Certainly no one
will say that this case is similar to the first, and consequently its conclusion
cannot be the same.

6. Also, the entire defect in the reasoning of your skeptic comes only from
the fact that he failed to consider that the same surface CBE, at which the
ball loses half of its speed at point B, is also at the same time opposed to
the determination of high to low, whether or not it be perpendicular. So,
although the ball continues to fall and even if it were to descend along the
same line when it had been impelled perpendicularly, we would not be able
to say that this downward determination were the same, but rather that it
is changed in some fashion, as M. Descartes says. For, the ball no longer
descends with the same quantity of determination, since in an equal time it
does not go as far as it was determined to go before it lost half of its speed,
which is a change in the determination that it had to move in that direction.

And if you pay attention to this, all the changes of determination that

69



M. Descartes said will follow in the ball from the change of its speed or of
the force which impels it or which stops it at B (according to the different
assumptions which he has made), have all been changes in the determination
from high to low, and not in that of left to right, because, as he says on line
13 of page 17, of the two parts of which one can imagine that the motion
of the ball along path AB is composed, it is only that which brings the ball
from high to low that can be changed in some way by the encounter with
the canvas. But this is all the more reason to understand that this canvas
can change the perpendicular determination to which it is entirely opposed,
since it is a simple motion. We could not say that it is composed of two
determinations, one of which the canvas does not oppose, as we could say of
the determination of left to right, when the ball is impelled obliquely along
line AB.3

Yet, what other change can occur in this determination of high to low,
besides that which M. Descartes explained? He said that this ball, by con-
tinuing to descend, advances either more or less towards the bottom than
it did earlier, according to the change – that is to say the increase or the
decrease – that it received at B, and according to the relationship that this
speed has had with the determination towards the right, which must have
always remained the same, as I have said several times. That is to say that
this determination would have had to cause the ball to advance as much in
this direction as it had earlier.

And to conclude, as much as your skeptic wished to infer that the ab-
surdity follows from what M. Descartes has said, it actually is found, on the
contrary, that it is he [your skeptic] himself who, instead of using a good
argument, has entangled himself into sophistry, by assuming that the deter-
mination of the ball in a perpendicular fall was the same, in the same sense
as the determination of left to right is said to be the same when the ball falls
obliquely.

7. And if, after this, you take the trouble of examining the response made
by M. Descartes himself to the rest of the difficulties that your skeptic had
posed to him earlier via the Reverend Father Mersenne, and to those which

3When the ball moves along AB, the determination to move from left to right is not
opposed by the canvas, but when the ball moves perpendicularly to the canvas, its entire
motion is opposed, and you cannot say that it is composed of two motions, where one of
the motions is not opposed.
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he gave satisfactorily in a letter which he addressed to M. Mydorge,4 which I
have just recently sent you a copy of, you will find that what he says is true,
namely that your skeptic is mistaken, for having spoken of the composition
of movement in two different directions, and for having inferred about one
that which he had proven only for the other.

I do not repeat here what he said about it, because, besides being useless,
since I was there, one of my friends, M. Rohault, a wise mathematician among
the most well versed that I know regarding the philosophy of M. Descartes,
came to me with a response that he made to your letter to Father Mersenne,
believing that M. Descartes had not responded to it (because I never showed
him that letter to M. Mydorge), and thinking that you had not received any
response from him, seeing that in the letter that you did me the honor of
writing (which I showed him), you persist with your initial objections, and
that in the letter to M. de la Chambre, in which you say that you had earlier
challenged M. Descartes about his demonstration regarding refraction, you
said that you challenged him viventi atque sentienti,5 but he never responded
to you satisfactorily.

And since he understands all these subjects much better than I do, and
since he has responded article by article to this letter of yours, I will abstain
from wearying you too much with my speech, in order to leave you more time
to examine the response that he has made to your letter. If he had brought
it to me earlier, he would have relieved both of us: he would have relieved me
from writing on a subject that exceeds my mental forces, and he would have
relieved you from having to read such a bad letter. But, since it was already
done, I did not want to have lost my efforts, and I thought that it would be
better to tire you with this reading, and to give you by the same medium,6

some proofs of the care that I had taken in fulfilling my debt towards you,
rather than to let you believe that I had perhaps forgotten, and that I would
have been better off if someone else had discharged me of the obligation.

Moreover, Sir, I ask you to please excuse anything I may have said too
freely in responding to your skeptic. I would have acted entirely differently
if my writing had been addressed to you; but, far from being afraid that you
would refuse to treat me justly because of this, I still take the assurance of
asking you to show some forgiveness. There are some encounters where a

4This letter is in the Letters of Descartes.
5when he was alive and well
6The medium of letter-writing. No pun intended, here.
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little favor does not at all offend against fairness, and, if you take my side on
this, I can assure you that in any other encounter I will be entirely on your
side, and that you can always consider that you have in me someone who is
readily, Sir,

A very humble and obedient servant,
Clerselier

Paris, this 15th of May, 1658.
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Reflections upon and a Response to the Letter
of M. Fermat

Which Includes his Objections to the Dioptrics of M. Descartes

M. Rohault

May 15, 1658

I do not know whether Father Mersenne, to whom this letter was ad-
dressed,1 had communicated it to M. Descartes, or whether, having received
it, his occupations prevented him from giving a response. In either case, it
appears not to have been responded to, because M. de Fermat, who had writ-
ten it about twenty years ago, repeats almost the same objections in a letter
that he recently wrote to one of my friends in this city.2 I will try to supply
some responses based on the intention of M. Descartes, and the easiest way
to do this will be to follow the order in which the articles or sections appear
in the letter, as I will examine it separately.

First Article. — The first article contains only a compliment in which
the civil mood of M. de Fermat honored M. Descartes, and to which the
memory of M. Descartes is still indebted to M. de Fermat.

Second Article. I divide, etc. — Although M. Descartes fits his
medium to his conclusion, and he divides his movement into certain deter-
minations rather than others, it is no stranger than if a geometer decided to
make use of one construction over another for the execution of a problem:
and one never contests the route the geometer chooses, so long as it comes
to his intended end.

Besides, M. Descartes had to divide his movement into one determination
perpendicular to the surface towards which it was impelled, and another
determination parallel to this surface, because, since the latter encounters
no opposition, he was certain that it had to remain the same; which for him

1Fermat to Mersenne, December 1637
2Fermat to Clerselier, March 10, 1658
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was a means of reaching a truth more easily than if he had followed another
method.

Third Article. I recognize, etc. — M. de Fermat seems to be in favor
of M. Descartes by admitting that he agrees with him on the question of the
difference that he establishes between movement and determination, and by
even trying to prove it. However it also seems that he was clever, in that he
imputes to M. Descartes an opinion that he would disavow, and does this,
to all appearances, in order to use it later.

It is in the second example (fig. 56), where he asserts that a ball, impelled
from point H to point B perpendicularly to the surface CBE, does not lose
its determination, because by penetrating the water or the cloth, he says, it
continues to move along the same straight line.

But he must consider that the determination of a moving body must be
considered as changed, not only when it leaves the line along which it was
moving previously, or when it moves in the opposite direction along that same
line, but also when it is moving in the same direction along the same straight
line, provided that it be more or less far than it would have been determined
to go in that direction. And it is in this third manner that the quantity of
determination of the ball has been lessened, as well as its movement: also the
surface CBE was just as opposed to the first as the connection of the parts
was to the other. This is why this example, which was only made to prove a
truth that the two parties did not disagree on, must be considered as null.

I would even go so far as to say that M. Fermat calls “force” or “moving
force” that which M. Descartes calls “movement,” because this difference
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does not appear to be of the slightest consequence in the remainder of the
letter.

Fourth Article. I now return, etc. — This article only contains some
words of M. Descartes.

Fifth Article. First of all, I remark, etc. — The lack of memory
imputed to M. Descartes here, is based upon M. de Fermat’s belief that the
determination of high to low in the example on page 17 of the Dioptrics is not
changed: an error which is similar to that disclaimed in the remark on the
third article. And it would be of no use for proving his thought, to say that
the determination along line BI is composed in part of that which causes the
moving body to go from high to low, as was that which earlier made it move
in the same direction along line AB. There is some ambiguity in this, and
although we always consider a determination from high to low, the second is
different from the first, just as ten écus are a different quantity than fifteen
écus, although they are still écus.3

Sixth Article. But let us concede, etc. — After M. de Fermat offered
in the form of a favor something that was duly owed to him, he attempted to
prove that M. Descartes did not notice that the determination from left to
right was also changed; which would have really invalidated his demonstra-
tion. The reason, he says, is that one could not say that the determination
from high to low was changed, unless it were because of the fact that, since
the body began to move along BI, its quantity no longer had the same ratio
as the one, from left to right, that it had when it was moving along AB.

I do not know whether or not M. Fermat is being straightforward here,
since he reasons like a person who, after having carried fifteen écus in one
of his pockets and thirty in the other, and having lost, by I know not what
accident, some of the fifteen, would realize this loss only after having seen
that the remainder of the fifteen is no longer half of the sum that he has in
the other pocket, after which he is given to believe, to console himself, that
the contents of the latter pocket have increased, because as compensation, it
now contains more than twice that which he first found lacking.

M. Descartes reasons in another manner, as would a typical young man
who has not yet learned the Fifth Book of the Elements of Euclid. This young
man would judge that he had lost some of the fifteen écus, by comparing what
was left with what he previously had in the same pocket, and would not
bother to make a comparison with the thirty in the other pocket. Similarly,

3An écu is a coin.
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M. Descartes judges that a change has occurred in the determination from
high to low, since its quantity changes: once the moving body is below the
surface CBE, the determination is no longer the same as it was when it was
above it. And he is right in asserting that the determination from left to
right has not changed, because its quantity is the same, when the moving
body is on line BI, as it was when it was carried along AB.

Seventh Article. But let us again concede, etc. — Regardless of the
fact that M. de Fermat again concedes here so graciously something that he
would have been wrong to contest, as is seen in the preceding remark, this
article only contains some words of M. Descartes.

Eighth Article. You see how he falls back, etc. — Here, M. Descartes
is accused of falling into the same fault for the second time: failing to recall
that there is a difference between the determination and the movement. But
this accusation is based only on M. de Fermat’s taking the words of M.
Descartes a little too literally: for, when he says these words: it must make
twice as much headway in the same direction, this does not signify that the
ball moves along a line twice as long as before, but rather that whatever be
the line, it must be so inclined towards the right that the ball moves towards
this direction two times more than it would have done. This is the correct
interpretation of the words of M. Descartes, rather than the other, by which
it is claimed that he is confusing two different things; and his intention was
clear enough because while he says that the quantity of the determination
becomes double in the same time, he assumes that the movement is only
simple, that is to say that the moving body traverses a line equal to that
which it would have traversed before.

That which follows in this article, and the absurdity that M. de Fermat
concludes in it, is not to the disadvantage of M. Descartes, who would deny
that the determination from high to low would remain the same, following
what was said in the remark on the third article, and in this way all this
display of reasoning goes up in smoke.

Articles 9, 10, 11, 12. — I accept as true everything contained in
these articles; but I fear that they have nothing to do with the subject.

Thirteenth Article. Having supposed and demonstrated this, etc. —
M. de Fermat maintains that, on page 20 of the Dioptrics, the assumption of
M. Descartes is that the increase by one-third of the movement which occurs
to the ball is simply the motion from high to low or along line BG, while it
has to do with measuring it along the line that it has to describe or actually
travel through. And this is easy enough to understand, because, if this were
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the case, M. Descartes would not have assumed as he did, that the force
of the movement of the ball is increased by one-third, but he would have
assumed the determination of high to low to be increased by a third, and
would not have assumed anything about the movement. Therefore it must
not be said that in his meaning, the ball which moves along BI moves by
a motion composed of that which it had towards BD and another towards
BG – from which it is desired that he assumes the quantity being one-third
greater than it was along AB, but although the actual movement of the ball
be one-third greater than before, leaving to reason the task of ascertaining
which change must follow in the determination of high to low.

Fourteenth Article. Then let us imagine, etc. — M. de Fermat’s
conclusion in this article is true according to his assumption which, as I
have just remarked, is different from that of M. Descartes. So one need
not be shocked if the two of them establish different proportions, whereby,
consequently, one could not invalidate the other.

Fifteenth Article. Moreover, the principle reasoning, etc. — It is
true that M. Descartes means that the motion of a moving body always
increases by a similar quantity when it penetrates into the same medium,
notwithstanding that it falls upon the surface at different angles. And this is
quite reasonable, since the ease of motion depends on the nature of the body,
which we assume to be such that it yields to allow passage just as easily in
one direction as in another, and since the inclination of the ray of incidence
depends only on the determination of the quantity of the diverse falls that
can be different according to the different ratios that will hold between their
determination and speed.4 What M. de Fermat adds afterwards and what he
claims to have demonstrated as false, is only true under what he believed to
have been the assumption of M. Descartes, but which nonetheless, as I have
shown, is quite different from his assumption.

Sixteenth Article. It is not only that, etc. — M. de Fermat maintains
that he is not certain whether his proportion must be followed, rather than
the one that he is writing against. But I have no objection to accepting
his own, if the acceleration or deceleration of the movement depended only

4The lack of clarity in this sentence is translated from the original French: Et cela est
bien raisonable, puisque la facilité de se mouvoir dépend de la nature du corps que l’on
suppose tel qu’il se peut ouvrir pour faire passage aussi facilement vers un côté que vers
un autre, et que de l’inclinaison du rayon d’incidence dépend seulement la détermination
à la quantité de laquelle les diverses chutes pourront apporter de la variété selon le rapport
qu’auront entre elles la détermination et la vitesse.
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on the surface common to the two media through which the moving body
travels: but since this surface would only be able to deflect the movement
and since it is the second body which speeds it up or impedes its motion, the
proportion of M. Descartes must be retained.

When it pleases M. de Fermat, we should like to know his thoughts on
refraction; but I can already say in advance that the summary you let me
see of his letter to M. de la Chambre seemed very ingenious and worthy of
him.5

If you show him this letter, I ask you not to mention my name, or, if you
decide that it is appropriate to tell him, then I also ask you to let him know
that it is not only recently that the fame of his name has reached me, that
I very much honor his merit, and that I would be honored if he would be so
kind as to consider me among the ranks of his very humble servants.

5Fermat to M. de la Chambre, August, 1657.
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Fermat to Clerselier

Sunday, June 2, 1658

Sir,

1. I am so impassioned for the glory of M. Descartes that nothing you
could do would make me happier than countering the opinions of the skeptic
who opposes his thoughts. But take care, Sir, that it is relevant to leading
your work to its end, and take care to entirely turn against their authors all
that you call either paralogisms or sophistries. It is not enough to say that
the meaning of M. Descartes has been ill-understood by those who took it
up; it must be proven that the explanation that you give goes directly and
without detour to his conclusion, and finally that his proof is demonstrative.

2. I was under the impression that the ball that maintains its direction
and its route does not lose its determination, and it was with reason that I in-
ferred this from the difference that M. Descartes establishes between motion
and determination. But, without pressing myself more to prove the conse-
quence that I would draw from his reasoning, I consider myself sufficiently
informed of his thoughts and of yours, which call for the fact that “the de-
termination of a moving body should be considered changed, not only when
it leaves the line along which it was previously moving, or when it moves in
the opposite direction along the same line, but also by moving in the same
direction along the same straight line, provided that it be less far than it was
previously determined to go in that direction.”

“And it is in this third manner,” you say, “that the quantity of the deter-
mination of the ball has decreased as much as the motion,” when it moves
along line HBG on page 17 of the Dioptrics.1 But take care that this does

1See fig. 56 here.
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not fall into a petitio principii.2

Therefore you imply, on page 17, that the cloth not being at all opposed to
the determination of left to right, these words mean that this determination
goes forward as much towards the right as it had earlier. It is this that I
deny and this which must be proven: for, although the cloth does not prevent
the ball’s continued progress towards the right, it nevertheless may progress
in this direction slower or faster than before. Yet, only from this — that
the cloth does not prevent the progress towards the right — you infer that
this progress must be exactly the same, that is to say neither more nor less
quickly than before. It is therefore αί’τηµα αι’τ ήµατoς,3 and only one of
these two must be true: either the medium4 is the same as the conclusion,
or the conclusion has been wrongly derived.

Perhaps you will say that the words “not at all” hold all the mystery,
and that by saying that the cloth is not at all opposed in this direction,
everything else is easily deduced. But it is necessary still to return to this:
if by the phrase “not at all” you mean that the cloth does not prevent the
ball from continuing its progress towards the right and that its progress is
made equally in equal times, I deny it and this is what must be proven. If
you mean that the cloth is not at all opposed, that is to say that it does not
prevent the ball from continuing to advance towards the right, then without
making further assurance that its progress must continue to be made in equal
times, your conclusion will always be disputable.

Whence it clearly follows that M. Descartes wished to give words for
things, and that when treating two different propositions on the subjects of
reflection and refraction, he wanted to accommodate his reasoning to the first
which he knew and to the second about which he had perhaps too quickly
reached a conclusion.

3. It is not, as I have often challenged you, that his proportion of refrac-
tions could not be true; but I had to tell you that I do not at all consider it
to have been proven, and that in any case you show too much kindness in
making believe that you approve of my thinking on this same subject, since,
if what I have written to M. de la Chambre is true, then what M. Descartes

2Begging the question.
3This Aristotle’s Greek, with the same meaning as the petitio principii in the preceding

paragraph.
4A triple pun: the means of arriving at his conclusion, the medium through which light

travels, and the fallacious middle term of a petitio principii.
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thinks he has demonstrated is necessarily false, for these two opinions are
altogether contradictory and incompatible.

But let us assume, if it is possible, that the proposition of M. Descartes
were true. We must at least make sure that nothing goes wrong in what
follows, and it is to the friends of the deceased to anticipate all the cases
which could cause difficulties for the supposed verity of this proposition.
Here is one, for example, that you must try to resolve.

Suppose, on page 17, that the ball encounters, instead of the cloth or
water, a hard and impenetrable body, and that, when the ball arrives at point
B, it loses half of its speed. For this supposition is possible and, although the
body CBE contributes nothing to the diminution of said speed (as it must in
the example of M. Descartes, when it is cloth or water), nevertheless we can
imagine and assume that when the ball arrives at point B, it loses exactly half
of its speed, without worrying about whence this diminution comes, since the
same M. Descartes, on page 20, assumes or imagines at point B a new power
which augments the movement or the speed of the ball:5 such that I do not
believe that the friends of M. Descartes would be so unjust as to deny that
this supposition can be not only imagined, but put into application.

Having assumed this, we need only transport the above reasoning of M.
Descartes above the plane, and we will be able to say with him that, to know
the path that the ball must take, we must consider that its movement differs
entirely from its determination to move in one direction rather than another:
whence it follows that their quantities must be examined separately.

5Descartes actually creates the scene of an imaginary tennis racket hitting the ball
downwards just as it enters the water! See his Dioptrics.
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Let us also consider that, of the two parts of which one can imagine this
determination to be composed, it is only that which causes the ball to move
from high to low that can be changed by the encounter with the plane CBE,
and that, as for the one which causes it to tend towards the right, it must
always remain the same as it had been, because the plane is not in any way
opposed to this direction.

And then, having described around center B the circle AFD and having
drawn at right angles to CBE the three straight lines AC, HB, FE, such that
there is twice as much distance between FE and HB as between HB and AC,
we will see that this ball must tend towards the point of the circle where the
line FE intersects the circle above the plane; this point can be designated by
the letter O.

For, since the ball loses half of its speed in its encounter with the plane
at point B and since by assumption it may not pass through it, it must take
twice as much time to pass above from B to some point of the circumference
of the circle AFD, as it took to move from A to B. And, since it loses nothing
at all of the determination that it had of advancing towards the right side,
in twice the time that it took in passing from line AC to HB, it must make
twice as much headway towards this same side, and consequently arrive at
some point on the straight line FE at the same instant that it arrives at some
point on the circumference of circle AFD. The which would be impossible
if it did not go towards O, inasmuch as it is the only point above the plane
CBE where the circle AFD and the straight line FE intersect.

If this reasoning, which is just the same as that of M. Descartes, merely
being transposed, is not conclusive, why, for goodness’ sake, would the one
of M. Descartes be conclusive? Does the demonstration below become a
paralogism above? I do not believe that you would be of this sentiment, or
that you wished to attribute everything to the sole name, as it were, of M.
Descartes, and to his inspiration.

4. This being so, let us go on to the figure on page 19 (fig. 89), and let
us likewise suppose that the plane CB is a hard and impenetrable body, and
that the ball, arriving at point B, reduces its speed such that the line FE,
being drawn as in the preceding example, does not cut the circle AD.
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By assumption, this ball, cannot penetrate below the plane. Neither can
it reflect at equal angles, for its determination towards the right would not be
the same. Finally, whatever angle you took for reflection above the plane, its
progress towards the right would always be less than before. In truth, were
you to make it roll on the diameter CB in a straight line, its determination
towards the right would change again, as can be seen by the eye and as can
be clearly deduced from the assumption: for it would be necessary that at
the same time that the ball arrives at some point on the circumference, it
would have arrived at some point on the line FE, which is impossible.

What then, will become of this ball? It is for you, Sir, and for the friends
of M. Descartes, to furnish it with a passport and to mark out the path by
which it can leave this fatal point. I would say more if I did not fear to pass
into your thoughts as a man who would desire to

Barbam vellere mortuo leoni.6

I await, Sir, your reply or that of M. Rohault, who I esteem as I must;
and I assure you in advance that I seek only the truth without cavil, and that
I am with all my heart, Sir, your very humble and very affectionate servant,

Fermat.

6“Pull the whiskers from the dead lion.” Martial, book 10, epigram 90.
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Fermat to Clerselier

Sunday, June 16, 1658

Sir,

1. We last left the ball of M. Descartes in quite a predicament.1 It is in
the figure on page 19 of the Dioptrics (fig. 56), where it was using all of its
effort to leave point B for the honor of M. Descartes. But by following the
reasoning of the author, it found all the exits closed, and indeed we cannot
now give it any assistance, unless we change the orientation of his logic.

Let us again take up the figure on page 15 (fig. 53) and let us assume that
the ball which goes along the line AB loses half of its speed when it arrives
at point B.

If it continued in the same medium, and if the plane CBE were not at
all opposed to it, it would still move along the straight line towards D, with,
however, this difference: that it would take twice as long to go from B to D
as it took to go from A to B. But if, still assuming the same diminution of

1See the letter of June 2nd.
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speed at point B, we now assume that plane CBE (impenetrable to the ball)
is found between the two points A and D, and prevents the ball from passing
below it, I say that it will reflect at equal angles just the same as if its speed
and motion had remained the same.

For, since the interposition of the plane prevents only one of the parts
of which the determination is composed, and that of left to right stays the
same, the ball will therefore advance as much towards the right as it would
have done below, if the plane had not prevented that route. Yet, if the plane
CBE presented no obstacle, the ball, whose speed is halved at point B, would
expend twice the time from B to D as it had from A to B, and upon arriving
at point D, it would have advanced towards the right to E; it would therefore
expend double the time advancing from B towards E as it took to advance
from C to B. And there is the same ratio between AB and BC as between
BD and BE, because the angles ABC, DBE, on the two lines AD and CE,
are equal, and consequently the triangles ABC, DBE are similar.

We can make the same reasoning above, if from point E we erect per-
pendicular EF, and say that, when the ball will be at one of the points of
the circumference, such as F, it will have spent twice as much time as it
had spent from A to B, since the plane which we now suppose to be be-
tween the two still does nothing new in preventing the determination from
above to below. Therefore, the determination of left to right will then be
marked by the same point E, and consequently, as FB is to EB, so is line AB
to BC. Whence it follows that the angles ABC, FBE will always be equal,
no matter in what manner or in what proportion the speed or motion change.

2. If M. Descartes had made sure that however the speed changes at
point B, reflection is still made at equal angles, he and his friends would
not have been in difficulty in drawing the ball from point B, where they saw
it unhappily engaged in the example of my previous letter. He would not
have maintained that, although the speed changes at point B, the ball would
nevertheless goes on to advance towards the right as much as it did before.
He would not have deduced the proportion of refractions from a foundation
that was not only uncertain, but also false, and finally, he would not have
failed, in the figure on page 19 (fig. 89), to determine at which angle the ball
was to be reflected at point B towards point L.
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For, although it seems, by his discussion and indeed the inspection of the
figure, that he understood that this reflection is made at equal angles, he
left a small doubt in the minds of his readers, who can reasonably question
whether or not, in the example of M. Descartes, the ball decreases its speed
at point B. If it does decrease, the reflection cannot be made at equal angles,
following the reasoning of M. Descartes. For if the ball does not decrease its
speed at point B, is there anything more contrary to the inviolable laws of
pure Geometry, which does not allow going from one extreme to the other
without passing through all the degrees in the middle?

3. Yet, M. Descartes and his friends maintain that the ball, which is
impelled onto the water or onto the cloth, loses its speed equally at what-
ever angle through which it may move through the surface, and that this
diminution begins at point B. How is it possible to conceive that, from the
very first angle at which a ray may be reflected, its speed never decreases
at all, and that it were not possible to find any greater angle from which it
could have diminished by some quantity that would always remain the same?
Would it not be more geometrical and more natural to maintain, following
the thoughts of M. Descartes, that the diminution of the speed is made un-
equally, that this diminution is the greatest in the perpendicular fall from
H towards B and that it continues to lessen to the degree that the inclina-
tions vary to the point of becoming null? Perhaps M. Descartes believed this
occurred in reflection. But, because we have just proved that, whether the
speed increases or decreases at point B, reflection does not cease to be made
at equal angles, we do not need to trouble ourselves with scrutinizing more
closely the secret that nature uses in reducing the speed of the ball, either
equally or unequally, as the inclinations change.
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4. But what will become of the reasoning that must be made below plane
CBE, on page 17 (fig. 56), for example? It will be the same as the preceding:
for, whether the speed diminishes at point B either by the encounter with
the canvas or by some other means which might come from somewhere else,
it is all the same thing. And since in the figure on page 17 the ball penetrates
the canvas and at point B the speed is halved, it can never have the same
determination towards the right that it would have had if there was no canvas,
though the speed had been halved at point B, and if it had continued always
along its route towards the straight line ABD.

You will reply: But, in that case, the determination from above to below
would also not change by contact with the canvas. I confess it, and in order
to remove and plainly clarify this difficulty, it is only necessary to say that
you will never derive anything else from the reasoning of the motions and
of the composite determinations of M. Descartes, except that reflection is
always made at equal angles and that the penetration of the second medium
must always be made in a straight line. This refers also to what you were
saying yourself in your last writing, that the ball has always the same ease
of penetrating the second medium in all sorts of inclinations;2 from which
it must follow, by application of the reasoning of M. Descartes, that in all
types of cases reflection will be made at equal angles, and that the penetration
will in all cases be made along a straight line following the same laws and
corresponding exactly to the movement above with equal angles.

“But will there then be no refraction?” you will say. I reply that the
movement of the ball and refraction only resemble each other in the imaginary

2Independent of the angle at which the light hits it, that is.
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comparison of M. Descartes, and that in last resort, if the detour of the ball by
passing through the second medium is true, it is necessary to find the reason
elsewhere than in the composition of motions, which in this encounter will
only ever produce a dialectic circle.3

Whichever side you would take, it will be necessary to examine the secret
principles which nature uses to produce refraction, and if the one that I have
touched upon in my letter to M. de la Chambre does not satisfy you,4 I
encourage you to discover better ones yourself, that this old dispute may
finally be put to rest with the full and complete discovery of the truth.

I am with all my heart, Sir,

Your very humble and obeisant servant,

Fermat.

3So, refraction does occur, but it has nothing to do with the motion of a ball through
a poorly woven canvas!

4Least time. See Fermat’s August, 1657 letter to de la Chambre.
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Clerselier to Fermat

Wednesday, August 21, 1658

Sir,

1. I find it more difficult to write to you than the last time: also, have
you changed your position from being a judge to a disputant? When I have
only to defend before you the cause of M. Descartes against your skeptic, I
did not promise myself a worse success than that which I have had: I had a
good cause to defend, subtleties to clarify, and a clear-headed judge to listen
to me and to render judgment. But, when I consider you come down from
your seat to present yourself in person against him that I defend, the respect
that I owe you in whatever state you appear, the great esteem that I have
always had for you, an esteem which increases more and more as I become
more acquainted with you, and the slight experience that I have in the matter
of our discussion in comparison with that which you have acquired, all this
astonishes me and makes me not know how to reach a denouement of this
quarrel.

I would tell you, however, that if I wanted to act with less frankness than
is demanded by the honest manner with which you deal with me, I could
make use of an exception which perhaps appears legitimate and acceptable,
by accepting everything you say as true, and by pretending that all of this
does not attack M. Descartes and does not oppose in any way his doctrine
of reflection and refractions.

For I wish that the ball in the figure on page 19 of the Dioptrique, ac-
cording to the assumption that you make in your first letter,1 finds itself
prevented (as you say, no doubt, in a playful way) from finding any exit to
make its way out; and I indeed wish that the passport that you have given it
in advance in your second [letter], out of fear that we had not enough credit

1June 2, 1658.
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to furnish it with one ourselves, and even if the route that you have done
the honor of marking for it in this place,2 is so easy and convenient that it
has no difficulty following it, what could one conclude from this against M.
Descartes? He only brought in the examples of the ball to explain certain
particular effects of light, namely that of reflection which is always made at
equal angles, and that of refraction which always occurs in the same way
in the same media and which changes according to the proportion between
the medium which it leaves and the medium which it enters, which means
that sometimes it approaches and sometimes recedes from the perpendicular:
which, I say, provide no occasion to explain the case you propose, because it
has nothing to do with his intention.

2. There are only three [cases] that can apply here, and he [Descartes]
has explained all three, in such a clear and simple manner (in my opinion),
that it is only those who insist on going beyond him that have trouble with
it.

The first case, which explains reflection, is that of a ball which, being
impelled along line AB, obliquely encounters an impenetrable and unmovable
hard body in its path. What could be more simple and clear than that this
ball, which loses none of its speed, must bounce at equal angles, i.e. it re-
ascends just as quickly as it descended and advances as much as it previously
did towards the side to which the hard body is not at all opposed?

The second, which is related to refraction when it moves away from the
perpendicular,3 is that of the same ball which, being impelled as above, also
obliquely encounters across its path another medium, into which it penetrates
and which causes it to lose a portion of its speed. What could be more clear
or more simple than to say that this ball, not being able to move as quickly as
it had before, must therefore conserve the determination that it had earlier
of advancing in a certain direction, towards which this medium is not at
all opposed – which conservation is not resisted by the loss of speed that it
underwent, and can indeed be accommodated to it? Why should we want to
oblige this ball to do more than it must, when nature does nothing in vain?

Finally the third case, which relates to refraction when it approaches the
perpendicular, and the only one which remains for M. Descartes to clarify,
is happily explained by the same ball which, being impelled as before, also

2June 16, 1658.
3E.g. light moving from water into air.
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obliquely encounters across its path another medium, into which it pene-
trates with an equal ease in any direction and which increases its speed by a
certain quantity. What can be more simple or more natural than to say that
this ball, having to move more quickly than before along one of its directions,
does not therefore advance further along that direction to which this body,
by which its speed was augmented, is not at all opposed?

3. The case that you propose in addition to that in your first letter is
superfluous and cannot explain anything about these phenomena of light.
And consequently, it is of no consideration here and whatever disadvantage
may follow from it, it cannot prejudice that which M. Descartes had proven
earlier, and by which he has so intelligibly explained these marvelous effects of
light which do not fail to be true and in accordance with his demonstrations,
when your supposition will be difficult to explain by these principles, which I
do not despair of doing, but I dread having to explain it according to yours.

But, since this is the nub of our question, I must once and for all clarify a
point which to you seems not to have been proven by M. Descartes, because
his proof is not purely geometrical but is rather based in part on some prin-
ciples of nature that are so clear that they demand no explanation.

4. These principles are: 1st, that each thing remains in the state that it
is in so long as nothing changes it; 2nd, that when two bodies which have in-
compatible modalities encounter each other, there must truly be some change
in these modalities to make them compatible, but this change is always the
least possible; 3rd, that a body cannot resist or cause a change in another
except insofar as it is opposed to it.

Then, if a ball moves from A towards B in the figure on page 15 (fig.
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53), with a given speed, it will always continue to go with the same speed
towards that side if nothing changes it. But if you oppose it with the hard,
impenetrable, and unmovable body CBE, then for the modalities of these
two bodies, the one which directs the ball towards D and the other which
opposes this route, but does not oppose its speed, are incompatible, it results
that this change must come from a change in one of these modalities, but the
least which could be. That is why the ball will change its determination and
maintain its speed, and inasmuch as body CBE is only opposed to one of the
two determinations of which the ball is composed with respect to body CBE
upon which it falls, namely to that which was making it move downwards
and not that from left to right; this body can only bring about a change in
this and not the other, to which it is not at all opposed. This is why he [M.
Descartes] requires that the ball go back up and be allowed to continue to
advance towards the right as it did previously: a situation in which nothing
changes, the modality of its body having nothing incompatible and opposed
to it.

All that remains to be added to this reasoning is that which pertains
to Geometry, and the proof will be made. If you do not call this proof
demonstrative, then I do not know what reasonings would have to be used
to compose such a proof; but, for myself, I am satisfied with demonstrations
such as this.

Yet, the same reasoning that I have just made can be accommodated to
the figure on page 17 and to that on page 19 and to all cases which can
be proposed, and I see nothing different besides the different assumptions:
namely whether body CBE is hard or liquid; penetrable or impenetrable; the
speed decreasing, increasing, or staying the same; or the ball continuing to
descend or being required to re-ascend; and even whether or not a body be
opposed to the path of the ball.

5. Let us now examine these cases one after another following these
principles, and let us see what conclusions we reach; and I am sure that we
will not find that things must go as you say, but rather as M. Descartes says,
and this will at the same time answer all your new difficulties.

First, you quite properly say, at the beginning of your second letter,4 that
if we suppose that the ball which goes along the straight line AB decreases
its speed by half when it arrives at point B, it will still go along the straight

4June 16, 1658
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line towards D, if it continues to move in the same medium and if the plane
CBE is not opposed to it: with only this difference, that it will take twice as
much time from B to D as it earlier took from A to B, and that is because a
body must always remain in the same state if nothing changes it. Yet, there
being nothing that changes about the ball except its speed, nor anything
by which the determination would be altered more towards one direction
than the other, it results from all this that it must continue along the same
line, only going more slowly along this determination: just as when a body
falls perpendicularly from air into water, it continues to go according to the
perpendicular line, only slower, accordingly as its speed is decreased by the
encounter with the water.

If therefore I had been in the mood to quibble (which will never happen
so long as I am dealing with a person of honor and merit such as yourself), I
would have been able to deny that the case that you propose was conceivable
and admissible: namely that a moving body, without changing media, can
all of a sudden change from one speed to another without passing by degrees
between them. This you yourself hold contrary to the inviolable laws of pure
Geometry and is itself contrary to the law of nature that every body always
continues to remain in the same state as long as it can, and that it never
changes except by encountering other bodies. How could it be that a body
could, after arriving at point B, all of a sudden lose half of its speed, when
it encounters nothing which could cause this loss? But I would like to allow
you all your assumptions and deny you nothing, except that which could
not possibly be admitted without overturning all of nature’s laws and all the
clear and simple notions that are within us.

6. Let us move on to your second assumption, which to my thinking is

93



one of the most clever of this type that could be made. Without a doubt
I would have had difficulty in perceiving the subtle argument: since I am
accustomed only to follow the very simple paths of my reasonings, I distrust
anything I see that strays from them.

After this, you assume that, the ball losing half of its speed at point B as
before, the impenetrable plane CBE finds itself in between and prevents the
ball’s passing below; and you say that the ball will reflect at equal angles just
as it would have if the speed had remained the same. And certainly I confess
that you prove it in the most ingenious manner possible; but also permit me
to tell you that it is specious and allow me to show you in what way I think
you are mistaken.

As for the above example, I maintained the agreement that the ball, los-
ing half of its speed at point B, with the sole difference that it goes slower
by half, that was because, with no change of medium and no plane being op-
posed, one could not say that the determination of the ball following line AB
was composed of two determinations, nor when a ball falls perpendicularly
on a plane. But here, where you suppose that the plane CBE is opposed to
it, it is certain that from its standpoint the determination of the ball along
route AB is composed of two determinations, one which makes it descend to-
wards the plane, and the other which makes it advance towards the right or
horizontally, and that the plane is opposed to the former and not to the latter.

7. Now, one of the following must be true: either you assume that after
the ball has arrived with two degrees of speed, for example, from A to B,
that at point B it encounters the plane CBE which makes it lose half of its
speed; or, you rather assume that, without the plane contributing to it, after
having lost half of its speed at B, the ball encounters the plane CBE. And if I
have properly understood the meaning of your second letter, it is principally
inclined to the latter; but remark here again in passing that I am conceding
to you more than I must: for how can one conceive how a ball may lose half
of its speed at point B without encountering any body which could cause
this loss!

8. In the first case, it is easy to see that it is only necessary, as you
have done in your first letter,5 to transfer the reasoning of the figure on page
17 above the plane, and say that, since the ball loses nothing at all of the

5June 2, 1658
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determination that it had to advance towards the right, it must (all other
conditions remaining constant) arrive at point O, as you have quite properly
shown. That is why I would not dare to say, as you do: “Why pray tell will
the reasoning of M. Descartes be conclusive below, but not above? Does that
which is a demonstration in one case, become a paralogism in the other?”
Doubtless, the answer is no: both can equally well be concluded.

9. In the second case, the ball can follow the path that you have marked
in your second letter,6 and always reflect at equal angles, no matter in what
manner and in what proportion the speed or the movement change at point
B: but not truly for the reason that you give. For the same proportion need
not be maintained by a ball which, obliquely encountering across its path
an impenetrable plane, is forced to reflect, as that which is maintained by
another ball which we do not suppose encounters it, and which must follow
the same laws as that which encounters it perpendicularly, because a ball
which does not encounter a plane has only a single determination: it goes
neither to the left nor to the right, although a ball which falls obliquely upon
a plane always has two determinations, one to which the plane is opposed,
and the other not: and this circumstance must change the result, according
to the previously stated principles.7

But here is how the ball can follow the path that you have indicated, and
reflect at equal angles, to wit: it must be assumed that the ball, having lost
half its speed (or any other portion of its speed that you would like) at point
B, then begins at point B to follow the route that it would have followed if it

6June 16, 1658
7That is, the decomposition into two determinations can only be made when intersec-

tion with a surface provides the occasion and the direction, to make such a decomposition.
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had begun to move at that point with the remaining speed.8 Yet it is estab-
lished that if, without regard to the line segment AB that it traversed with
two degrees of speed, it began to move at B with the speed that we assume
it still has, and in the same direction that it truly had at point B, it would
go towards D with one degree of speed and would arrive there in twice the
time that it took it to move from A to B, if nothing opposed its movement.
And if, rather than being opposed by the impenetrable and unmovable plane
CBE at point B, it were instead opposed at point D, it is clear from what
we have said above, that the plane will prevent it only from passing through
it and not at all from advancing towards the right, and will neither decrease
nor increase the speed with which it would have arrived coming from point
B, it would bounce it towards g and would make an angle of reflection gDK
equal to that of incidence BDG, which would be found equal to that of the
first incidence ABC. Yet at point B the same change in the determination
of the ball must occur as happens at point D if the plane CBE is opposed
at this point, since from point B the ball has the same speed and the same
determination as it would have at point D after traversing line BD.

10. And therefore, the ball, following your assumption, must rebound at
point B at an angle equal to that of incidence: not, as I have said, for the
reason that you have given, because it is not true that while the interposition
of plane CBE only prevents one of the parts of which the determination is
composed, that from left to right remains the same as it was when the ball
had no plane that opposed it; because, in this last case, the ball only had
one determination and it cannot be said that it was proceeding towards the
right. That is why the conclusion that you draw from it is not true either.

Therefore, you say, the ball must have proceeded towards the right just as
much above as it would have below if the plane had not prevented its path;
and since, when it would be at point D below, it would have proceeded in two
moments towards the right from B to E, similarly, to advance in two moments
just as far above towards the right, it must go towards point F which is as
advanced towards the right as is point D, and which cuts the circle above in
the same proportion that D cuts it below, and makes an angle of reflection
equal to that of incidence. Therefore this whole proportion from left to
right that you say must be maintained above as it would have been below,

8That is, if it had started its motion at B, but with the remaining speed, rather than
the original speed at A.
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if the plane CBE had not impeded its path, is nothing but an imaginary
proportion, since below, when there is no interposing plane, the ball has no
direction towards the right, this direction or determination towards the right
being always relative to the interposed plane. And for example, if plane CBE
had been opposed to it in another direction as in the following figure (fig. 92),
where would your entire reasoning be with respect to the right? So this must
be true of your assumption itself and any other, for the reason that I said,
which is in conformity with the laws of nature and to the above-established
principles.

11. In order to further clarify this point, let us assume for the third case,
as M. Descartes has done at the end of page 19 of his Dioptrics (fig. 93),
that the ball, having first been impelled from A to B, intersects plane CBE
at point B, which increases the force of its motion or its speed by a third
[sic], so that it could afterwards make as much headway in two moments as
it made in three before. And it clearly follows that it must rebound at F,
because the determination towards the right could not be increased by the
plane CBE to which it is not at all opposed: and not at K as it would do
if your reasoning were true, but which cannot be, because it is contrary to
the laws of nature and contrary to experimentation, which shows that the
reflection of a ball and of other similar bodies, which are not perfectly hard,
or which fall on others which slow down their motion, never occurs at equal
angles. Therefore the softest balls do not bounce as high and do not make
[reflective] angles as great as do those that are harder.
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And note that since it is naturally easy to conceive that, in order to pro-
duce a reflection at equal angles, the motion must in no manner be increased
or decreased by the intersection of the plane, it seems that reason must also
naturally orient us to believe that, when this plane increases or decreases it,
the angle of reflection must be of a greater or smaller proportion with respect
to the angle of incidence, and not that it must always be equal, as follows
from your reasoning, which you must begin to suspect, even though it is very
ingenious.

12. But, tell me, what will happen then to the ball in the supposition
that I made at the end of my first letter,9 on the figure on page 19? For here
is the point of difficulty, and it must finally be removed from this fatal point
where it appears to be in a very uneasy position. That is also what I mean
to do now, to the honor of M. Descartes and without changing the bent of
his logic, by using, in the case that you propose here, the same reasoning
that I have already used when I passed to your second assumption.

If then the ball, having arrived at point B, obliquely encounters the hard,
impenetrable and unmovable plane CBE, and if at point B it loses such an
amount of its speed that the line FE, drawn as in the preceding examples,
lies outside the circle AD, I say that: either you mean that the plane CBE
contributes to the loss of speed, or you mean that it contributes nothing to
it.

9June 2, 1658, 4.

98



If it contributes nothing to the loss of speed, then we can only imagine
that the ball, after having lost two-thirds, for example, of its speed, and since
in this condition it has a direction determined to go towards D in a certain
time, in proportion to the force or speed which it still has, and consequently
to also proceed following this force of a certain quantity towards the right,
with respect to the plane CBE that is opposed to it (vertically), but which
is still not opposed to this direction toward the right, then it must bounce
at point B as it would at point D, just as I have said above. And there you
have the route that I would have laid out for it, which is in conformity with
yours, but by another reason which does not require me to change my logic.

But note that this assumption is itself impossible: that a ball could lose
two-thirds of its speed without encountering any other body which could
make it lose it.

Now if the body CBE does contribute to the loss of speed, this could
not be if we assume the body CBE to be perfectly hard, impenetrable, and
unmovable. For the movement of the ball can only be diminished by the
encounter with a body, to the extent that the ball transfers to it some of its
movement; and if it transfers it, this can only be in the direction to which
the body CBE opposes it and consequently it can only transfer its movement
to it along this part of its direction which makes it move towards it; and
the encounter with the body CBE (which we must assume to be completely
uniform) can never decrease its direction towards the right or parallel [to the
body]. Now it is easy to conclude that, if the ball at point B has transfered
to body CBE all the movement, which makes it bend downwards, it must
continue its parallel movement and roll along it, proceeding just as much
towards the right as it had earlier.

13. If, notwithstanding this, you wish to make this impossible assump-
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tion, against all reason, that it loses such a portion of its speed at point B
such that it cannot proceed towards the right as much as it did before, and
consequently that it has also lost a portion of its motion which causes it to
proceed towards the right, then I will tell you that it will roll on its diameter
with the speed which it still has, just the same as, when you assume that
without encountering any plane whatsoever it still manages to lose some of
its speed, it must continue its path along the same straight line that it had
begun to traverse. And thus the same thing will happen to this ball as if,
having been moved with a given speed along the plane CBE, it happened
that at point B (by an impossible assumption and without any cause what-
soever), it would lose a portion of its speed: it would continue along its path
on the same plane with the speed which it still had.

But note that, to find something defective in the reasonings of M. Descartes,
it is necessary to use impossible assumptions, and consequently it will not
be a marvel when from an assumed impossibility an absurdity follows.

14. By all of the above, it seems that everything that you say in your
second letter fails on its own account and does not require a response: namely
that “if M. Descartes had made sure that in whatever manner the speed
changes,” that is to say that it increases or decreases, “at point B, reflection
is not prevented from making equal angles, he and his friends would not
have had difficulty in drawing the ball from point B, where they saw it
unhappily engaged in the example of my previous letter. He would not have
maintained that, since the speed changes at point B, the ball nevertheless
goes on to advance towards the right as much as it did before. He would not
have deduced the proportion of refractions from a foundation that was not
only uncertain, but also false.”10

All this, I say, being no longer motivated by valid reasonings, destroys
itself, just like what you add at the end of the same letter: viz., that the
second medium being able, as I have said, to open with equal ease in all
directions to allow passage for the ball, and that the ball always having the
same ease of penetrating the second medium at any angle, it must follow,
you say, “by application of the reasoning of M. Descartes, that in all types
of cases reflection will be made at equal angles, and that the penetration
will in all cases be made along a straight line following the same laws and

10June 16, 1658, 2.
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corresponding exactly to the movement above with equal angles.”11

15. Now, if I have made myself clearly understood, you must draw other
conclusions from the principles of M. Descartes [than those that you came
up with] and, if I am not mistaken, you must have recognized the error of the
reasoning with which you arrived at them. Therefore never again say that the
motion of the ball and refraction are only similar in the imaginary comparison
of M. Descartes; for it is perhaps the most true and the clearest that could
be brought to bear to explain it. But, for this, the ball must be considered
without weight, without size, without shape and without any change in speed
as it moves along all the lines that it traverses:12 all of which could cause an
infinite variety in reflection and refraction of a ball, but, inasmuch as they
have nothing to do with the action of light, M. Descartes did not consider
[these properties] in the motion of the ball of which he speaks.

Mainly, he did not consider this circumstance that I urge you to consider,
which is the most common and which can give the greatest occasion to doubt
what M. Descartes said, that is, to know that as far as the medium that the
ball traverses ordinarily removes a part of its speed at each moment that the
ball moves through it, from that it follows that a ball can have lost at the
point of reflection half (or more or less) of the speed that it had at the begin-
ning, and that it would not stop it from reflecting at equal angles, because
at the moment that it comes to touch the plane, its speed has already been
diminished by the medium that it passed through and the direction that it
then had does not prevent its determination to go along the same line where
its first direction carried it when it left the hand or the racket, provided that
its weight, size, and shape have not changed the while.

16. What I say about speed when the medium decreases, must also be
understood to hold when it is increased at every moment by its weight: as,
when a ball falls along an inclined plane, it will also be bounced off at equal
angles, even though its speed is increased at the point of reflection; and that
for the same reason, namely that this increase does not come from the plane,
but is received before encountering it.

And thus you see how the principles of M. Descartes are solid and his
reasonings well ordered; which demonstrates that the true reason of refrac-

11June 16, 1658, 4.
12It would seem that M. Descartes’ balls exist only in his imagination!
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tions must be derived from composite movements and determinations, by
examining them as M. Descartes did. And, truth be told, M. Descartes was
a man of too much good sense and who kept too close an eye on things, to
fall into these obvious or gross faults. And it seems to me that he gave us
reason to hold a high enough opinion of him to believe that we are mistaken
in not understanding his meaning and his reasoning, rather than to believe
that he had erred, especially when the error into which we believe he has
fallen is so gross and apparent.

17. I will only add that, since the different experiments that M. Petit
has performed here (that you know of) with all sorts of transparent bodies,
are all in agreement with the proportion that M. Descartes has found, it
is probable that the reasons which have led him to discover the proportion
were truthful. To think that the same reasoning could lead so precisely to
the truth in so many different cases, and yet be false!

If, after all this, you still wish not to admit the conclusions that I have
drawn from the principles that M. Descartes has established, at least receive
the conclusions of this letter as true and believe that, if my reasonings are
faulty, the proclamations of my heart are sincere when I assure you that I
wish to be etc.
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Fermat to de la Chambre

Sunday, January 1, 1662

Sir,

1. It is right to obey you and, by your intervention, to finally put an end
to the old quarrel which has so long existed between M. Descartes and me on
the subject of refraction, and perhaps I will be fortunate enough to propose
to you a peace which you would find to be advantageous to both parties.

I had formerly told you, in my first letter, that M. Descartes has never
demonstrated his principle; for, aside from the fact that comparisons can
scarcely serve as the basis for demonstrations, he employs his in the wrong
way and even assumes that light’s travel is easier through denser bodies than
through rarer ones, which is obviously false. I will not repeat anything to
you about the flaw of the demonstration itself, even if the comparison which
he uses were good and admissible in this matter, because I have treated all
this at good length in my letters to M. Descartes during his life, or in those
which I wrote to M. Clerselier after his death.

2. I only add that having seen the same principle of M. Descartes in the
works of several authors who have written after him, their demonstrations
do not seem at all admissible either, and do not in any way deserve the name
“demonstrations.” Hérigone, in his demonstration,1 makes use of equipoises
and the ratio of weights on inclined plains. Father Maignan desires to suc-

1Cursus mathematicus tomus quintus, Paris, chez Simeon Piget, MDCXLIV, pp. 129-
130. Axiom V: “The powers which rays of light have of penetrating various transparent
media, increase or decrease proportionally to the change of media; and there is the same
proportion between the powers of the rays of incidence and refraction as between the
pressures they would receive from equal weights.” (NB: Sometimes the “power” of an
angle was taken to mean its sine. – jar)
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ceed in another manner.2 But it is easy to see that neither one of them makes
a demonstration, and that after having read and examined their demonstra-
tions with care, we are just as uncertain of the truth of their principles as we
would be after having read M. Descartes.

To escape this predicament and to try to find the true reason of refraction,
I indicated to you in my letter that, if we wished to employ in this study this
very common and quite established principle, that nature always acts along
the shortest paths, we could easily get our explanation from it. But, first of
all, because you have doubted that nature in directing light along the two
legs of a triangle, could ever act by a path so short as that of the base, I set
out with an easy example to cause you to see the opposite of your thought,
or, rather, your doubt.

3. Let there be, in the separate figure (fig. 100), the circle ACBG, with
diameter AOB, center O, and another diameter GOC. From the points G and
C let there be drawn perpendiculars GH, CD onto the first diameter. Let us
suppose that the first diameter AOB separates the two different media, of
which the lower of the two, AGB, is denser, and the upper, ACB, rarer. Let
it be rarer to such a degree that, for example, the passage through the rarer
medium be easier than passage through the denser by a ratio of two to one.

From this assumption, it follows that the time expended by the body in
motion, or by light, to go from C to O is less than that taken to go from O to
G, and that the time of movement from C to O, made in the rarer medium, is

2Perspectiva horaria seu de horographia gnomonica tum theoretica tun practica libri
quatuor. Rome, 1648, pages 631-647.
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only half the time of the movement from O to G. Consequently, the measure
of the entire movement of the two lines CO and OG can be represented by
the sum of half of CO and the entirety of OG. Similarly, if you take another
point, such as F, the time of motion along the two lines CF and FG can be
represented by the sum of half of CF with the entirety of FG.

Now, assume that the radius CO be 10, and consequently that the total
diameter COG will be 20, that line HO be 8, and OD also be 8, and finally
that line OF be only 1. I say that in this case the movement along line COG
will be made in a longer time than the motion along the two sides of the
triangle CF, FG.

For if we prove that half CO plus OG is greater than half CF plus FG,
the conclusion will be clear, since these two sums are the precise measures
of the times of these two movements. Now, the sum of half CO with OG is
exactly 15, and it is obvious by the construction that the line CF is equal to
the square root of 117 and that FG is equal to the square root of 85. But half
of the first root added to the second, is less than 59

4
, and 59

4
is less than 15.

Thus, the sum of half CF with FG is less than the sum of half CO with OG,
and therefore the movement along the lines CF, FG is made more quickly
and in less time than the movement along the base COG.

4. I arrived at this point without much difficulty, but it was necessary to
take the study further, and because, to satisfy my principle, it is not sufficient
to have found a point such as F, through which the natural movement is made
more quickly, easily, and in less time than along COG: but rather it is still
necessary to find the point which allows the journey to be made in less time
than any other point. For this, it was necessary to have recourse to my
method of maxima and minima, which tackles this sort of question with fair
success.

As soon as I attempted to take up this analysis, I had two obstacles to
surmount: the first was, that, although I was sure of the truth of my principle,
which is that there is nothing as probable or apparent as the assumption
that nature always acts by the easiest means, which is to say either along
the shortest lines when time is not a consideration, or in any case by the
shortest time, in order to complete its work and to soon arrive to the goal
of its operation (which the preceding calculation confirms, even more so
since it appears that light has more difficulty in traversing dense media than
rare ones, since you see that refraction aims towards the perpendicular in my
example, just as experience confirms, which is yet contrary to the assumption
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of M. Descartes). Nevertheless I was advised on all sides, and principally
by M. Petit for whom I have infinite esteem, that the experiments accord
precisely with the proportion of refraction that M. Descartes has given, and
that, although his demonstration be faulty, it is feared that it would be useless
for me to attempt to introduce a proportion different from his, and that the
experiments which would be made after I had published my invention would
be able to destroy it on the spot.

The second obstacle which stood in opposition to my study was the length
and the difficulty of the calculations, which, in the solution of the problem
that I spoke to you about in my letter and of which I gave you the indication
that it was not the easiest, first involves four lines by their square roots
and consequently involves also a number of asymmetries that produce very
tedious results.

I freed myself from the first obstacle by my knowledge that there are an
infinite number of proportions, different from the true one, which approach it
so closely that they could fool the most able and exact observers.3 Therefore
having only the second obstacle to vanquish, I had often resolved to employ
the well-loved Geometry4 (as Plutarch calls it) to satisfy you and to satisfy
myself as well. But the apprehension of finding after a laborious and painful
operation, some irregular or fantastic proportion, and my natural inclination
to laziness, left things in this state up until the most recent reprimand that
M. le Président de Miremont delivered me on your behalf, which I took as a
law stronger than either my apprehension or my laziness: and so I resolved
myself to obey you without further delay.

5. I therefore proceeded without delay by virtue of obedience, as the
monks say in the performance of their orders, and I put the entire analysis
into form, in which my impassioned desire to satisfy you inspired me to a
route which obviated half my work and which reduced the four asymmetries
which I originally considered the first time into only two, which particularly
comforted me.

But the reward of my work was more extraordinary, more unforeseen,
and happier than ever. For, after having run through all the equations,
multiplications, antitheses and other operations of my method, and having

3As Kepler says, in chapter 21 of the Astronomia Nova: “There are, however, occa-
sions upon which a false hypothesis can simulate truth, within the limits of observational
precision.”

4Plutarch, Marcellus, XIV, 5
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at last solved the problem as you will see on a separate sheet,5 I found that
my principle gave exactly and precisely the same proportion of refractions
that M. Descartes had established.

I was so surprised by such an unexpected outcome, that I had difficulty
coming out of my state of astonishment. I repeated my algebraic operations
many times and always the success was the same, even though my demon-
stration assumes that the passage of light through dense bodies is more re-
tarded than through rare ones, an assumption which I find quite true and
indisputable, and yet M. Descartes assumed the contrary.

What must we conclude from all this? Would it not suffice, Sir, for the
friends of M. Descartes, that I leave him in free possession of his theorem?
Will he not have enough glory in having known the actions of nature at
first glance, and without the aid of any demonstration? I thus cede him the
victory and the battlefield, and I content myself that M. Clerselier at least
allows me to enter into the society of the proof of this truth which is so im-
portant, and which must produce such admirable consequences.

6. I indeed add, in favor of his friend, that it seems that this great truth
of nature did not dare to stand up against this great genius, and that it
surrendered to discovery by him without being forced to do so by demon-
stration, in the example of those fortified places, which, although otherwise
strong and not easily taken, would surrender, based solely on the reputation
of the attackers, without even hearing the cannon.

I therefore break the news to you, Sir, I break it to M. Clerselier and to all
of the friends of M. Descartes, that it will no longer rest with the skepticism
of geometers that the world should wait any longer for the marvels that M.
Descartes has led us to expect, with reason, from his elliptical and hyperbolic
lenses, provided that we are able to find sufficiently skilled labor to produce
them and to adjust them.

There still remains a slight difficulty which the comparison with M.
Descartes seems to engender. It is that it has yet to be made clear why
the bullet which is shot into water does not approach the perpendicular, as
light does; but, beyond the suspicion one could hold that reflection is min-
gled into this example of refraction, and that the shape or the gravity can
contribute to the difference of this movement, I was careful not to enter into

5See the Analysis ad refractions, printed as the penultimate section of the Maxima and
Minima paper in the Œuvres.
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a purely physical matter. It would be imposing on you, Sir, and I would be
barging into a domain where you are the master.

I end this letter, therefore, after having declared to you that I consent,
if you find it apropos, that the reconciliation between the Cartesians and
myself be published in the Academies, and after having beseeched you to
receive at least the effect of my prompt obedience as a certain and more-
than-demonstrative proof of the passion with which I am, Sir, your very
humble and very obedient servant,

Fermat.

Toulouse, on the First of the Year 1662

P.S. If you continue to persist in not allowing light to have successive
motion, and to maintain that it moves in an instant, you have only to compare
the greater or lesser ease or resistance, in regards to changing media. For
this ease or this resistance being more or less great in different media, and
this in varying proportion with different media, they can be considered to be
in a determinate ratio and consequently fall in the calculation just as easily
as the time of movement, and my demonstration will still work in the same
manner.

I have not elaborated my entire operation: and this was not necessary
since my method is printed in its entirety in the sixth volume of the Cours
mathématique (Mathematical Course) of Hérigone and I have already said
enough to be understood. If you order me to travel through all the detours of
a formal analysis, I will do so, and I would not even have too much difficulty
in making the demonstration by construction, i.e., speaking in the language
of Euclid.6

6See both the letter “Demonstration to M. de · · ·” and the “Synthesis for Refraction”
in Fermat’s writings on Minima and Maxima.

110



Clerselier to Fermat

Saturday, May 6, 1662

Sir,

Do not think that I am writing to you today with the intention of dis-
turbing the peace that you present to all Cartesians. The conditions under
which you have offered peace to them are too advantageous, and for me in
particular too honorable, not to accept them; and if everyone who had ever
had a quarrel with his teacher were as sincere as you, you would soon see
peace established everywhere to the satisfaction of all parties.

There still were two types of mind to satisfy on the subject of refraction:
You took the first minds, little versed in Mathematics, who were unable

to understand a reason taken from the nature of composite motions, and you
have brought them to reason, by proposing to them another principle, more
plausible in appearance and more accessible to them, namely, that nature
always acts along the shortest and simplest paths.

From the other minds, who were too mathematically knowledgeable and
who could not accept the pure and simple reasons of metaphysics, which must
however necessarily be joined with these principles to give them the force of
conviction, you have removed this obstacle by deriving your principle by a
purely geometric reasoning.

And since these two types of people were without doubt more numerous
than other types, you also easily deserve a greater part of the glory for such
a beautiful and important discovery.

I do not envy you this discovery, and I promise you sir, to publish every
where and confess openly that I have seen nothing as ingenious nor as well-
conceived as the demonstration that you have brought forward. Please allow
me only to put forth here the reasons that a somewhat zealous Cartesian
might allege in order to maintain the honor and right of his master, and to
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not relinquish so hastily to another his position, or to give him the initiative.

1. The principle that serves as foundation for your demonstration, namely
that nature always acts by way of the shortest and simplest paths, is but a
moral principle, and not at all physical, which is not and could not be the
cause of any effect of nature.

It is not, because it is not this principle that makes nature act, but rather
the secret force and the virtue that is in each thing, which is never determined
to a particular effect by this principle, but instead by the force which is in all
causes and which comes together in a single action, and by the disposition
which is actually found in all the bodies upon which this force acts.

And it could not be such [the cause of any effect of nature], because oth-
erwise we would assume nature to have knowledge: and by “nature,” here
we mean only that order and that law established in the world as it is, which
acts without foreknowledge, without choice, and by a necessary determina-
tion.

2. This same principle must put nature in an unresolved state, not know-
ing what to do when she must pass a ray of light from a rare body into a
denser one. Because, I ask you, if it is true that nature must always act by
the shortest and simplest pathways, and since the straight line is undoubt-
edly both the shortest and the simplest of all, then when a ray of light has to
travel from a point in a rare medium to a point in a dense medium, is it not
the case that nature must hesitate? For if you wish her to act by the principle
of following a straight line immediately after the break, then isn’t your path
the shortest in time, while the straight line is shorter and simpler in mea-
sure? Who will decide, then, and who will pronounce himself on this matter?

3. Since time is not what moves things, it also cannot be that which
determines movement, and once a body is set into motion and is determined
to go in some direction, there is no apparent reason to believe that a shorter
or longer time would force this body to change its determination, since time
does not act on it and has no power over it. But, since the speed and deter-
mination of the movement of this body depend entirely on its force and the
disposition of its force, it is much more natural, and in my opinion, much
better physics to say, as M. Descartes does, that the speed and determination
of this body change because of changes which occur in the force and in the
disposition of this force, which are the real causes of its movement, rather
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than to say, as you do, that they are changed by a design that nature has
to always proceed by the pathway that it can travel through the quickest,
a design which she cannot have, because she acts without knowledge, and
which cannot have any effect on the body.

4. Since the straight line is the only one that is determined, nature will
orient all of her movements in straight lines, and even though sometimes a
moving body actually describes another path, nevertheless, if we consider in
turn all the points that it has traversed, they are much more the points of
all the straight lines that it has left successively than those of a curve that it
tends to describe, and it has traversed those points rather than the others,
since as soon as the body is left and abandoned by the force which moves it
at each point, it tends to follow the straight line to which this point belongs,
and not the curve that it had been describing (fig. 101).

This being the case, if it is a matter of carrying a ray of light from point
M to point H, it is certain that nature will send it straight along line MH if
possible, and in fact, when the medium is similar and equal, she never fails
to do so. But when the medium the light travels through changes its nature
and offers more or less resistance to its passage, what shall be said to change
its direction when it enters the new medium? What shall we suspect is the
cause of this?

Could it be brevity of time? Certainly not. For when the ray MN arrives
at N, it must make no difference to it (if it acts according to this principle)
which point on the circumference BHA it goes to, since it would take just
as long to get to one as it would take to get to any other. And since this
reason of brevity of time cannot carry this ray more towards one location
than another, it would be reasonable to say that it would instead follow a
straight line. After all, in order to choose point H in preference to any other
point, it would be necessary to assume that this ray MN (which nature was
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only able to bring to point N by the tendency for a straight line), would then
have to remember that it came from point M with orders to go seek out,
once it reaches this new medium, the path that it could have traversed in the
least time to arrive at H: this truly is pure fantasy and is in no way founded
on Physics.

What then will make ray MN change direction (once it has arrived at
point N) at the encounter with another medium? What else could it be,
other than that [cause] put forward by M. Descartes? He says that the force
that acts on and moves ray MN changes its disposition when it encounters
a different disposition to receive its action in this medium, and it brings the
direction of the ray into conformity with this new disposition that it has.1

And, with respect to the point of the encounter with the new medium, only
the force carrying the ray downwards experiences a change in the way the
medium receives its action, which is a difference between the medium that it
is leaving and that which it is entering (the force that moves it towards the
right does not experience any change, because this medium is not opposed to
the ray in this direction),2 the change which occurs to the manner in which
the action of the force which carries it downwards is received at the point of
the encounter, also changes the direction of the ray and deflects it towards
the direction it is attracted, according to the proportion then found between
the action of this force and the action of the other.3 And this seems so clear
to me, that no more difficulties can remain.4

5. Even though it ostensibly seems more reasonable to believe that light
finds passage through rare bodies more easily than through dense ones, as you
assume, based on the experience of all the physical bodies which undeniably
do move more easily through these sorts of media, nonetheless, it seems to
me that it is still more reasonable to believe that the bodies which enter
into media which pose more resistance to their passage than the media that
they left, as you assume dense bodies do to light, would strive to avoid the
medium and would enter into it as little as possible.

1Excuse the repetition of “disposition,” in which we have followed Clerselier. He is
saying that the force is more or less easily able to put itself into action in the new medium,
and that it will change the direction of the ray accordingly.

2It appears that the medium’s ability to change light’s ability to move is entirely at
the surface?

3The proportion between the forces downwards and to the right.
4The reader who does not find this clear is not alone.
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This is what experiment confirms: when a ball is impelled obliquely from
air into water, far from continuing its movement along a straight line, and
farther still from diving in still more to approach the perpendicular, it actu-
ally moves away from it as much as it can, approaching the surface [instead
of the perpendicular]. Surely you have recognized the force of this objection,
although you call it weak, but you would be incapable of resolving it without
the principle of M. Descartes, which completely destroys your own [principle].

For if, with your very principle, the ball must move away from the per-
pendicular, why would light move towards it? And if the ball does not follow
your principle, as indeed it does not, why would light follow it? Does this not
rather show, by these examples, that nature does not follow your principle?

6. This pathway, that you claim to be the shortest because it is the
quickest, is only a pathway to error and confusion, a pathway that nature
does not follow, and could not have the intention of following. For since she
is determined in all that she does, she never tries to direct her movements in
anything besides straight lines.

And thus, if you desire that she would at first direct the light from M to
H, she cannot have a mind to set up a ray towards N, since this ray does
not have any intention of its own. Rather, she will direct her ray towards
R, this line being the straightest, the shortest, and the briefest of all those
which could lead to this point, and having arrived there, it will now go from
R to H, again the straightest, shortest, and briefest path being a straight
line towards H. And thus, if nature acted by your principle, it would have to
go directly from M towards H; for on one side she must first direct her ray
towards R, and on the other side your principle itself will carry it towards H.

7. And, although you have very clearly demonstrated that according to
your assumption the combined time of the two rays MN, NH is shorter than
that of any other two lines combined, it is not, however, the brevity of the
time that carries these two rays through these two lines.

For would it even be possible for a ray which is already in the air, which
already has its direction straight ahead and which does not at all aim else-
where, then just as soon as it is opposed by water or glass, it has a mind
to deflect as it does, for the sole intent of finding a point that will dictate
the briefest composite movement of all those that could have departed from
its point of origin? This would be quite a metaphysical reason for a purely
material subject.
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Should we not rather believe, as I have already said, that since it is the
force of the movement and its determination that have directed the ray along
the first line that it described, without time having played any role, it is the
change that occurs in this force and this determination which cause it to
change from the old to the new route, without time having anything to do
with it, since time cannot produce anything?

8. Finally, the difference that I find between M. Descartes and yourself is
that you do not prove, but instead assume as a principle that light moves more
easily through rare bodies than through dense ones: whereas M. Descartes
proves, and does not simply make the assumption as you say, that light moves
more easily through dense bodies than through rare ones.

For, assuming your principle and also assuming that nature always acts by
the shortest or quickest paths, you conclude quite well that light must follow
the path that it takes in refraction; and you do this, while M. Descartes,
without assuming anything, uses only experience itself to conclude that light
moves more easily through dense bodies than through rare ones, and at
the same time gives the means of measuring the proportion with which this
occurs. And although he judged rightly that the everyday experiment that
you have to the contrary could give us pause, he gives the physical reason
for it on the twenty-eighth page of his Dioptrics to which we may refer.

But, if it is true that light moves with more difficulty in rare bodies than
in dense ones, as this reasoning put forward by M. Descartes seems to prove,
and if it is also true that nature does not always act along the quickest paths,
which the example of the ball which passes from air into water justifies us in
thinking, then so much for your entire demonstration.5

And similarly, since you claim to have posed difficulties for M. Descartes
in the past, viventi atque sentienti,6 without either him or his friends ever
having satisfied you, could we not also say that he responded to you when
he was alive, and through his friends after his death: tibi, inquam, viventi,
et nisi diceri nefas esset, adderem: et non intelligenti? 7 After all, there are
those who are convinced they understand it well.

And finally, since you say that nature seems to have had this deference

5adieu toute votre demonstration
6“when he was alive and sentient”
7“that he responded to you while you were alive, and, if it is no crime to say it, I might

add: that you did not understand” This is the “unkind phrase” for which Clerselier is
forced to apologize in his next letter to Fermat.
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and complacency for M. Descartes to have given herself up to him and to have
revealed her truths to him without having been forced to by a demonstration,
can we not say that you have forced Geometery, strict as she is, to provide
you with a demonstration by means of this doubly false position?8

After this, I leave it to more strict and far-sighted naturalists to judge
which of you two has better claimed the cause assigned to refraction. This
does not prevent that, in considering things from another standpoint, I might
be in agreement with you that nature always acts along the shortest and
quickest paths. For, since she only acts with the necessary force, and since
she is always determinate in her action, she always does everything that she
can; and thus, whatever route she takes, it is always the shortest and the
quickest that were possible, considering all of the causes that made her act
and which have determined her.

Thus, after having proposed to you what is making me persist in my
first impression, I cannot but feel obliged to give in and somehow agree with
your position; and far from disputing with you the glory of entering into
the society of the proof of such an important truth, I believe I have found a
means of bringing the two of you into agreement, by leaving to each of you
that which belongs to you.

It seems that, since light is the most noble production of nature, she also
allows it to act in the most regular and universal manner, and it seems that
she has made things such that in her action, all of the principles that she
uses in all the other causes all come together in the action of light.

Thus, since the movements of other bodies depend on the force which
moves them and on the determination of this force, light, following these
laws, sometimes continues on a straight line and sometimes diverges from it,
by approaching or moving away from the perpendicular. But although we
also see that nature always acts by the shortest paths, it had to be that light
had to accommodate itself to this law.

M. Descartes has shown that in refraction light follows the ordinary laws
of movement of all bodies, and you, Sir, have shown that even though in
refraction light seems to make a detour and seems to forget that it must
always act by the shortest paths, it nonetheless observes this law with such
great precision that it leaves nothing to be desired.

And thus it may be said that you have worked together with M. Descartes

8This reference to nature giving up her secrets is from section 6 of Fermat’s January
1, 1662 letter to de la Chambre.
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to thereby justify nature and to bring reason to her process: he, by way of
reasons that are natural and common to all bodies: and you, Sir, by means
of mathematical reasons taken from the purest and finest Geometry.

And likewise, since this geometric proof was the most difficult to find
and to fathom, I would very much like you to win over him, and from this
moment I sign and subscribe to an eternal peace with you, and I no longer
wish to raise this question of the ineffectiveness of your principle or of the
difference between your principle and his, when they lead to the same thing
and teach us the same truth.

I am, etc.
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Clerselier to Fermat

Saturday, May 13, 1662

Sir,

1. It is by order of the Assembly which is held weekly at M. de Montmort’s
house, that I write you today to honorably apologize for a mean-spirited
Latin word that I put in the letter that I gave myself the honor of writing
to you eight days ago, which I read to him last Tuesday. That is the only
thing that the Assembly found it necessary to restate, and I indeed felt it
myself when I wrote it: also I have tried to tone it down by the preceding
corrective. However, notwithstanding that, I was publicly reprimanded, and
just as soon as I proposed to apologize to you by the first ordinary post,
which I do today much more freely since additionally by this submission I
will acquaint you with the ingenuity of my procedure, which will give me
another opportunity to tell you something that I am obliged to make as a
response to some objections made to me by some in the Assembly, in order to
make the thought of M. Descartes on refraction clearer by a familiar example
which is altogether proper to the subject.

If I had not been so impatient as to send you a thing that was ready for
more than fifteen days and if the engagements that I had did not require me
to see M. de la Chambre,1 I would have avoided the reproach of the Company
and would not have made this mistake. But I was afraid that it would be
necessary for me to wait still longer to speak about it at the Assembly, which
had already twice put off the reading that I wished to make to them, since
they wished to hear at the same time the thoughts of M. Petit, who let them
know as soon as your letter arrived before them, that he had several things
to say against both what you have written to M. de la Chambre, and against
what M. Descartes has written.

1de faire voir dès-lors à M. de la Chambre
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For myself, I, who was not present at the Assembly when your letter was
read there the first time, and frequently exempted myself from being there,
because of some more important matters, such as the detention of M. de la
Haye, my son-in-law, which caused me to plead for his freedom at the court,
that I had no sooner seen your letter than I felt obliged to respond, it being
the latest in a series of small quarrels that we had already had on the same
matter, and also because you do me the honor of naming me three times in
your letter and seemed to be inviting me to reply.

I had therefore prepared my response just as quickly as I could, and I
thought to show it to the Company, but they did not think that would be
appropriate, since they did not want to anticipate M. Petit in the retort that
he had promised to give you. But, fearing that this would take too long, last
Saturday I decided on my own to send it to you before having it seen by the
Company, whose advice I received too late to prevent me from making this
mistake, but not too late to prevent me from apologizing to you and begging
your pardon.

And in order that I may in some respect deserve your forgiveness, permit
me to explain once more at length what I did not explain the last time, to
make you understand what I think of the thoughts that M. Descartes had on
refraction.

2. It is certain that if ray AB be considered by itself, such as when it is
in the air, it goes neither from left to right, nor from above to below, but its
entire tendency is to go towards D and has only a single direction. But as
soon as it is opposed by another medium, CBE for example, into which it
must enter, it can be said and it is true that in regard to this medium it has
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different tendencies. For if it were opposed directly, its fall is perpendicular
and has only a direction in this respect: but if it is opposed obliquely, as it is
on page 17 of the Dioptrics (fig. 102), then in regard to this medium the ray
has a double direction: one which brings it towards it, which is from above
to below; and the other which carries it from left to right, to which direction
the medium is not at all opposed.

And if it had opposed it in another way, the same direction, which is now
from left to right, could be that which carries it towards the medium, and
the other could be that to which the medium is not at all opposed. And
accordingly as this medium is more or less inclined to the ray, the two ten-
dencies or directions that the ray has with respect to it are different and can
have different proportions between each other.

3. But when I speak of tendency, direction, or determination, you will
not imagine that I mean to speak of a direction without force and without
movement, which would be chimerical and impossible, since there cannot be
direction without motion or effort; but when I speak of direction or determi-
nation towards some place, I mean the entire portion of the motion which is
determined to go towards that location.

Therefore, accordingly as the medium is more or less inclined to the ray,
the force which, with respect to it, carries it towards a given location can be
greater or lesser than that which carries it towards the other. For example,
if the angle ABC is equal to angle ABH, then the two parts of the motion,
one of which carries it below and the other to the right, are equal; if it is
less, then its force is less; and if it is greater, the force is greater.

4. But, whatever be the inclination of the ray upon the medium, there is
always a portion of the force of its motion to which this medium is opposed
and another to which it is not. Yet, so long as the ray is in the air, the
proportion, whatever it may be, which holds between these two portions of
the motion that we assume uniform, carries it along line AB and, so long
as nothing changes it or so long as they change while keeping the same
proportion between them, the ray goes always along a straight line.

But when the ray AB on page 17 meets another medium at point B, if
this medium is not as easily penetrated by the ray as was the air, then the
path of the ray must change, because this medium is only opposed to the
determination or to the part of the motion which carries it towards itself, and
not at all to the other, which at the point of contact remains precisely the
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same. However, since there is no longer the same proportion between these
two parts of motion which, together, carried the ray along line AB before,
they must change its determination and carry it towards the point where
the direction tends which is adjusted to the proportion which is then found
between them, and thus to draw it away from the perpendicular.

If, on the contrary, the medium which is opposed to ray AB presents
more difficulty to its passage than did the air, this new ease that it brings
and which is only experienced by the part of motion which tends towards it,
and not by the other, as I have already said, must change its direction, be-
cause this changes the proportion between the two parts of which the entire
motion of the ball is composed, and consequently turns it away towards the
perpendicular, which happens when a ray of light passes from air into water
or into glass.

5. And to facilitate the comprehension of all this by an easy example,
imagine a spherical body, quite hard and well polished, set upon a very stiff
and well polished board whose end rests upon the extremity of the table,
such that the board be inclined upon the table and make an equal angle
with it. It is certain that this moving body will roll on this board, and this
more or less quickly as the board will be more or less inclined to the table.
But, whatever may be the motion of the body on this board, it is certain
that with regard to the table it has two determinations: one which draws it
towards it, by which it descends; and the other which carries it towards one
of the walls of the room, by which it advances towards that side.

And it is so true that it has these two impressions, that it still keeps both
of them when it is in the air off of the board; and if only one remains to it
when it is above the board, it would only follow that one; for example, it
would fall perpendicularly to the earth as soon as it left the board, if only
the impression of its fall remained.

But consider what will happen to the moving body when it is at the point
at which it leaves the board, and you will see that the same thing happens
to light when it passes from air into water. And since then the part of the
movement which carries the moving body downwards finds more ease or less
resistance to its action, when it is above the board and in the air, than it
had when it was on the board; and that which carries it towards the wall
remains the same (even though it is still the same total force which pushes
the moving body at this point, and though the force of the two parts of
its motion taken separately be the same), nevertheless since the proportion
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which existed earlier between the ease or the resistance that the medium
presented to these two forces has changed, and since at this point of exit
it finds it easier to descend than before, although it finds neither more nor
less ease in moving towards the wall, it therefore happens that it no longer
follows the direction of the line that it had traversed on the board, but that it
will take another, which is proportional to the increased ease which is found
in one of its forces than the other. This causes the movement, upon leaving
the board, to approach the perpendicular, as light also does upon entering
water, for the same reason.

And this is, in my view, one of the easiest possible things to conceive, and
it is also, in my opinion, all that M. Descartes wished to say on the subject
of refraction. I do not claim, however, to have persuaded you with this: it
is enough that I have made myself heard, so that you do not think that I
follow M. Descartes blindly or that I contradict you to entertain myself. I
resemble you in this point – that I love and seek out only the truth, and this
similarity that I have with you makes me hope that you will not repudiate
me, while I everywhere avow, etc.

P.S. To further clarify this matter, I will also bring up here an example
which to my thinking resolves the majority of the difficulties that may be
brought up regarding what M. Descartes has said concerning refraction in
his Dioptrics.

It is certain from experience that, in whatever manner ball A be impelled
towards point B by balls C, D, E, F, G, whatever be the different determi-
nations we may assume their routes be composed of, they will always push
it towards B (fig. 103).

First, for ball E, it is clear that it must push it towards H, since ball A
completely opposes its determination; but that which is clear for ball E must
similarly be understood for the others, which, although they come towards
ball A obliquely, only touching it at point B and only pushing it insofar as
they descend towards H, and not insofar as they move towards I (or towards
K). This is why they would not be able to impress any movement upon this
ball, other than to move it towards H. Yet, although the determinations of
balls D and F be opposed, insofar as one goes to the right and the other to
the left, they are not at all opposed insofar as they descend and then they
must produce the same effect on ball A, which is to impel it towards H.
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But, if we assume that the ball A be hard and immobile, all these balls,
after having come into contact with it, will have to change the determina-
tion that they had to move towards H into that determination of moving or
reflecting towards L, and to keep the other determination if they had any,
which the ball cannot change, because it is not opposed in that direction:
and this explains reflection at equal angles.

If we assume that these balls have communicated their movement to ball
A, this can only be in the direction that it is opposed to them, and therefore
only the motion towards H can be changed, and not that towards I (or
towards K), which must consequently remain the same in its entirety. If
even though these balls lose at point B the force which determines their
motion towards H and lose nothing of that which determines them to move
towards I, they are made to move away and to take another direction at this
moment, which they always maintain, no matter what resistance the medium
brings after that, which could indeed cause them to move more slowly but
could not change their direction, because it may very well be opposed to
their speed, but not to the direction that they have taken, since we assume
that it is equally easy or difficult to enter into or penetrate in all directions.
And that explains refraction which moves away from the perpendicular.

If on the contrary we assume that, the balls arriving at point B, ball A
gives in to them more easily and draws them away, so to speak, towards
H, making the balls descend more quickly, but that does not change their
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movement towards the right (or towards the left) to which it is not at all
opposed. At the moment that they are at pint B the balls are more disposed
to go towards H than they were before, and are neither more nor less disposed
than they were before to go towards I. And thus these balls must change their
direction, and must maintain this new direction, once they take it. And that
explains refraction towards the perpendicular.

And to make it clear that the greater or lesser resistance of the body
of the medium has no effect on it, and does not change the determination
that the ball gets at B, we will consider what could happen to the ball A
according to the different cases that could be imagined. For example, if the
ball E falls perpendicularly upon A and if it communicates to it half of its
motion, where will it go? Without a doubt, it will go towards H, and the force
that it receives at that moment can only determine it to go in that direction:
but is that to say that in going towards H it will trace out in two moments
a line just as long as E made in one moment? Yes, without a doubt, if you
assume that the medium that it traverses makes way for it just as easily as
the other did; but if this medium resists it more, it would describe a shorter
one, just as it can describe one equal in length or even a longer one, if this
medium resists the force that it receives in an equal amount or less.

If we assume that one of the other balls C, D, F, G collides with A at
point B, the same thing will follow, namely that because of the force that
it will receive, it will have to take its determination towards H as before, at
the very moment that it is touched. And the quality of the medium will not
change this determination, if not because of receiving less force, then because
only being encountered obliquely it is not impelled by all of the force of the
ball which touches it, it will go less quickly.

If we assume ball A to already be in motion towards I, the fall of one of
these balls upon it will bring no change to the determination that it had to
go in that direction, that is to say the entirety of the force of its movement
which determined it to go towards I, and therefore it must continue to go
towards it as it did before. But it must also at the same time move in the
same direction that is determined by the impression that it has just now
received by the fall of one of these balls, even if after this moment it must
take its direction.

But if we assume that the medium in which it is found after this, resists
it more than the other one did, that does not change the determination that
it has taken, but only causes it to travel slower than it would have. For
finally the proportion which held at that moment between these two forces
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gave it a determination to go somewhere, and whatever ease or difficulty the
body encounters in the medium that it must traverse, since it is equal in all
directions, it cannot change anything of the determination that it took at
the surface, and must not deflect it more or less.

And the same proportion is maintained here between strong or weak
movements that are equally proportioned. For example, let ball A be im-
pelled by two equal forces towards B and towards C at the same time, what
must happen to it, if it is in the air? These two forces, having a great effect
on it, will impel it to D in one moment. But if it were in the water, then
these two forces, not having such a great effect on it, would only impel it to
E, but for all that would not change the direction.

And what I say about ball A, which is impelled by these equal forces in
two different media, must be understood just the same for any other sort of
proportion which may hold between two forces: that is, the difference of the
medium does not change the direction towards which the forces that it has
that determine it at the first moment, but only change its speed.

For example, let ball A be impelled at the same time by two forces, one
of which impels it twice as strongly towards C as the other does towards B.
What must occur if the ball is in the air? What will happen, is that these
forces, having a great effect on it, will impel it in one moment of time to D.
But, if it were in water, then these two forces would not have as strong an
effect on it, but would continue to act on it in the same proportion as before
in the two directions, since water yields equally in all directions, and would
therefore impel it only as far as E; but it will not in any way change the
direction that it took on at the first moment.

And thus, in regard to the first assumptions that M. Descartes makes,
when he makes use of the example of a ball to explain reflection and refraction
in the second chapter of the Dioptrics, assuming that neither the weight
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nor the lightness, the size, nor the shape, nor any other such foreign cause
changes its course,2 what he says afterwards is true: to wit, that only the
determination that the ball takes at the moment it is at point B need be
considered, without worrying about what change its speed may undergo in
the medium that it then traverses, since it is only at point B that it must
change its direction, because of the change which occurs at this point in
the proportion which is between the two forces which together compose its
entire movement; and the direction that it has taken at B will be maintained
afterwards, and it moves in that direction more or less quickly to the degree
that it meets more or less resistance from the medium.

2Apparently, any properties that an actual ball might have are off-limits.

127



Fermat to Clerselier

Sunday, May 21, 1662

Sir,
I received your two letters of the sixth and thirteenth of May at the same time.
They did me more honor than I could reasonably have expected, and far from
being shocked by your Latin words, I am convinced that in the assumption
of your thoughts on the subject of the demonstration of M. Descartes, there
has been nothing more truthful anywhere else in your letters.1

For if this demonstration is made according to the rules of certain and
infallible demonstrations, then nothing is more true than to say that those
who are not convinced by it do not understand it. The essential quality of a
demonstration is to force belief, such that those who do not feel this force, do
not feel the demonstration itself, which is to say that they do not understand
it.

Therefore, sir, I attribute this mollification that the Gentleman of your
Assembly have inspired in you, only to an excess of courtesy and civility, and
I give you my very humble thanks.

For the main question, it seems to me that I have often told both you and
M. de la Chambre that I neither claim nor have ever claimed to be in the
secret confidence of Nautre. She has obscure and hidden ways that I have
never tried to penetrate; I have only offered her a small help with geometry
on the subject of refraction, if she were ever to have need of it. But since you
assure me, Sir, that she can manage her affairs without this and that she is
happy enough with the movement that M. Descartes has dictated to her, I
give up to you with no ill-feelings my supposed conquest of physics, and it
is enough for me that you leave me in possession of my geometry problem,
completely pure and in abstracto, by means of which one can find the path

1i.e., Fermat did not understand, because there was nothing comprehensible in
Descartes’ non-demonstration.
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of a moving body which passes through two different media and which tries
to complete its movement as soon as it can.

And would the marvel not be greater, if we were to assume that I wrongly
discovered the reasoning of Nature? For can you imagine anything more
surprising than what happened to me? I wrote, more than ten years ago,2

to M. de la Chambre, that I believed that refraction must be reduced to this
geometry problem, and I was convinced at that time that the analysis of
this problem would give me a proportion different than that of M. Descartes.
And nevertheless, in attacking the problem, which is reasonably difficult, I
discovered, ten years later, exactly the same proportion as M. Descartes.

If I have told a lie, have I not some reason for thinking that it is one of
these famous lies of which it is said in Tasso, as I have already written you:3

Quando sarà il vero
Si bello, che si possa a ti preporre?

And for the rest, I cross my arms. Only allow me here, if you please, to
assure M. Chanut and M. the Abbot of Issoire, his son, of my very humble
obedience: I do not have the honor of being acquainted with the father,4

but why should I be the only person in Europe not to hold him in total
veneration?

I am, Sir,

Your very humble and very obediant servant,
Fermat.

2If Fermat’s memory is correct, he is referring to a letter which is now lost. The letter
in his collected correspondence is from five and a half years earlier.

3When shall the truth be so beautiful, that it might be placed before you? See Fermat
to Clerselier, March 10, 1658.

4The father, Hector Pierre Chanut, was the French ambassador to Sweden, and Clerse-
lier’s brother-in-law.

129



130



Posterity

131



132



Fermat to M. de · · ·

1664

Sir,

Since M. de · · · speaks and since you order it, to you, Sir, whose reputa-
tion is so great and so well established, I will allow my Geometery to awaken,
which was sleeping for a long time in a profound slumber, and, to start to
get into the subject, I would very much like to tell you the saga of our Optics
and our diffractions, in the form of a story, in order to leave you free to judge
and that you may be able to pronounce yourself without prejudice.

After having read the Book of the now-deceased M. Descartes and having
examined with some attention the proposition which serves as the foundation
of his Dioptrics and which establishes the proportion of refractions, I doubted
his proof; his demonstration seemed to be a veritable paralogism:

First of all, because he founds it upon a comparison, and since you know
that Geometry does not pretend to deal with such figures, comparisons there
being even more unacceptable than in the commerce of human intercourse.

Second, because he presupposes that the motion of light, which propa-
gates through the air and through rare bodies, is more difficult, or if you
prefer, slower than through water and other dense bodies; which seems to
offend common sense;

And finally, because he supposes that one of the directions or determi-
nations of motion of a ball is maintained in its entirety after the encounter
with the second medium.

I even added a few more reasons, which would be superfluous or boring
to go through with you. He read my writings, he responded to them, and,
after some back-and-forth between us, we parted like the indicted and the
witness, the one in the affirmative, the other in the negative, although I
finally received letters from him full of civilities.
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Since his [Descartes’s] death, M. de la Chambre, having published his
own Treatise on Light, did me the honor of sending it to me. I took the
opportunity of writing him the letter that you saw, in which I gave him
evidence that, in order to be sure of being free from paralogisms in a matter
so obscure, I saw no more certain means than to search for refractions by
this unique principle, that nature always acts by the shortest paths, on the
basis of which I indicated to him that one could find the point of refraction
with geometry, by reducing it to the problem or theorem that you know. But,
because I considered this invention very difficult and cumbersome, since these
questions of maxima and minima ordinarily lead to long-winded operations
which are easily scrambled by an infinite number of asymmetries which are
found on its path, there I left my thought for several years, waiting for some
geometer less lazy than I to make either the discovery or the demonstration.

Nobody wanted to take up this task. However, I received some letters
from M. de la Chambre from time to time, in which he urged me to add geom-
etry to my principle and to demonstrate it in a form revealing the true foun-
dation of refraction. That which restrained me in advance was the assurance
that M. Petit and others had given me, that their oft-repeated experiments to
measure refractions in water, crystal, glass, and many other different liquids,
were in precise agreement with the proportion of M. Descartes; such that it
seemed useless to me to go looking for some other one with my principle,
since nature had elucidated herself so clearly in his favor.

The objection that you make in your writing was not difficult for me and
I had responded to it in my letter to M. de la Chambre for this reason, that
anything that presses against or holds firm on any point of a curved line
is considered to hold firm or press against the straight line which touches
the curve at the said point; and thus, although the sum of the two lines of
reflection may be the greatest in concave, spherical, or other mirrors, it is
always the shortest of all those which could fall upon the line or the plane
which touches the mirrors at the point of reflection, and this does not require
a greater proof, since M. Descartes assumes it just as I do.

The whole difficulty was reduced, therefore, to the fact that it appeared
that I had to combat not only men, but also nature. Nevertheless, the last
requests of M. de la Chambre were so pressing that I resolved, about two
or three years ago, to attempt to rescue my analysis, imagining to myself
that there are an infinite number of different proportions between which the
senses could not distinguish, and that I could then perhaps find one which
would approach the one of M. Descartes and which nonetheless would not be
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the same.1

I did a formal analysis with a method of mine, which Hérigone had earlier
printed in his Mathematics Course. I resolved all the asymmetries with
difficulty, and then, all of a sudden, at the end of my calculations, everything
unraveled and there appeared a very simple equation which gave me exactly
the same proportion as M. Descartes.

At that moment I thought I had erred, for I could not believe that it was
possible to arrive at the same conclusion by completely opposite routes, M.
Descartes imagining, as one of his means of demonstration, that the motion
of light meets more resistance in air than in water, and myself supposing
the exact opposite, as you will see in the copy of my demonstration, which I
have tried to redo from memory to completely meet your requirements, my
original having been sent to M. de la Chambre, following my usual laziness.

Therefore, I have reworked this question many times, by changing the
positions, and I have always arrived at the same conclusion, which confirmed
two things to me: one, that the opinion of M. Descartes on the proportion of
refractions is quite true; two, that his demonstration is quite false, and full
of paralogisms!

The Cartesian gentlemen later saw my demonstration, which was com-
municated to them by M. de la Chambre; first, they stubbornly persisted in
rejecting it, although I presented it ever so slowly to them. They should have
been happy that the battlefield was left to M. Descartes, since his opinion was
found to be truthful and confirmed, though for reasons different from his own.
The most famous conquerors hardly considered themselves less happy when
victory was won by auxilliary troops, rather than their own. The Cartesians
did not want to be ridiculed in the first encounters: they wanted my demon-
stration to be faulty, since it could not hold, without destroying that of M.
Descartes, which they always intended to put above dispute. But, since the
most skilled geometers who saw mine seemed to give it their approval, the
Cartesians finally paid me a compliment by way of a letter from M. Clerselier,
who is the one who published the letters of M. Descartes. They proclaimed
it a miracle that the same truth could be found at the end of two opposite

1That is, there are so many possible proportions, that it is possible for the true pro-
portion to be so close to that of Descartes, that the senses could not distinguish between
them. As Kepler writes in chapter 21 of his Astronomia Nova: “The lack of any perceptible
difference in effects between the as yet unknown true hypothesis and the false one. . . does
not make the effect identical. For there can be a small discrepancy which the senses do
not perceive.”
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and entirely different pathways and made a pronouncement that they would
be quite willing to leave the matter undecided and admitted that they did
not know with whom to agree on this matter, M. Descartes or me, and that
posterity would have to be the judge.2

It is to you, Sir, who are doubtless destined by your extraordinary merit
to have great dealings with Posterity, to inform them, if you think it apropos,
about this famous quarrel, or if you would rather “file” this writing among
your useless papers, I consent, as it is all the same to me.

But it is not the same for the very humble prayer that I make to you, to
consider me your, etc.

Fermat.

2A parody of Clerselier’s letter, of May 6, 1662, in which he says that nature could not
decide which path to take, that of least distance or that of least time, just as the Cartesians
could not decide who is right, Descartes or Fermat. However, since nature unequivocally
announces herself on the side of least time, Fermat has a clear idea of how posterity will
judge this quarrel.
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Demonstration from the Letter to M. de · · ·∗

1664

Given line AFM (fig. 105), which represents the separation of the two
different media; let air be on the side of B and water on the side of H. The
ray of light, which must go from point B, which is in the air, towards point
F, where the medium of water begins, breaks and goes towards H, moving
towards the perpendicular, according to common everyday experiments.

M. Descartes determines this point H in such a way, that by drawing a
perpendicular BA from B on the line AFM, he makes line AF be to line FM
as the resistance in one of the media is to the other, even though he believes,
contrary to my understanding, that the resistance is greater in air than in
water.

Therefore let the greater resistance be represented by line AF and the
lesser by line FM, making line AF consequently greater than FM. Let there

∗Cf. the “Synthesis for Refractions,” included as the last section of Fermat’s writing
on Minima and Maxima, and the demonstration by Huyghens in his Treatise on Light.
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be erected from point M, the perpendicular MH which is cut at H by the
circle with center F and radius FB, so that lines BF and FH will be equal:
I say that the radius BF, immediately after being broken by the encounter
with the water, will go towards H.

For, since, by my principle, nature always acts along the shortest paths,
if I prove that in traversing the two lines BF and FH, it employs less time
than by traversing any other point on the line AM, I will have proven the
truth of the proposition.

Now, since I have assumed in advance that motion through air is easier
and consequently faster, the motion from B to F will be made in less time
than that from F to H, and, to set the true proportion, we must make

as AF to FM (which are the measures of the resistances), so is BF to FD,

and the two lines DF and FH will be the measures of the time which will be
used from B to F and from F to H. That is, line DF will be the measure of
the motion along BF, which is quicker, and the line FH will be the measure of
the motion along FH, which is slower, and this, according to the proportion
of BF to FD, or of HF – which is equal to BF – to the same FD.

Therefore if I prove that, for whatever point you take on the two sides of
DF, the sum of these two lines DF, FH is always smaller than any other two
lines moving in the same direction, I will have that which I was seeking.

Therefore let there first be point O on the side of M. By joining lines BO
and OH, and making

as BF is to DF, so is BO to CO,

I must prove that the sum of the two lines CO and OH is greater than that
of DF and FH. And, similarly, by taking a point such as V, on the side of
A, I must also prove that by joining the two straight lines BV and VH, and
making

as BF is to DF, so is BV to YV,

the sum of the two lines VY and VH is greater than that of the two lines DF
and FH.

To get there, I make

as BF to AF, so is FO to FR

and
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as the same BF is to FM, so is FO to FI.

Since BF is greater than AF, therefore FO is greater than FR and, since
AF is greater than FM, FR is also greater than FI, and it similarly appears
that

FR is to FI as AF is to FM.

For, since, by the construction

as AF is to FB, so is FR to FO,

and

as FB is to FM, so is FO to FI,

therefore, ex æquo,

as AF is to FM, so is FR to FI.

I say, therefore, that the two lines CO and OH are greater than the two
lines DF and FH. For, by Euclid, in the obtuse triangle FHO, the sum of the
two squares of HF and FO is equal to the sum of the square of HO and the
rectangle MFO taken twice. Now, since we have made

as BF or FH is to FM, so is FO to FI,
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therefore the rectangle under the extremes HFI is equal to the rectangle
under the means MFO, and the rectangle HFI taken twice is equal to the
rectangle MFO taken twice: we therefore have the sum of the two squares HF
and FO equal to the sum of square HO and rectangle HFI taken twice. But
the rectangle HFI taken twice is equal to the rectangle HIF taken twice with
double the square of IF; and the square HF, according to the same Euclid,
is equal to the rectangle HIF taken twice with the two squares HI and IF:
we therefore have, on one side, the square HI, the square IF, the rectangle
HIF taken twice and the square FO equal to the square HO, to the rectangle
HIF taken twice and to the square FI taken twice. Remove HIF taken twice
and the square FI from both sides: there remains, on one side, the square
HI with the square FO equal to two squares HO and IF. But the square FO
is greater than the square FI, since, by the construction, FO is greater than
FI: therefore square HO is greater than the square HI, hence the line HO is
greater than the line HI.

If I then prove that the line CO is greater than the two lines DF and FI,
there will remain proven that the two CO and OH are greater than the three
DF, FI, and IH, or the two DF and FH: I therefore prove what is required.

According to Euclid, in the obtuse triangle BFO, the square of BO is
equal to the sum of the squares on BF and FO and twice the rectangle AFO;
but, since we have made

FO to FR as BF is to FA

by construction, therefore the rectangle under BF and FR is equal to the
rectangle AFO, and consequently the square of BO is equal to the squares on
BF and FO and to the rectangle under BF, FR taken twice. But the square
on FO is bigger than that on FR, since the line FO has been proven to be
greater than the line FR: therefore, if you substitute the square on FR in
place of the that on FO, the square BO will be greater than the two squares
BF, FR and the rectangle BFR taken twice. But these last sums are equal,
by Euclid, to the squares of the two lines BF and FR taken as one: therefore
the line BO is greater than the sum of the two lines BF and FR. But we
have proved that

RF is to IF as AF is to FM, that is as BF is to FD,

which is the measure of the diversity of motions: therefore,
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as the sum of the two former BF and FR
is to the sum of the two latter DF and FI,

so is BF to FD.

Now

BO is to OC as BF is to FD:

therefore

as BO is to OC,
so is the sum of the two lines BF and FR
to the sum of the two lines DF and FI.

But we have proved that the line BO is greater than the sum of the two lines
BF and FR: it is therefore true that the line CO is greater than the sum of
the two lines DF and FI, which was the second thing to be proven.

Therefore there is no other point on the side of M through which the
ray may pass without taking more time than by going through point F. The
same remains to be proven about point V.

If we proceed, as above,

as BF is to FA, so is FV to FN

and

as the same BF is to FM, so is FV to FX,
NF will be to XF as AF to FM, that is as BF is to FD,
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by the preceding proof, and both of the two lines NF and XF will be smaller
than VF, by what has come before.

It is necessary to prove that the sum of the two lines YV and V is greater
than the sum of the two lines DF and FH.

First, I consider that, by Euclid, in the obtuse triangle VFH, the sum
of the squares on HF and FV and twice the rectangle MFV is equal to the
square VH; but, since, by construction, it has been made that

as BF is to FM, so is FV to FX,

therefore the rectangle BFX or HFX (since BF and FH are equal) is equal to
the rectangle MFV: we therefore have, on one side, the sum of the squares
on HF and FV and of twice the rectangle HFX equal to the square on HV.
But the square on FX is less than the square on FV: therefore the sum of
the squares HF, FX and twice the rectangle HFX is less than the square HV.
Yet this sum is equal to the square made on the two lines HF and FX as one,
by Euclid: therefore the sum of the two lines HF and FX is less than HV, ad
HV is greater than that of the two lines HF and FX.

Therefore, if I prove that the lie YV is greater than the line DX, there
will remain to be proven that the sum of YV and HV is greater than the sum
of DX, XF, FH that is the sum of DF, FH.

To make this last proof, I consider the obtuse triangle BVF in which,
according to Euclid, the two squares BF, FV are equal to the square BV and
the rectangle AFV taken twice; now, since, by construction, we have made

BF to FA as VF to FN,

therefore rectangle BFN is equal to rectangle AFV. Hence, the sum of the
two squares BF and FV is equal to the sum of square BV and twice the
rectangle BFN. Yet the rectangle BFN taken twice is equal to the rectangle
BNF and twice square FN: therefore the sum of the two squares BF and FV
is equal to the sum of the square BV, the rectangle BNF taken twice, and
the square of FN taken twice. Yet the square BF is, by Euclid, equal to the
square BN, the square NF and the rectangle BNF taken twice: we therefore
have the sum of squares BN, NF, FV and rectangle BNF taken twice and of
the square of FN taken twice. Remove rectangle BNF and square NF from
each side: it therefore remains that the square of BN and the square FV will
be equal to the squares BV and FN. Yet square FV is greater than the square
of FN, by construction: therefore the square BV is greater than that on BN,
and therefore the line BV is greater than line BN.
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We have proved that

as BF is to FD, so is NF to FX:

therefore

as line BF is to FN, so is DF to FX,

and, by the conversion of ratios,

as BF is to BN, so will DF be to DX,

and

as BF is to DF, so will BN be to DX.

But we have made

BF to DF as BV to YV

therefore

as BV is to YV, so will BN be to DX.

But we have proved that BV is greater than BN: therefore YV will be greater
than it more than DX is.

Yet it has already been proven that VH is greater than the two lines HF
and FX: therefore it is plainly proven that the two lines YV and VH are
greater than the three DX, XF, FH, or than the two DF and FH, and thus
the demonstration is complete.

143



From this it follows that by proposing my principle, that nature acts
always by the shortest paths, the assumption M. Descartes is false, when he
says that the movement of light is made more easily in water and other dense
bodies than in the air or and other rare bodies.

For, if this assumption of M. Descartes were true and if you were to
imagine that, in my figure, air were on the side of H and water on the side
of B, it would follow, by transposing the demonstration, that the ray which
leaves point H and encounters the water at point F, would deflect towards
B, because, motion in air being slower according to the assumption of M.
Descartes, it would be measured by the line HF, and the one going through
water would be measured by FD, as being faster, such that, the two lines
HF and FD being the shortest, refraction would be made towards B, that is
to say that the ray would be drawn away from the perpendicular, which is
absurd and contrary to experiment.

If the situation of the two points B and H changes along the two lines BF
and FH, each extended as far as you like, the demonstration will hold, and
you will see it yourself.

I do not add the analysis, for, beyond its being long and awkward, it
should be sufficient that the account you have just read is short and purely
geometrical.

From all this it follows that, given points B and F, or H and F, the problem
can be solved easily by means of areas. But, when one is given two points,
such as B and H, and desires to search from them the point of refraction on
the line or the plane which separates the two media, in this case the problem
is solid, and can only be constructed by using parabolas, hyperbolas and
ellipses. But, since this construction is not even difficult for a mediocre
geometer, provided he remains in agreement with the foundation and the
proportion with which he must work and that I have already explained to
you, I have no doubt that you would have found it first, you, Sir, who are so
much above the common.

Aside from the fact of dealing here, in the question that you have asked
me, with nothing else but learning the pathways that nature teaches us to
follow, and that this great worker has no need of our instruments and of our
machines, I have already fulfilled my task.
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Analysis for Refraction∗

Let ACBI (fig. 108) be a circle whose diameter AFDB separates two media
of different natures, the less dense being on the side ACB, and the more dense
being on the side AIB.

Let D be the center of the circle, and let CD be an incident ray falling
upon the center from given point C; we seek to know the refracted ray DI,
or point I through which the ray passes after refraction.

Drop perpendiculars CF and IH onto the diameter. Since point is given,
along with the diameter AB and the center D, the point F and the line FD
are also taken as given. Let us assume that the ratio of the resistance of the
denser medium to that of the rarer medium, is the same as the ratio between
the given line DF and another given line m drawn outside the figure. We will
have m < DF, the resistance of the rarer medium necessarily being smaller
than that of the denser, by a natural axiom.

By means of the lines m and DF, we now have to measure the motions
along lines CD and DI; we will thus be able to represent the entirety of the
motion along these two lines by the sum of two products: CD·m + DI·DF.

∗Fermat sent this writing to de la Chambre along with his letter of New Year’s Day
1662.
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Thus the question comes down to dividing the diameter AB at a point
H, such that if a perpendicular HI be raised at this point, and DI be joined,
the area CD·m + DI·DF will be a minimum.

To this effect, we will employ our method, which is already widely known
among geometers and which was exposed about twenty years ago by Hérigone
in his Cursus mathematicus.1 Let us call n the radius CD or its equal DI, b
the line DF, and DH = a. The quantity nm + nb must be a minimum.

Let us take an arbitrary line DO as our unknown e, and join CO and
OI. In analytical notation, CO2 = n2 + e2 − 2be, and OI2 = n2 + e2 + 2ae;
therefore

CO·m =
√

m2n2 + m2e2 − 2m2be,
IO·b =

√
b2n2 + b2e2 + 2b2ae.

Following the rules of the art, the sum of these two radicals must be ad-
equated to mn + bn.

In order to eliminate the radicals, we will square them, and we will do
away with the common terms. We will transpose the terms in such a way as
to leave only the remaining radical on one of the sides of the equation. Then
we will square the new equation. After new eliminations of terms on both
sides, division by e and removal of terms containing e, following the rules of
our now long-familiar method, and then by removing common factors, we
will arrive at the simplest possible equation involving a and m. That is to
say that after having removed the obstacle of the radicals, we will find that
the line DH of the figure is equal to the line m.

Consequently, after having drawn the lines CD and DF, we may find
the point of refraction by taking the lines DF and DH to be in the ratio
of the resistance of the denser to the rarer medium — the ratio of b to m.
From H we will then erect line HI perpendicular to the diameter; it will
intersect the circle at I, the point through which the refracted ray will pass.
And thus the ray, passing from a rarer to a denser medium, will bend away
from the side and towards the perpendicular: which agrees absolutely and
without exception with the theorem discovered by Descartes. The above
analysis, derived from our principle, therefore gives this Cartesian theorem
a rigorously exact demonstration.

1Mathematics Course
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Synthesis for Refraction∗

The wise Descartes proposed a law for refractions which, as they say, con-
forms with experience; but to demonstrate it, his reasoning relied absolutely
upon a postulate, namely: that light moves more easily and more quickly
in dense media than in rare. Yet this postulate seems to be contrary to the
light of reason.

In seeking to establish the true law of refraction by starting from the
contrary principle — namely, that the movement of light is easier and quicker
in rare than in dense media — we come upon the precise law that Descartes
had enunciated. Without paralogism, is it possible to arrive at the same
truth by two absolutely opposite paths? This is a question that we will
leave to the scrutiny of geometers who have sufficient shrewdness to resolve
it rigorously, because, without entering into vain discussions, the certain
possession of truth is sufficient for us and we consider it preferable to a long
series of useless and illusory quarrels.

Our demonstration relies solely upon the postulate that nature operates
by the easiest and most convenient means and pathways. For we believe it
must be stated this way, and not in the ordinary way, which says that nature
always operates by the shortest lines.

Indeed, in addition to speculating on the natural movements of heavy
bodies, Galileo also measured their relationships in time as well as in space.
Similarly, we will not consider the shortest spaces or lines, but rather those
pathways which can be most easily traversed with the greatest of ease, in the
most accommodating way, and in the least time.

Having made this assumption, let there be two media of different natures
(fig. 109) separated by the diameter ANB of a circle AHBM, the less dense
medium being on the side of M, and the more dense on the side of H.

∗According to the copy of this piece that Clerselier received, Fermat sent it to Mersenne
in February 1662.
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From M, draw the arbitrary lines MNH, MRH to H, intersecting the
diameter at points N and R.

According to the axiom or the postulate, since the speed of the element’s
propagation along MN in the rarer medium is greater than its speed along
NH, and considering the motions as being uniform within each medium, the
ratio between the time of the motion along MN and the time of motion
along NH will be, as we know, the product of the ratio of MN to NH with
the inverse ratio of the speeds along NH and along MN. Thus we have
(speed along MN)/(speed along NH) = MN

NI
, and we will have (time through

MN)/(time through NH) = IN
NH

.
We will likewise prove that if the ratio of speeds in the rare and dense

media is MR
RP

, we will have (time through MR)/(time through RH) = PR
RH

.
Whence it follows that (time through MNH)/(time through MRH) = IN + NH

PR + RH
.

Now, since it is nature that directs light from point M to point H, we
must find point N, through which the light passes in the least time from
point M to point H as it bends or refracts. For we must admit that nature,
which directs its motions as quickly as possible, aims for this point by itself.
If, therefore, the sum IN + NH, which measures the time of motion along
bent line MNH, is a minimal quantity, we will have attained our goal.

The statement of the theorem of Descartes gives this minimum, as we will
soon prove by a true geometric reasoning and without any ambiguity. Here
indeed, is the exposition:

If from point M we draw the radius MN, and from the same point M drop
the perpendicular MD, and if we take DN

NS
as the ratio of the greater speed

to the lesser, and, finally, if we erect the perpendicular SH from S, and draw
the radius NH, the incident light at point N in the rare medium will refract
into the dense medium, moving towards the perpendicular, and arriving at
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point H.
It is this theorem which is in accord with our Geometry, since it results

from the following purely geometric proposition.
Let there be circle AHBM, with diameter ANB and center N. On the

circumference of this circle, take an arbitrary point M, draw the radius MN,
and drop perpendicular MD onto the diameter. Let the ratio DN

NS
also be

given, assuming DN > NS. From S, erect perpendicular SH from the diame-
ter, which reaches the circumference at point H. Join this point to the center
by radius HN. Suppose that DN

NS
= MN

NI
; I then say that the sum IN + NH is

a minimum. That is to say that if we took another point on line NB, such as
R, joined MR and RH, and made DN

NS
= MR

RP
, we would find that PR + RH

> IN + NH.
To demonstrate this, let MN

DN
= RN

NO
and DN

NS
= NO

NV
. By construction, it is

clear that since DN is smaller than the radius MN, it must be that NO <
NR. Likewise, since NS < ND, we will conclude that NV < NO.

Having assumed this, we have, according to Euclid, MR2 = MN2 + NR2

+ 2DN·NR. But since we have MN
DN

= NR
NO

by construction, we may say that
MN·NO = DN·NR, and therefore 2MN·NO = 2DN·NR. Therefore MR2 =
MN2 + NR2 + 2MN·NO.

Now, since NR > NO, NR2 > NO2. Therefore

MR2 > MN2 + NO2 + 2MN·NO.

But the sum MN2 + NO2 + 2MN·NO = (MN + NO)2. Therefore

MR > MN + NO.

On the other hand, we have by construction, DN
NS

= MN
NI

= NO
NV

, and there-
fore

DN
NS

= MN+NO
IN+NV

.

But we also have DN
NS

= MR
RP

. Therefore MN+NO
IN+NV

= MR
RP

. Yet MR > MN + NO;
therefore it is also true that RP > IN + NV.

It remains to be proven that RH > HV; for, if it is so, it is clear that PR
+ RH > IN + NH.

Now in triangle NHR, according to Euclid,

RH2 = HN2 + NR2 − 2SN·NR.
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But by construction, MN(=NH)
DN

= NR
NO

, and DN
NS

= NO
NV

; therefore, ex æquo,
HN
NS

= NR
NV

. Therefore HN·NV = NS·NR and 2HN·NV = 2SN·NR. Therefore

RH2 = HN2 + NR2 − 2HN·NV.

But we have proven that NR2 > NV2. Therefore

HR2 > HN2 + NV2 − 2HN·NV.

Then HN2 + NV2 − 2HN·NV = HV2, according to Euclid; therefore HR2 >
HV2 and HR > HV, which remained to be proven.

Even if we take point R on radius AN, such that lines MR and RH were
to extend into each other, as in the following figure (fig. 110) – although the
demonstration is independent of this particular case – the result would be
the same, which is to say that we will always have PR + RH > IN + NH.

Let us take, as above, MN
DN

= RN
NO

and DN
NS

= NO
NV

. It is clear that RN > NO
and NO > NV.

MR2 = MN2 + NR2 - 2DN·NR. Following the above reasoning, we may
substitute 2MN·NO for 2DN·NR. Moreover, NR2 > NO2; therefore MR2 >
MN2 + NO2 − 2MN·NO. But

MN2 + NO2 − 2MN·NO = MO2.

Therefore, MR2 > MO2 and MR > MO.
Additionally, we have by construction that DN

NS
= MN

IN
= NO

NV
; therefore,

vicissim: MN
NO

= NI
NV

, and dividendo: MO
ON

= IV
VN

, and vicissim:

MO
IV

= ON
NV

= DN
NS

= MR
RP

.
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But we have proven that MR > MO; therefore PR > IV. To establish the
proposition, we must still prove that RH > HN + NV; which is quite easy
after the preceding.

Indeed RH2 = HN2 + NR2 +2SN·NR; as we have seen, we can substitute
2HN·NV for 2SN·NR; moreover we have NR2 > NV2. Therefore

HR2 > HN2 + NV2 + 2HN·NV;

Therefore, as above, HR > HN + NV.
It is therefore certain that the sum of the two lines PR and RH, even

when they form a straight line PRH, is always greater to the sum IN + NH.

q.e.d.
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