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TRANSLATOR'S PREFACE.

Iv 1552, a pamphlet, entitled The Compedation of e Orbit from These Conrplide
Observations, waa published, under the wathovity of the Navy Department, for the o
of the Awericon Epbemeris and Nowticol Afmanas, the object of which was o exoerpt
from vardous parts of Gavee's Theoris Mofws, nod to ammoge @ proper order the pumes-
ona details which eombine to form this complicated problom.  To these wese added an
Appendix containing the results of Professor Bxoks's investigations, [Eber den dwencl-
mefell ciner doppelien Holmbestimenmg ous demselden drei geocendidecien Owrtern (Al
handlhogren der Abadewmic der Wissemschoiten i Berling 16845), and elso Professor Pemop's
Graphic Delinentions of the Curves showing geometrically the roots of Gavee's Equa-
tion 1V, Aricle 141,
that & complets translation of the Theoria Mo should be undertaken, not ooly o meet
ﬂamﬁhmmmmﬁnumadmgmmlmh:wm
thin work {now become very vare nnd costly) i a standard and permanent snthority.
This underiaking has been pustivulady encoursged by the Bmithsoninn Testitution,
which hus signified ifa high estimate of the importance of the work, by coatributing to
its publication. Mﬂhyﬁnmﬁmiﬁjnfﬂml.ﬂm:wnfﬁaﬂm,ﬁi
Translation is printed by the jolnt contributions of the Nanutical Almanse pad the Smith-
sonkan  Instttution,

The potation of Gavss has been strictly adhered to thromghont, and the transiation
has esn mads as neady literal as possible Mo pains have been epared to sseun: typo-
graphical acouracy. Al the errata that have heen noticed in Zaca's Monailicke Corre-

spoiidens, the Beilings Astrouowizches Johwduch, and the Asfromonvische Nacheichien, have
[*]
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beent corrected, and in addition o tbese s considerable mumber, a list of which will be
found in Govnp's Astroromics! Jowrsel, that were discoversd by Professor Coagvassr
Mmuﬂdhdﬂutmﬂurﬂhuﬂtm,whuhummdﬂmfnmuhnﬁﬂmhndjﬂf
the work with great care, not only by comparison with the criginal, but by lndependent
verificution. The procfshests have also boen casefully read by Professor PurLires, of
Chapel Hill, North Ceraling, and by My. Boxecs and Professor Wivioox of the Nawtioal
Almanae office.

The Appendiz contalns the resulis of the investigations of Professor EweEx and
Profosmor PriRce, fromn the Appendix of the pamphlet above reforred to, and other mat-
ters which, it is boped, will be found fnzeresting nod usefol to the practical eomputer,
among which =re several valuable tables: A Teble for the Motion in a Pambols from
LeVenamn's Auwiales de L' Obsereafoire fmpéria? de Poris, Brsaxt® and Possrit's
Tables for Ellipees and Hyperbolas closely resembling the Parsbols, and n eonveriomt
Table by Professor Huspann for facilitating the use of Gavee's formulas for Ellipees and
Hyperbolea of which the eccentriclies are nearly equal o wsity. And in the form of
tofes on their appropriste articles, nseful formules by Besspn, Nuwotar, Hxogs, Gavss,
and Perecy, sid o enmmary of the formolas for esmputing the oebit of w Clomet,
with the mecompanying Table, from Oueess's Abbondlens ucher die leickieste wnd be-
yusieete Methods die Bokn eimes Comsten su bapechues, 'Weimar, 1847,
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PREFACE.

Aszen the laws of planetary motion were discoverad, the geaius of Karize
was not without resources for deriving from observations the elements of mo-
tion of individual planets, Trows Brass, by whom practical sstronomy bad
been corrded to a degree of perfection before anknown, had observed all the
phmwlhrwghalﬂngmﬁmdymmﬁmﬁagubm%uﬂwiﬂlm.
much porsevertace, that there remained to Krezm, the most worthy imheritor
of eech a repository, the trouble only of salecting what might seem suited
to any special purpose. The mean motion: of the planets aleesdy deter-
mined with great precision by mesns of very ascient obeervations diminished
not & little this labor,

Astronomers wha, eubsequently to Keeums, endesvored to determine stil
more socnrafely the orbite of the planets with the aid of more recent or
better observations, enjoyed the same or even grester facilities For the
preblem was no longer to deduce clements wholly unkunown, but only
elightly to correct those already known, and to dofine them within nerrower
linsits,

The pringiple of wniversal gravitation discovered by the illustriovs Neweox

b : (iz)
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opened & field entirely new, and showed that all the heavenly bodies at
least those the motions of which are regulated by the attraction of the =um,
must necessarily, conform to the same lnws, with a eight modification only,
by which Keetrz hod found the five plinets to be governed. Kesere, rely
hgummaavﬁmm#mhmmﬂﬂatﬁawhitﬂm
planet is an ellipse, in which the areas are described wvniformly about the
sun ocenpying one focus of the ellipse, snd in sack a mammer that in differ
ent ellipsee the times of revolution are i the sesquinlieral ratio of the semi-
axesmajor.  On the other hand, Neweow, starting from the prineiple of
universal gravitation, demoustrated d privd that all bodies controiled by the
a.thml:l‘"ﬁ:lmDfihﬁmnmuﬂtmminwninﬂ:ﬁﬂm.nfvﬂﬁdlﬂlaplmh
prezent tme form to oy, namely, ellipses, while the remaining fhrmu_._r.lmhu-
las and bhyperbolas, must be rogarded as being equally powmible, provided
there may be hodies encountering the force of the sun -H'I{'-]lﬂ:lﬂrﬂquili'i_.'ﬂ
velonity; that the sen must elweys ﬂmup_fun&fmuﬂﬂfihﬁmiﬁmthm;
that the sveas which the same body deseribes in different times abont the
san gre proportionsl to those times; and finally, that the areas deseribed
about the sun by different bedies, in equal times, are in the subduplicats
ratio of the semiparamaters of the orbite: the latter of thess laws, identicsl
m elliptic motion with the last law of Keeixe, extends to the pambolic and
hyperbolic motion, to which Ksrues's law caunot be applied, becanse the rev
olutions are wanting, The clue was now discovered by following which it
beeame possible to enter the hitherto insecossble labyrinth of the motions of
the comets.  And this waa so successful that the single hypothesis, that their
orbite were parsbalas, sufficed to explain the motions of ull the comets which
hed been securstely observed. Thos the system of universsl gravitation had
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paved the way to new and most brilliant triompbz in asalysis; and the
comets, up to that time wholly unmenageablsa, or soon breaking fiom the
restraints to which they seemmed to be subjected, having now submitied to
control, and being treasformed from enemies to goests, moved on in the
paths marked out by the ealoulus, serapulously conforming to the same eter
nal lawa that govern the plunets

In determining the parabolie orbite of comete from observeiion, diffenl-
ties wroze far grester than in determining the elliptie orhits of planets, and
principally from this source, that comets, seen for a brief interval, did not
afford a choice of cheervations particularly enifed to a glven olject: but the
geowmeter was compellsd to employ thoss which happened to be furmished
him, en that it becams necossary to make wse of special methods seldom
applied in plapetary ewleolations. The preat Hmhim.aalﬂtha.ﬂ:ﬂ-g&m&-
ter of his age, did not disgeise the diffieulty of the problem: as might have
been expected, he came out of this confest alan the victor, Sigee the time
of Newros, many geometers have labored weslously on the same problem,
with- varfous sucoess, of course, but il in such o manner as to leave but
little to he desived ot the present time

The troth, however, ia not to be overlooked that in this problem the
difficulty is very fortunately lessened by the knwowledge of one elemsnt of
the confe section, since the majoraxia i put equal to infinity by the wvery
asmmption of the parabolic orbit.  For, all parabolss, if position i= g
lacted, differ among themselves only by the greater or less distance of the
vertex from the foeus; while conic sactions, generally considervd, admit of
infinitely greater variety. There existed, in point of faot, no efficient reason
why it should be taken for granted thet the pathe of comets aze exacily
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pﬂﬁbﬂﬁu:mthamnm}-.itmmbamgardaduinthehighmdeyu
improbable that nature should ever have fevorsd such un hypothesks Sinne,
nevertheless, it waa kuown, that the phencmena of & heavenly body moving
inanelﬁpnnrhmbnh,thamqjﬂhﬁuufwﬁchi&mrygﬂﬂmhﬁ?ﬂym
the parameter, differs vevy Wttle uear the perfhelion from the motien in a
persbola of which the vertex i ot the same distance from the foous; and
that this difference beomes the more fuconsiderable the greater the ratio of
'the&ﬂnhathﬂpﬂmhr'mdﬁnﬂe}mm,ﬂpeﬂmahwiﬁhmthﬂ
between the obeerved motion and the motion computed in the parabolie
mbmthmrammedﬂﬁranmmulyemmthmthmwhchmlght
mfely be attributed to evvors of observation (errors quite considerable in

most: cases): astronomers have thought proper to retain the parabols, and
very praperly, becanse thers are no wesns. whatever of ascertaining matis
factorily what, if any, are the differences from a parnbola. We must axcept
thenelahmtaﬂmmetﬂfﬂuur,whiuh,ﬂﬂmihfuguvmyelmgﬂaﬂulﬁmmd
frequently chsarved ot its return to the peribelion, revenled to ua its periodi
Hma;huithanthamujmhaingthuuknmthammpumﬁnnufthem-
m.ﬁrdngﬂamantlismhﬂwuﬂdﬁmﬂEﬂhﬂ:ﬂlymnmﬂiﬂﬂnlﬁth&nthﬂd&tﬂrmi-'
nation of the parmbolic orbit, And we must not cmit 0 mention thet astromo-
men,inthﬁ'umnfwmantharmmatuubmwedfnrnmewh:tlungarﬁmﬂ,
have sttempted to detormine the devistion from & parsbole.  However, all
the methods either proposed or used for this object, rest upon the sssmption
that the varistion from s porsbola it inconsiderable, and hence in the 4eiule
referred to, the parabola itself previously computed, fwrnished en approximate
ea of the =evernl elemente {exoept the majoraxiag or the time of revelu
tion depending on i), to be corrected by only slight changes, Besides, it
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must be acknowledged, that the whole of these trinls hardly served in say
euamuatﬂaanrthingmmcﬁrh&m}r,iﬂparhnpi,thammﬂufﬁmym_
1TT0 Is excepted.

As soon as i was ascertained that the motion of the new planet, diseow
ered in 1781, could not be reconciled with the parsbolic hypothesis, sstrono-
mwers undertook to adapt a cireolar ohit to it, which is a matter of simple
and yvery eaey calenlption. By a happy acoident the ovbit of this planet had
but a emall ecventrieity, in consequence of which the elements resulting from
the cicenlar hypothesis sufficed at least for an approximation en which eould
b based the determinstion of the elliptio elements. There was & oonoms
remee of severnl other very favorable ciroumstances, Fnr,ﬂmuluwmcrtit_mﬂf
the planet, and the very small inclinetion of the orbit fo the plane of the
ecliptic, not ouly rendered the calowlstions much more Emple, and ellowsd
the uss of special methods not suited to other ceses; but they removed the
apprebension, lest the planet, lost in the rays of the sm, should subeequently
eludo the search of olservers (sn apprehension which some setronomers might
have felt, especially i its light had been less brilliant); so that the more
accugide determination of the orbit might be safely deferved, until a selection
could Be made from obzervations more frequent smd more remote, such as
secmed Best fitted for the end in view.

- Thus, in every case in which it was necesary to deduce the orbite of
heavenly bodies from cheervations, there existed advantages not fo be de
Spised, suggesting, or et sny rste permitting, the wpplioation of epecisl
-meﬂmda;ufwhiuhadmhgmtbanhiafmmthﬂhymmnfbm
thetical assumptions an appm::im'ate knowledge of some element: eould he
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obtaized before the compuiation of the elliptic elements wos commensed,
Notwithstanding this, it seems somewhat strange that the genernl problem, —

To deberniine the orbit of o hesvenly budy, withod eny Rypothetical assigtion,
fromi ohscrostions wol embracing & greaf perind of time, ond ust alfowing a seloction
el o vior do the applisatinn o specinl motheds, was almost whelly neglected up
%o the beginning of the present century; or, at least, not treated by any one
in & manner worthy of s importance; sinee it msuredly commended itself
to mathematiclans by its diffieity and eloganes, even if its prest utility in
practice were not apparent  An opinien had universally proveiled that a
complete determinetion from observations embracing & short interval of time
was impossible,—an lfounded opinion,—1fbr it s new clearly shown that
the orbit of o hesvenly body may be determined quite neady fom good
oheervations embracing only & few daye; and this without soy hypotheticsl
aswaption.

Home idess cconrred to me in the month of September of the year 1801,
&ngtgtdtbihuﬁmaunn?ﬂjdlﬁmtmhjmt.wﬁd}hﬂﬂmﬂhpﬂinth
the eolution of the grest problem of which T heve spoken.  Under sweh cin
nnmshnmmmtnn&equ&nﬂ;,fnrfauurheiugmmmh.ladmyby
an attractive investipatiom, suffer the associations of ideas, which, more attem-
tively considersd, might have proved most fruitfol in results, to be lozt from
neglect.  And the same fate might have hefallen these conceptions, had ihey
not happily ccourred st the most propitions mement for their preservation
and encowrapement that could have been sslected.  PFor just about this time
the report of the new planet, dissovered on the first day of Jaouary of that
year with the telescope at Palerng, was the subject of universal conversation;
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snd soon afterwands the observations made by that distinguished sstronomer
Prazer from the above date to the eleventh of February wore published. No-
where in the annals of astrenorny do we meet with =0 great sn opportumity,
end n grester one could bardly be imegined, for showing most strikingly, the
value of thiz problem, than in this erisia amd urgent necessity, when all hope
of direovering in the heavens this planetary aiom, amonp nmomerable emall
gtars after the Iapsa of mnearly a pear, rested solely wpon a sufficiently ap-
proximate knowledge of its orhit to be based upon these very fow cbeorvas
tioms. Could I ever have foond & more seasomable opportunity to test the
practical valoe of my conceptions, than now in employing them for the de-
termingtion of the orbit of the planet Cerves, whick during thesa fortyone
days had desoribed a geccentrie src of only three degrees, and after the
inpee of a year most be looked for in o region of the heavens very remote
from that in which 1 was last scem This firet application of the method
was made in the month of October, 1801, and the firedt clear night, when
the planet was sought for* as directed by the numbers deduced from I, re.
stored the fogitive to observetion. Three other new planets, subsequently
diseovered, fornished new opportunitics for examining and verifying the effi-
dﬂnuymﬂgm&rﬂitjﬂfthemﬂhﬂﬂ.

Saveral seiromomers wished me to publich the methode smploved in' thess
caleulstions immediately after the second discovery of Ceres; but many
things — other ocqupations, the desire of treating the subject more fully st
some subesquent period. and, especially, the hope that a further prosecution
of this investigation would mise verfous parts of the slution to o grester

* By de Zavm, Deceniber 7, 1801,
3
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degree of generality, simplicity, and elegunce, —preventad my complying at
the time with theee friendly soliciiations. T was not dissppointed in this ex-
pectation, and have no cause to regret the delay. For, the methods fisst
employed have undergone s0 many and such grest changes, that scarcely
any traee of resernblance romaing between the method in which the orbit of
Cerce was first computed, and the form given in this work.  Althongh it
would be foreign to my purpose, to narrate in detedl all the steps by
which these investigations bave been gradually perfected, sl in seversl
instances, particularly when the problem was one of more importance tham
usual, 1 have thought that the ewdier methods onght wot to be whelly sup-
pressed. But in this work, besides the eolutions of the principal problems,
I huve given many things which, durving the long time I have heen en-
gaged upon the motions of the heavenly hodies in conic sections, strmel
me as worthy of attemtion, either on sccount of thelr analytical elegurce,
or wmore especilly on account of their practies] utility, But in every case
I have devoted grester cave hoth to the sobjects snd methods which are
peculiar to myself, touching lightly and so far ouly as the connaction seemed
to require, on these previously known. _

The whole work is divided into two parts In the First Book are de
veloped the velations betwean the quentities on which the motion of the
heavenly bodies wbont the eom, secording to the laws of Kzrips, depends;
thafwaﬂrﬁ-muﬁm:mmpﬁmthmrelaﬁminwhichmyhmmlyis
cougidered, and the third and fourth seetions fhoss in whish the relations
between several places are considered, The two latter contain an explanation
of the common methods, and elso, and more particularly, of other methods,
grestly prefersble to them in practice #f I am pot mistaken, by means of
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which we peas from the known elements to the phenomens; the former treat
ufmnjmnd-ﬁnpnrhntpmmmwhinhplﬂpmihnm}rtu;hvmpm-
vassps,  Sinee these very phenomens result from a eertain artificie] and iéri
ente oomplication of the olerments, the nature of this textore must be thor-
oaghly exsmined befors we can undertake with hope eof swcoess to dizentangle
the threads and to resolve the fabric into ita comstitoent parts, Accordingly,
in the First Book, the means and sppliances sre provided, by means of which,
in the second, this difficult tesh s secomplished; the chief pavt of the labor
iherefore, conssts i this, that these mesns should Be properly sollected to-
gether, ehould be mitably arranged, apd directed fo the proposed end.

The more important problems are, for the most part, Wastrated by appro-
poiate examples, taken, wherever it was posaible, from actunl obeervations.
In this way not only i the efiency of the methods more fully established
- and their nee mora clearly shown, but also, care, I hope, has been taken that
mexpericneed compoters should not e detered from the study of thess sub-
joots, which wmdoubtedly comstitute the richest and most aifvective park of
theoretical nstronomy.,

CzoTrneaEy, March 26, 1900,



FIRST BOOK.

GENERAL RELATIONS BETWEEN THOSE (UANTITIER BY WHICH THE
MOTIONS OF HEAVENLY BODIES ARQOUT THE SUN ARE DEFINED,

FIRET SECTION.

BELATIONS PERTATNING SIMPLY 0 POSTION 1IN TEE ORDIT.

1.

Is this work we ehall consider the motions of the hesvenly bodies so far only
as they are controlled by the attrsctive force of the sun. All the secondary
planets ave therefora excluded from our plan, the perturbations which the
primery planeis exert upon each other are excluded, ws &3 also &l motion of
rotation.  We regasd the moving bodies themselves as mothematical points, and
we assume that sll motions are performed in obedience to the Following Iaws,
which are to be received as the basis of o} discussion in this work,

L The motion of every besvenly body takes placs i the same fixed
plane in which the centre of the sun is sifuated,

II. The path described by a body is o conie section baving its foous in the
cenlre of the sun,

T The motion in this path is ench that the sreas of the spaces described
ahout the sun in different intervale of time are proportionsal to those indervals,
Aecordingly, if the times and epaees are expressed in numbers, any space what.
ever divided hy the time in which it ia desoribed gives a constant quotient.

1
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1V, For different bodies moving about the sun, the sqoaees of these quotients
are in the coropownd retio of the parameters of their orbits, and of the sum of the
trszgs of the sun and the moving bodiea :

Denoting, therefore, the parameter of the orbit in which the body moves by
2p, the mass of this body by u (the mass of the sm being pat == 1), the area it

deseribes abowt the sun ie the time § by 4y, tihe.n‘ pvl:1+F}wm ba a oonstant

for all heavenly bodies. Sioee then it I of no Importance whick body we nse
for determining this number, we will derive it from the motion of the earih, the
menn distance of which from the san we shall adopt for the unis of distance; the
mean =olar day will always be our mmit of time, Densting, moveover, by 7 the
ratio of the clreumferenss of the cirele to the diameter, the area of the entive
ellipse desoribed by the earth will evideotly be my'p, which must therefore be
put = &g, il by # is undersiood the sidereal year; whence, cur constant beeones

s In order to sscertain the mumerical value of this constant, here

=FWH-.
after to be denoted by &, wa will put, aecording to the latest determination, the

tidereal year or {= 3082500835, the mass of the earth, or “=!ﬁﬁ=
OLG0000281 02, whenes resilis

log2x . . . . . . . . 0. 7EE1TER084
Compl log# . . . . . . TAST4021852
Compl. log. (1w} . . . 05000005878
boghk. . . . . . ... B2356814414
k= S UTA0A00E0A.

2,

The laws above stated differ from those discovered by our own Kerrre
in ne other respect than this, that they are given in & form applicable to all kinds
of eonic sections, and that the adtion of the moving body on the sun, on which
depends the factor (14 ), is taken into acconnt. If we vepard these Jaws as
phencmens derived from inmumersble and indubitable observations, geometry
shows what action cught in consequence to be exerted upon bodies moving about
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the san, in ovder that theee phenomena may be contimuslly prodoced. To this
way it s found thet the sction of the sun upen the bodies moving about it ie
exerted just g2 if an attractive fovee, the bensity of which ia reciprooally
proportional to the square of the distance, shonld wege the bodies towards the
centre of the eun.  IF now, en the other band, we et ont with the assamption of
such an ettvactive foroe, the phenomena are deduced from it ss necessury
consaquenced. It ia sufficient here mevely to have vecited these laws, the cone
nection of which with the principle of gravitation it will he the less necesary to
dwell upon in this place, sines several authors subseguently to the eminent
Nzwrom have treated this subject, snd among them the illustrions La Pracg in
that most perfact work the Mécanigue Céleste, in suoh & manner o to leave
nothing further to he desived,

4.

Inguiries into the motions of the hesvenly bodiesso far as they take place in
conie seefions, by no means demand & complete theory of thia olass of curves;
bt & single general eguation rather, on which all others can be based, will answer
our purpose.  And it appears to be partioularly advantagecus to eelect that one
to which, while mvestigating the eurve deseribed secording 1o the law of aitrae-
tion, we are conducied as a charaotevistio equation. 1f we determine any place
of & body in its orbit by the distances s, g, from two right lines drawn in the
platie of the orbit mtersecting each other at right angles in the centre of the
wum, that is, in one of the foci of the ourve, and favther, if we denote the distance
of the body from the aun by » (always positive), we shall have hetween r, 2, g,
the linear equation r--ey4-Ay=7, in which «, 8, y represent constant quane
tities, y being from the nature of the ease always positive. By changing the
position of the right lines te which a, g, ave referred, this position being essentially
arbitrary, provided euly the lines continue to intersect each other at right angles,
the firm of the equation and also the value of y will not be changed, but the
valuee of & and § will very, and it is plain that the position may be a0 determined
that 3 shall become = U, and «, at least, not nogative.  In this way by putting for
&, ¥, respectively e p, our equation takes the form r=4-ex=p. The right line te
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which the distances y ere referred in this cose, i called the Ene of apaides, p 13 the
semiparanieler, ¢ the eeconiricify ; finally the conie section is distinguished by the
ﬂﬂnﬂﬂfiﬁjﬂﬂ,ﬂwﬁﬂﬁﬂwmﬂiﬂgﬂahhﬂmﬂﬁthﬂquﬂm
unity, or greatar than wity. '

It i= yeadily percoived that the position of the Hne of apsides would be
fully determined by the conditions mentioned, with the excoption of the single
cas2 where both & and § weve =0; In which caso » i alwaye =p, whetever the
right lines to which x, 3 are veferred.  Accordingly, since we have #=1, the
curve (which will be a cirele) is aceording to ouwr definition to be assigned to
the clags of ellipses, but it hes this pecubinrity, that the position of the apeides
remains wholly arbitesry, if indeed we choose to extend that ides to such o case.

4.

Tnstead of the distanee 2 lot vs introduce the angle n, eontained between the
Hnednpﬁﬂaumdanhﬁight]imdnwuﬁ'mﬂmmt-nthuplmmafﬂ:a body
{ﬁhmﬂum:&:r},mdthianng!amaymmmmnnatthatpﬂﬁnfthalinanfupﬁdm
4 which the distances 2 are positive, and may be supposed to iccrease in the
direetion of the motion of the body. In this way we have £ ==rocar, aad thus
our formula hmmasr:l—_':%,ﬂu:mwhiuh immediately resulé the following
conelusions : —

I. For v==10,the walue of the radius vector r bosomes a minfrnum, thet is,
=I:,|J-_¢: this point is called the periielion.

IL Furuppuaitevﬂuamfu.tharammnﬂpmﬁngaqunhﬂnmnfr; BOT
sequenily the line of apaides divides the conie =ssetion inte two aingl parts.
 TIL In the silipes, o incresses continwowsly from o= 0, wntil it uttsins its
maxitnum value, 1_111531 aphelicy, corresponding to v==180°; after aphelion, it
decreases in the eame menner as it had inoreased, until it reaches the perihelion,

eorresponding to v = 861", That portion of the line of apsides terminated st one
extremity by the perihelion and at the other iy the aphelion is called the g
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wriz; henoe the somiaxis major, ealled alao the seon distanes, = =} the dis
tance of the middle point of the axis {#e eentrs of the affipae) from the foous wil
be == = ea, denoting by a the semi-axis major,

IV. On the other hand, the sphelion fn fs proper sense is wanting in the
parabols, bui » is moreased indefinitely g ¢ spproaches 4= 180 or — 180%,  Faor
v= 180" the value of r becomes infinite, which shows that the curve s not out
by the Jine of apsides at a point opposite the perihelion, ‘Wherefore, we cannot,
with striet propriety of langunge, speak of the major axis or of the centre of tha
eurve ; bt by an extension of the formulas fund in the ellipse, aecording to the
eatabilished weage of analysis, an infinite valus is ssizned to the major axis, and
the centre of the oarve it placed at wn infinite distance from the foous,

V. In the hyperbols, lastly, v iz confined within still narvower Hmits, in fuct
between #=—(180°—w}, and # =1 (180" —x:}, denoting by g the angle of
vhinhth-amuina=;, For whilst v approsches these limits, # ineresees to

infivity ; if, in fact, one of these twn limits should be taken for #, the valus of »
would resalt infinite, which shows that the byperbola is not eut at all by a ight
live inclined to the line of apeides above of blow by an engle 180° —w, Por
the values thus excluded, that is to say, from 180° —y 4o LB0° - w, our formula
masigus to r & negwiive value, The right line inclimed by such an angle to the
line of spsides does uot indeed eut the hyperhola, but if produced reversely,
meets the cther branch of the hyperbols, which, as is known, is wholly sepa-
reted from the first beanch and is convex towerds that foous, in which the sun is
situsted, But in our investigation, which, ns we heve already eaid, rests upon the
nasugiplion that » is taken positive, we shall pay no regasd to that other branel
of the hyperbola i which no heavealy body conld move, exeept one on whish
the sun shonld, nocording to the same laws, exert not an attractive but a repulsive
force. Accurdingly, the sphelion does not exist, properly speaking, in the hyper-
bole alss; that peint of the reverse branch which lies in the line of apsides,
and which corresponds to the values r=180% r=—_E;  might be consld-

ered as analogous to the aphelion. If now, we choose aflar the mamner of the
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elipse to call the value of the expression o, even here where it becomes
negative, the semiaxis major of the hyperbola, then this guantity fndicates
the distance of the point just mentioned from the peribelion, smd at the
game time the position opposite to that which occars in the ellipse.  In the
same way i, that is, the distance from the foeus to the middle point between
these two paints (the centre of the hyperhola), hare obtaine & negative valee on
atoomnt of a opposite direction,

A,

We eall the angle v the frue anomaly of the moving body, which, in the
paraboln s confined within the Emite —180° and J-380° in the hyperhols
hetween — [ 180" — ) and 4 [180° — ), but which in the ellipse runs through
the whole eirels in periods constantly venewed. Hitherto, the greater number of
arttonomers have been accnstomed to count the {roe anomaly in the ellipee not

from the parihalion but from the aphelion, eontrary to the analogy of the pambols
and hyperbola, where, as the aphelion is wanting, it is necesaary to hegin from the
perihelion: we have the las hesitation in restoring the anslogy smong all classes
of conic sections, that the meet recent French asteonomers have by their exnmple
led the way.

It i3 freqnemtly expediont to chanpe o little the ﬂ:mofthae:p'rm

r_i'-Fz"i' the fullowing forms will be especiaily obeerved : —

e ¥
MBS T TR e e T
Accordingly, we have in the parabola

F = e
in the hyperbola the following expression is partivulardy convenient,

. B e
Boo} (r-Hpiesflv— )"
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.

Let us proceed now to the comparison of the motion with the time. Potting,
as in Art. 1, the spros deseribed about the mun in the time # = 4 g, the mass of the
moving bedy = . that of the sun being taken = 1, we have g = &¢\/py/ {1 4- ).
The differential of the spase == § prds, from which there vesulta B2y py(T 4 p)
== {rrds, this integral being =0 taken that it will vanish for # == 0. This integrn-
-tiom most be treated differently for difforent kinde of comia esctions, on which
aocount, weshall now consider each kind separately, beginning with the ELLIPSE

Binoe r is determined from v by means of & fraction, the denominator of which
oonsiats of two terma, we will remove this i i by the intradustion of a
new quantity in the place of o, Furﬂﬁpwpmwawﬂ]pnthnir{%—_‘ﬁ:
tan ¢ £ by whiph the last formula for ¢ in the preceding article gives

. pesti B (ool E  sio®y P -
"= Aoostgs L 1+|+1— =i= ul:l #2085,

e A de_ f1—i _ _pdF
Mm“h‘“mtil=uﬂh 1-}--*““"19“'”“'1“""1?'1’—;7%_5_ ——;

hence

rrdp = _TFLE EF {1 —aenn E)d E,
¥ i

{'l.—u] Qsiad
Eypyv(l4ul= ,:,i{E_"n'Ej ~=Cgmstant.

.&murcﬁ.ﬂgb',lf'w&plmthﬂbagmmngufthaﬁma at the peribelion passege, where
p= 0, £= 0, snd thus constant = 0, we shall have, by reason of (£ =a,

E_gdnE—M

_ hthmthmth&aumllwuglaﬂwmnhnamaﬂthamm
st be expressed in parta of the radine  This aogle, however, may be retained
inﬂagmeu,et-u.,ifauiniandh._ are also expressed in the same manner ;

{hess quantities will be expresseil in seeunds of are if they are multipiied by the
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number 20626481, We can dispense with the multiplication by the last quan-
titv, if we employ directly the guantity } expressed in eeconds, and thus put,
instead of the value before given, & — 3548718761, of which the logarithm =
8.5500085746. The quantity- Lﬂié:li} expressed in this manner is called the
sipoem aemvmndy, which therefore increases in the ratio of the time, and indeed every
day by the inerement $Y TR callad the memm dally motime. We chall denate
4
the mean anomaly by M

7.

Thus, then, &t the perfhelion, the troe snomaly, the eccentric anomaly; and the
menn anomaly are=0; after that, the troe smomaly ncressing, the eccentric
and mean ave sogmented zleo, bot in snch & way that the secentrie continoes to
be less than the troe, and the mean fess than the eccentriz up to the aphelion,
where oll thres bBecsme at the same time == 130°; but from this point to
{he peribelion, the aceemtric iz alwavs greater thsm the true, and the mesn
greater than the eccentric, until in the perihelion all three become = 3607, or,
which amounts to the mame thing, ofl are again =@ And, in general, it ia
evident that if the eccentric £ and the mean M answer to the troe anomaly o,
then the eceenirie 300°F — F and the mean 800" — M eorrespond fo the frue
880" —# The difference betwean the troe and mean anomalies, » — M, is called
the epwriion of fhe sodre, which, consequently, I positive from the peribelion
to the aphelicm, iz pepgative from the aphelion to the peribelion, and at the
perthelion and sphelion vanishes  Sivos, therefore, ¢ and M run through sn
entire circle from 0 fo 860° in the same time, the time of a single revolution,
which in also called the periedic fime is obtained, expressed in days, by dividing
5807 by the mean deily motion Y 'LTB! from which it is apparent, that for dif
ferent bodies revolving about the :n.n._.'t'ha squares of the periodic times are pro-

portional to the oubes of the mean distanees, so far as the masses of the bodies,
or rather the inequality of their mases, gan be neglacted.
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B,

Let us now collect together those relstions between the anomalies and the
radine vestor which desarve particular sttention, the derivetion of which will
prosent no difieulties to any one moderately ekilled in trigonometrical analysis
Grenater elogance is atfalned in most of these formulas by iatroducing in the
place of ¢ the angle the sine of which =«  This angle being denoted by 4, we
Lave

y(l—er)=cosy, y(1-}-¢)=rcos(45°—dp}y2,
V(L —e)=con (46 hg)y2, |/ [ =1tan (45— dg),
Y+ +yl—e)=3comty, y(l4a—y(l—e)=2snip.
The following are the prineipsl relations betwesn g, p, 1, & @, o £ 8
L p=acwe'y
: Hiksy T

IIL r=4{]l —ecos F)

L o F—a
IV, “E—l .m’,m‘ﬂnlu—m

Y. ﬁni.E:fi{i—mE}=ﬂnH\f$%;
=i/ = dn ey
VL coud B==y i (1 4005 ) = oonivy/ 1
. rll =2
= o b/ = e ko
VIL tan ¢ £= tan dotan (45° — o) '
VIIL mﬂ="ﬂ“;"’"”=;;;
IX, ressr=afoos E—¢)=Racon{} B} $g 4 45) cos {3 F— by = 4"}
X ﬂni{u—.ﬁj=dnigﬁnw';=ﬁnwﬁnm‘f;
X1 ﬁni{u+3)=miganu.,j;=mnmm,/§
m. H:-E—ﬂ!i.ﬂ.ﬂ
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9.

If & perpendicular let fall from any peint whatever of the ellipsa upon the
line of apeides is extended in the opposite direction antil it meets the circle
described with the radius o about the centre of the ellipse, then the inclination to
the line of apeides of thet wadive which correspomde o the point of intersection
{understood in the same way as above, in the case of the frue apormaly), will
be equal to the eccentrie saomsly, s is inferred withowt difficulty from equation
IX, of the precediog article. Further, it is evident that rsine is the distance of
any point of the ellipae from the fne of apsides, which, sinee by equation VIIL it
= o cosp Ein £, will be greatest for F— 0% ihat is in the centre of the ellipse.
This grentest distance, which =qul=m‘:ﬂ=l,nri?,1i!1ﬂleﬂ. the e Hikor.
In the foets of the ellipee, thot is for » == $0°, this distance iz evidently =p, or
equal the semi-pavameter,

10.

The equakions of article 8 comprige all that is requiste for the computation
of the secentrio and mean apomalies from the troe, or of the eccentric and tros
from the mean. Formula VIL is commonly employed for deriving the eceentrie
from the true; nevertheless it is for the most part preferable to make use of
equation X, for this purpose, especially when the eccentricity is not too great, in
which easa E esen be computed with grester scoursey by mesns of X than of
VIL Moreower, if X is employed, the logarithm of sine & required in XIL is
had immedistely by means of VIIL: if VIL were osed, i@ would be neces
sury to take it oot from the tablesy if therefore, this logarithm is also taken
from the tables in the latter method, a proof is st once obtained that the calouls-
tion has been correctly made. Tests and proofs of this sork are always to be
highly vulued, and therefore it will be an object of constant aitention with us to
provide for them in all the methods delivered in this work, where indeed it can
be eonveniently done. We anmex an exwmmple complietely caleulated az a mors
parfunt illustration,
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Given £ = 310° 50" 30704, g =14° 12" 187, log r = 05807840} p, o B J,
are required.
log sing . . . . D3597263
logcose . . . . DBBLE2EYT
DE0E0LE0  whencs @ conr = (1600853

log (14-seoe). . OOBL71OT

loge . . . . . 03307640
logp . . . . . 03054887
logcosp . . . . D.87H0448
loge . . « o o DA22488D
logsny . . . . O.8782740 4®
logy/2 . . . . 0.08285085
0845014150
logsindp . . . D0OD20305

log sin & (v—E) , 8.0370556.55, henee § (v — F)=— 4 58 22'.94 ;
r— F == 0508 457588 ; B = 3207 3" 15762,

Further, we have -
loge . . . . 3837282  Sebouiminn o s & by el 1O
log 2082648 . 58144251 log Zsine . ., . 08185548a
log ¢imseconds 47041513 logooag . . . . . D.9865224
lgsn®, . . 0800076Ta  lgein® . . . . . DEOODTGTA

§.604 2280 %, henee ¢ gin £ in speonds = §193%3° 14 = §° ¥
12914 ; and W = 3207 447 27".64.
The computation of £ by formula VI wonld be as follows: —

o= 155°07 44788 logtands . . . . 9.6504670y
£5° — §op == D7 5507065 log tan (46°— 4§} . 08012427
logtan i E . . . . S.5607006#

whenee § = 160°26'T".70, and £ = 320° 52'15".52, ae ahove,
* The letser # niSined ta n bogarlthn slenifles that the mumber correrposding #0 1t i negative,
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11

The inverse problem, celebrated under the title of Eeple’s probla, that of
finding the trus enomaly and the sidivs vector from the rena anomaly, i mech
more {requenily weed.  Astronomers are in the habit of patilng the equstion of
ihe ventre in the form of an infinite series proceeding aceording te the sines of the
angles M, 2 M, & M, ete,, each one of the coeficienta of these sines being & serios
sutending fo infinity aecording to the powers of the eocentricity, We have con-
adered it the less necessary to dwell nwpon this formuls for the equation of the
eontre, which several authors have developed, because, in owr opinion, it is by
no means g0 well subted 1o practien] nse, especially shonld the escentricity not be
vory smell, 88 the indirect mathod, which, therafors, we will explain sormewhat
more st length in that form which eppears to us most convenbent.

Eguation X1L, B'= M 4 ¢sin & which is to be referred to the class of tran.
seandental equations, and admits of noe selution by means of divect and complete
mathods, must be solved by teial, begfnning with any spproximate value of B, which
e corrected by snifable methods repeated often enough to satisfy the preceding
eqaation, that is, either with all the accoracy the tables of zsines admit, or 6t loast
with sudlicient secaraey for the end in view. If now, these corrections are infro-
dueed, not et random, but socording 40 » safe and established role, there is scaroely
any essential distinetion between such an indirect method and the sclution by
eories, pxeept that in the former the fret value of the nnknown quantity s ina -
mensure arbitrary, which s rather to be considered an advantage sivoe a valge
evitably chosep allows the corvestions to be made with remarkable rapidity. Tet
ue suppose ¢ bo be an approxmmate veloe of £ and # expressed in seconds the cor
rection o be added io it, of such & value ex will sutisfy ovr equation F= s+ =z,
Let ssin ¢, in seconds, be eomputed by logarithme, and when this is done, let the
chunge of the logsin ¢ for the chenge of 17 in & itaelf be taken from the tatles;
and also the varistion of log « sin s for the change of & unit in the number ssine;
let theee changes, without regard {0 signs, be respectively 1, o, iu which it is
hardly necessary $0 remark that hoth logarithma are presumed to contain an
equal number of decimals, Now, if ¢ eppronches so near the correct valos of X
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thut the changes of the logarithm of the sine from & to & -} &, and the changes of
the logarithm of the pumber from ewne to #sin{e -} &), can be rogarded as
umfurm,wa may evidently pui

##in (e +;1F:I——ﬂﬁmi:|:!f

thﬁ upper dgn belonging to the first aud fourth quadvanta, and the lower to the
seeond and third. Whenes, aince

pefep== W} siu(a+m},ﬂhwts=;="r[ﬂ+dﬂnt—a},
pod the eorrect valoe of £ or

|+£=H-|—:ﬁn;j:ﬁ1-{ﬂ—|—e&ln:—-—a},

the signs being determined by the abovementioned condition.

Finally, it is readily perceived that we have, withoat regard fo the signs,
ge:d = 1:ecose, and therefore alwaya g >> i, whenea we infer that in the firet and
lust guadrant M - ¢ sin & ligs beiwaen ¢ and ¢ 4 &, and In the seeond and third,
&~} bebween & and W - ¢ sin x, which rule dispenses with peying attentdon {o the
gigma  If the assumed velee @ differs too mueh from the trath fo render the fore-
guing considerationz admisaibile, at least & much more soitable valoe will be foond
hyihiumﬂhnﬂ,ﬂiﬂiwhinhthamme operstion can be repeated, once, o several
times if it should sppear vecessary. 1t s very spparent, thet if the difference
of the first value £ from the truth is regarded as & quantity of the first ovder, the
error of the new valoe would be referved to the second order, and if the operation
were further repeated, it would be veduced to the fourth order, the eighth order,
ete. Moreover, the lass the eccentricity, the mare rapidly will the successive
oorractions cOnVerge.

id.

The approximate value of £, with which to begin the ealeulation, will, in micsi
enses, he obvious emoogh, pestionlarly where the problem is to be solved for
several values of A of which some have been already found. Tn the absence
of other helps, it is at least evident thet F wost fll between M and M & e, (the

conentticity ¢ being expressed in seeonds, and the upper sign being used in the
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first wnd second quadrants the lower fu the third and fourth), wherefore, either
M, ot its valee incremsed or diminlshed by any estimate whetever, oan be taken
for the first value of B It is hardly necossary to obsevve, that the first caleu-
lation, when % i& commeneed with o value baving no pretension to accuracy, does
pot reguive to be strictly exact, and {hat the smaller tables  are abundpntly suffi-
cient, Maoreover, for the sake of convenience, the values selected for & should be
snch that their eines ean be taken from the tables without interpolation; sa, for
example, values to minontes or exnct tens of seconde, according as the tables
used proeeed by differsnces of minutes or tens of seconds.  Every ome will be
ehlz to detormine without pesistance the modifications these precepts undergo if
the angles are expressed nocording to the new decimal division.

13

Exgnple.— Let the eccentricity be the sme as v article 10. M= 352°28

Y7, There the log « in seoonds iz £, 7041514, therefore e = 50600 == 14" 320",

Now since F here must be lesa than M, let us i the firet caloulation put e = 520°)
then we have by the smaller tebles

l';'E -.Ilt i+ & 1 0 un'd:TEﬂlg. nhﬂ'.ﬂ:l'l.l"..... 1, wheomd A 323
logeinseconds . . 470415
' £45171m
heno ¢ #ln & == 3F200" === T°51B0%  chasge ot gueihss o w ual of the faki wbich 5 ke
H+'H.nt|- LT T R T | ﬂﬂ'i ETEEI H wtial by 10 Gicarced 5 5 o QB WEEnss Fes LE
differing frome . . . . 1 22 40 = 4960", Hence,

232 X 4060 = 1240 = 20/ 407,

Wherefory, the corrected valne of K hecomes 324737207 — 207 #0" = 324 16°40",
with which we repeat the calenlation, making use of larger tables,

loggine . . . . WST8020GS. A=12025
bge . . . . . 47041518
4470457 1n p=14T

* Buck gz those which the Mhnstrions Laraxns faraished,
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¢din # === 20543718 = 8§ 1223718
Mo-egine . . . . 24 18 51 .50
differfng from s . . . 8 4l

e i i : :
This difference being multiphed by = o gives 2700, whence, fnally, the
corrested valug of E = 824" 16"31".59 — 27,00 = §24* 1% 20°.50, which is exact
within 0°0L

14,

The equations of articla 8§ furnish severnl methods for deviving the frne
saomaly snd the radius vector from the eccentrie anomaly, the best of which we
will explain.

L By the common methed ¢ s determined by equation VIL, and afterwards
r by equation IL; the example of the preceding avticle trested in this way
is as followa, retaining for p the value given in articls 10,

B =162 E"14".T0 BEE .o wpww §.5807262
logten § 8. . . . 050821988  logeose . . . . 08400597
log tan (45"— d¢) . 93012427 02500850
logtam e . . . . DGIEUTTIn  scosp = 1L1730345
#o =167 30°41%.50 legp . . . . . O0BO5483T
=816 123 .00 log (1= ¢oong). . 00604059

: logr . . . . . 03259875,

II. The following methed iz shorter if several places ara t0 be computed,
for which the comstant logarithms of the quantities & (1 ¢), y #11=—7) ehoubd
be computed once for all. By egnations V. and VI we have

gin §oyr=sin § Eya(lFe)

coa gy r=cos§ Eya(l—s)
from which § 5 and Jog y/  are ensily determined. It s true in general that if we
have Puin =4, Pows @Q=5, @ is obtained by means of the fovemuls tan
@ =3 and then P by this, P=_, or by P= _Z.: it is preferable to vee
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the former when sin @ is grester than eos  ; the latter when cos ¢} is greatar than
sin . Commosly, the problems in which equations of this kind sccor {such as
present thomeelves moet frequently in this work), mvelve the condition thet P
shenld be a positive quantiy ; in thiz case, the doubt whether § should be taken
between 0 and 1805, or between 180° and 560% s at omes removed.  But if sech
@ opndition does not exist, thiz decision is left to oor judgment.

Wa have n oar example ¢ = 0.2403182,

logsintE . . . 0.4B67682 logcos d & . . . S07TE548dn
logyallFe) . . 02588503 logya(l—ae) . . 01501020,

Henee

logsndeyr . . DVL06225 }_ whense, og tan 4 » = 8516077 1n
log coskey'r . . 01986454n #v= 157504150
Igopsde . . . %BEDG515R ve=§8156 128 00
logyr . . . . 01620089

logeii Biaws & 08259878

I To these methoeds we add a thivd which ia almost equally essy and expe-
ditions, nnd is much to be preforred to the former if the greatest avouracy should
be raquired. Thus, ris firss determined by means of equation IIT,aud after that,
v by X DBelow is our example treated in this maaner.

loge . . . . . D3BOT2E2 logein® . . . . BT7665388x

logees B . . . 000048387 log {1—ecoa ) . DBSITTL4
0.2001809 B.81466220

econB= . . ., 021001544 bgsnég . . . . DOP20IDS
lega . . . . . 04224382 loggind{v—E). . BO08601Tx
log il —econ By . DO025458 pio—F)y=—4" 377 35" 24
logr . . . . . 0.925887% p—F —=—0 15 § .48
v= 816 1 23.02

Formula VIIL, or XT,, {a very conveniont for verifying the caleulation, par
tieularly if ¢ and » have been determined by the third method. Thus;
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g TeinF . . . 0.8827878n legenEy: . . . 0.8145622n
log coegp . . . . DOBGE224 logcoedy . . . . O.0086567
954951020 : 081121800
logeiny . . . . 98403102 logang(vE). . 0.8112[80a
15.

Since, na we have seen, the mean anctoaly 3 s completely determined by
meens of ¢ und p, in the same manner a3 ¢ by M and ¢, it is evident, that if all
thess guantities ere regarded es variahle together, an equation of condition cught
to exist hetweasn their differentind varistions, the investigation of which will not
be superfiuous. By differentinting first, equation VII, article 8, we obtain

& & du i‘l‘
III lu:m dnlg

by differentiating likewise equation XTT, i becomes
dY={l—ecos F)dE—sain Ecosgpde
If' we elimingte d.F from these differential equationa we have

M= B0 B}, I:nn .E'umq-—[-—"""ﬂl_'“m)drh

or by substituting for sin B, 1 — 2 cos E, their values from equations VIIL, NL,
Fr rir aim v
M= o dp— Lk gy,
or lastly, if we express both coefficients by means of » and ¢ enly,

ol & 0 ) aimw ooe®
A= md’—%ﬂ—!d?q

Tnversaly, if we consider © o5 o fanction of the gquantities 3, g, the equation has
this form:—

du__!d_y,]_Mﬂ%
or by introdacing .E’ instead of »

de="""2Fa 0+ 2%(2 _soon F—oe)sin By
- 3
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16,
Toe radius vector » fs not fully determined by ¢ and ¢, or by M and ¢, but
depends, besides these, npon p or o its differontial, therefore, will consist of three
parta. By diffarenfiating equation IL. of article 8, we obtain

dre_ dp 2 8im Bl E Y 5

T YT amr T T R O O
By putting here

d o i F
e — P En i ]
j|'| [ J I]:

(which followe from the differentintion of equation L), and expressing, in com-
tormaity with the preceding article, d» by mesna of d ¥ end d g, we have, after
making the proper reductions,

dr ila

— = ?-|—'i; tan g ein v d .’Ji—:—:megp coay deg,

H I-PIT I 1 i 7
A== dg o tan g singd W — acospcosed g,

Finally, thess formulas, as well as thoes which we developed in the preceding
article, rest upon the sepposition ihaet ¢, ¢, end M or mther d o, dg, and d 3,
arg exprossed in parts of the radive, If, therefore, we choose to express the vari
ationa of the anglee », g, and M, in seconds, we must either divide those parts of
the formulns which contain da, d g, or d M by 2002648 or maltiply those which
contain dry d p, da, by the same nuwber,  Consequently, the formulae of the pre-
ceding article, which in this respert are homogeneows, will require ne changs,

17.

It will ba sstidactory to add & fow words concerning the investigation of the
greatest equation of the eendre,  In the first place, it is evident in itself thet the dift
ferenee betwoen the eccentric and mean anomaly ia & maximum for = B0,
where it beromes = ¢ {expresed in degrees, ete.); the radins vector at this point
== i Whenoe # = 30" + ¢, and thus the whole equation of the demtai=gp-l o,
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which, nevertheless, is not a maximum here, singe the difference between ¢ and
E way eill incvense beyond g The o difference becomes a maximum for
dip—E}=0 or for dy==4 E, where the eoventricity is alearly to be regarded
as copstant  With this esumption, since in gonerl
de _ 4E
. o = =i B*
i iz evident that we should heve sin ¢ = o & at that point where the difference
between ¢ gnd F is 8 maximum ; whenee we have by equations YVIII, TIT,
r=geos feRE=1—coag orcee B =4-tanz g
In like manner cos g == — tan # ¢ is found, for which reason it will follow * that
p=00" Lpsosintan fg, B =00"—meeinton d ¢;
hence sgain
| inE=f{1—tnn’lT}=.ﬁL;“ﬁ,
so that the whole equation of the centre at this point becomes
_ % aro sin tan @ -+ 2sin § ¢ ¢ cosg,
the =scond term being expressed in degrees, ete, At that point, finally, where
the whole equation of the centre s & maximum, we must have ds=d M, and
so according to article 15, r= &4/ cos g hence we have

1— ol 1—yem 1—cas fin
m“=—“¢—*-mﬂ='*{—f=mﬁﬁ={ﬁ-ﬁ?
by which formala & can be determined with the grestest acouracy. £ being

found, we shall have, by equations X, XII,
equation of the ﬂantra—_"ﬂarduinﬂgﬂ—[—:inﬁ.
w8 [p

We do not delay bere for an expression of the greatest equation of the centee by
meeans of a series proreeding ascording to the powers of the eceemiricities, which
spveral swthors have given. As an oxample, we annsx & view of the three
mexima which we have been consdering, for Jone, of which the eccentrieity,
secording to the Intest wlements, o psumed = 02554006,

*1i i3 mot necessary o oomaider those muxima which lie between the sphelicn and perihelion,
beeuse they evidently difer i the slgns only from those which are situnsed betwesn the perilcBon sed
apbetion,
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15.

In the PABABULA, the escentrie anomaly, the mesn anomaly, and the mean
motion, become =1} ; here therefore theds idess cannot aid in the comparison of
the motion with the time. In the parabela, however, there is no necessity for an

auxiliary angle in imtegrating rrde; for we have

rrde= *Ei:]:y — E;&:'—*E—l =4 pp(l-+4tan*&v)dian o
axwd thus,

fredv=1{pp{tan § v <= § tan’ § ¢} 4 Uonstant,
[f the time is supposed to commense with the perihelion passage, the Constant
= [} therefors we have

: L1 }
tan § v -} & tan® ;ﬂm—"‘a—_i_'”’,

j-'l

hy means of which formuls, ¢ mey be denved from # and » from £, when p and
it wre lenown,  Tn the parabolic elements 1 i usoal, instead of p, to make wee of
the radius veetor af the perihelion, which ia 4 p, and to neglect entirely the mesa
. T8 will acarcely ever be possible to determine the mass of a body, the orhit of
which # computed es 8 perabola ; and indeed all comets appear, according to the
best and most recent observations to have so litle density and mass, that the
latter can be considered insensible snd be safely naglectad.

18.
The solution of the problem, from the troe enomaly to find the time, and, in
a atill greater degroe, the solution of the inverss problem, can be preatly abbrave
ated by means of an anxiliary table, snch as is found in meny astronomical works
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But the Borkerinn is by fur the most convenient, and is alao smnexed io-the

admivable work of the celebrated Oummma, (AblaidBag dher die [aoliesle wad
Begrremiate Mathode dve Babn efase Comeden s Berechem: Welmar, 1T87.} It contains

under the fitle of the mem mefien, the walne of the expression 70 tan 4 ¢+ 25
tan® ¢ #, for all trus anomalica for every five minutes from (¢ to 180°. T

therafore the time corresponding to the troe snomely o is requived, it will be
nerarsary to divide the mean moticn, taken from the table with the arguments,

by Z3%, which quantity is called the mem deily moton ; if on the contrary the
f
true anomaly is to be computed from the time, the latter exprossed in days will
be maltiplied by i, in order to get the mean motion, with which the corvespond-
-
ing snomaly may be tsken from the table. It ia further evident that the sama
mean motion and time teken negstively correspond to the negative velue of the «;
the smme table therefore answers aqually for negative and positive anomalies I
n the place of p,we prefor to wse the peribelion distance 3 p =g, {he mean daily
motion is expressed by Eﬁ;ﬂ‘, in which the constest factor &y 28125 =

0912879061, and ita logarithm ix 99601277068, The anomaly v belng found,
the radiue vector will be determined by mesns of the formula slready given,

r=§¥F.

20,
By the differentiation of the equation
tan 4 v - ¥ tan? pr= 228y,
i all the quantities r, {, jp, are regueded as variable, we have

W— Ei’f‘*d‘ —5!1}""‘&?,

& Btk
de= #ﬂi—m—'d e
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If the variations of the ancmaly ¢ are wanted in seconds, both parts also of
dw must be expressd in this manner, that i it s necessary to take for & the value
3548188 given in article &, If, moreowver, § p =g is infroduced nstend of o, the
formula will bave the following form :

dv="Y20ds — 2 d,
in which are to be ueed the eonstant logarithma
iog k4 2= 37005215724, log 3 &y § = S.ETEO1E2314,
Morsover the differentiztion of the aquation

F

r= 5!?-.1-! 1]
furniahes
L = IL‘F-:'—-— ten g rdw,
=

or by expressing d ¢ hy means of df and d p,

dr_ 1  SEfmnge q J.-.In'i I
{ drry'p :}d de.

By eubstituting for ¢ its value in v, the cosfficient -::f dp is changed into

1 dpian®de }llﬂ.-‘.'it

e e {é—-—g tan® ¢ ¢ — § ain® ¢ » — & ain? § o tan® #?}—

L

1'

E
but the coeffielent of d ¢ basomes 'r—r"rr'j Trom thiz thera vesalte

dp= ic-:nqarl;i:-—k—:r"”da!

or if wa introdues ¢ for p
dr== -:'uwﬂﬁ-—|— '-'f'h'
The constant logarithm to be vsed hers Is log -1'1, -} = 8564436,

21
In the HYFERBOLA, g and £ would hecome imaginary quantities, to avoid
which, other guxiliney quentities must be introduced in the ploce of them, We
hove already designated by w the sogle of which the cosine = lﬂ, end we have
found the rading veotor
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| gl

E e ood fy [F =) oosd (7 =10

For v =0, the fuctors com ¢ (v — ), snd 008 # (# <} 1), in the denominator of this
fraetion become equoal, the second vamishes for the grestest positive value of o,
and the first for the greatest negative value, Potting, therofbore,
cord (v —w) _
ooa g (m gy
we fhall have =1 in perihelion ; it will incresse to infinity as # approsches its
limit 180" — 1 ; on the other bend it will decrense indefinitely a= v ia supposed
to retavn to its other hmit — (LB0F —w]; o0 that resiprocal valoes of #, or, what
emounts to the same thing, values whose logarithma are complementary, corre-
mond to opposite valoes of £,
Thia quotient u is very conveniently meed in the hyperbola as san suxilinry
quantity ; tae angle, the tangent of which is
tan ¢ v 1|I' E—_.H 1,
o be made to render the same servies with almost equal alegance ; and in orgor
to preserve the analogy with the ellipse, we will denote this angle by $ £ In
this wey the following relations batween the quantities », r, », F are easlly brovght
topather, in which we pot 8= — §, so that & becomes & positive quantity,

I } =g cotan®y

iI. r= £ | ok
[ Famsr E\'IIL!-*'._I.IH-I.I.IJHZIEIF:F'I,.}

L ten § F=tan d /577 = tan 4o tan dy =5

r __ mag [ —t) 14-tan ¢ & B i
I.III' i *.L‘t%lj—% Jilil.llé = tan I::éﬁ +!F}

Y. 1 :i‘liﬂ+]_ 1l mipogs __ et-mmw

T w T Tomi{v—wlomglo gyl 1 femen’
By mbivacting 1 from hoth sides of equetion V. we get,

VI ein !‘E‘U’.r‘:ﬂi]"_- * F‘.I,-'I. -_P—i,-;ﬂi.l.'l &_F11Tl|||:_5;}|-]]-5

—il':-e-—lj-;.fllr_ ~=¢{n—1) "rw
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Tn the same manner, by adding 1 to both sides, it beoomes

VIL coadeyr=oosg F H-"J fa —I—IJFZI ——p =08 4 F° 1|r r_e; IF:I&
= Dy el = DY S

By dividing VL by VIL we should reproduce 111 : the multiplication produess
VI, »&in ¢ —p cotan ¢ tan F = J tan & tan F
D — ey == g Btan e )
=} p optan ¢ (x == # & tan oy (u 3)

From the combination of the equationa IL V. are easily devived

| ; L,
I re;r=d(r——pl=ti{Ee—r—z),

X r={_tr—1)=ib{e(s4 1 —2).

22,
By the differentistion of the formuls IV. (regneding w as & constant quantity )
we get
:: 8 {t-u.u g (¢ ==y} —tan § (v — 1_1'_.-}11 f==" "y
henoe,
rrdev— 1 dug,
A5 TRn 1

or hy eubetituting for  the value taken from X,
rrdv=>bbtanf (§e(l4+ ) —1)du.

Afterwards by integrating in such & manner that the integral may venish at the
perthelion, it becomes

Srede=&dtany {}e(n— Il—Lf:-—lr.ug i) = ki ey (14 p)==Eftan w5y (1 <= ).

The logarithm here in the hyperbolio: if we wish to use the lesarfthm from
Brigg's system, or in general from the system of which the modulns =1, and
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the mags w {which we can aseume to be indeterminable for & body moving in an
hyperbola) is neglected, the egeaticn amumes the following form: —

—1 ikt
XL #le— —lngu:—ﬂ,
or by mtreducing F,

hotan F— log tan (45° 1 § F) =10

Tl
Hepposing Brigg's logaritbms to be nsed, we have
log h = $.6577843118, lopl k= T.B733657527;

bt n litte groater precision can be attained by the immedinte spplication of the
hyperbolie Jogarithms, The hyperbolic logarithma of the tangents wro found in
seversl collections of tables, in those, for example, which Survree edited, and il
more extensgvely fn the Muypue Gmen Traneniir. LogocdSmdors of Bmoasmn Unes,
Cologne, 1824, in which they procsed by tens of seconds

Finally, formala X1 shows that opposite valies of ¢ eorrespond to veciprogsl
valuea of u, or opposite values of F and #, on which seeownt egual perts of the
hyperbols, at eqoal distances from the perihelion on both sides, are described in
aqgual {imes,

23

If we ghould wish to make use of the aoxiliary quantity a for finding {he
time from the true anomaly, its value is most conveniently determined by means
of equation [V, ; afterwards, formule 11 gives directly, without e new ealoulation,
# by means of v, or # by mesns of p.  Having found a, formuls X1 will give the

quantity 1:;, which is avalegoss to the mesn anomaly in the ellipse and will be

ﬂﬂﬁﬂtﬁﬂbjﬁ&bﬂwhnhm'ﬂfbﬂﬁwtha elapsed time after the perihelion transit,

Since the first term of A, that & 25U yu by means of formuls VIIL be
made —AFT'{" thee doable n:nmpmt:n:-n of this quantity will answer for testing
ita aecugmey, o, if preferred, IV can be exprassed without «, ss follows: —

o &ty v gl 20§ [ — 1
R T T I R T e
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Erapvple, — Lot o — 12618620, or »w =ET 85 0, v = 18°01°1Y, logr=
00233585, Then the eompatation for w, g & N, 4 is as followa: — :

logeosd (p—w) . . 909417087 hemce, logm . . . 00401129
log vosd (v ) . . BO450577 = 11197289
logr . . . . . . 00333585 e == 12587928
loge . . . . . 04020458
Tgp « + « » - . DATAGSEE
log cotan®y . . . 02874244
g d o v e . . 06020630
The gther calrlation.
LEIEE S QJEIEEEE lbﬂ'{'ﬂﬂ—].:l . . . B4nddtos
log sine . . . . . 95003258  Complloge . . . DO50EST]
logh . . - . . . GB3TTRAB  logl. . . . . . D6BTTS4S
Compl, log einy . . 02147309 logde . . . . . OTU0DEEE
B, TR31305 87231305
First term of F= . 00621069
log .= 0.0451129
N= 00129940 logN . . . . . B1L3T49
logik . . . . . T.ETEEE&E} :
$logé . . . . . 09030900} Diffrence . . . . 8970275
logé « « - . . . 11484671
= 1391448
24,

If it hes been decided to carry out the esleuletion with hyperbolic logarithms,
it iz best to employ the auxiliary quantity F, which will be determined by equa-
tion 111, and thenee & by XL; the semiparsmeter will be computed from the
radius vector, or Inversely the lntter from the former by formula VIIL; the
second part of N can, if desived, be obtained ia two ways, namely, by means of the
foruwnie hyp. Jog tan (45" + § F), and by this, hyp. log oos § {# —y) — hyp. log
cou d{r-4-wi Moreovar it is apparent that here where 1 =1 the guantity &
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will come out greater In the ratlo 1: 1, than If Brigg's logarithms were used.
Our example treated according to this method s as follows :—

logtan gy . . . . Q5318170
logtan gw . . . . . 02201009
logtan 4 F . . . . BTSISIEE  } F=001858712
Tog e« - « .« .« . . DI0IBLES
gtan F . . . . . 00543388

R155BEEL  Cohyplogeos i {v—w)=0.01342268
ptan F= . . . . . 014300638 C. hyp log aos & (v =)= 0,128 50080
hypdog tan (450 4- 4 Fi=011308866  Difference . . . . =0[.11808684
F= . . .« .. 002992572 log&. . .. .. . BATHOEVS
gk ium % os u s.aaﬁﬁau} Difference . . . . . 7324014
flogh oo QE0B0HOD) g T L L L 11434661

= 153.91445
285,

For the eolution of the verse problem, thet of determining the true anomaly
ewd the radios vector from the time, the suxiliary quastity » or ' must be first
derived from N==ais by means of equation X1 The eolvtion of this tran-
scendental equative will be performed by trial, and can be shortened by devices
anslogons io those we bave deseribed in atticle 11, But we suffer thess to pras
without forther explanation; for it does not seemn worth while to elaborate as
carefully the precepts for the hyperbolic motion, very rarely perhaps to be exhib-
ited In celestial space, as for the elliptic metion, and besides, all cazes that can
possibly ooowr may be solved by another method to be given below. After
wardz F or % will be found, thenca » by formula ITI, and suheequently » will be
determingd either by IL or VIIL; v end r are still more conveniently obisined
by means of formulsa VI and VIL; eome cne of the remaining formolas can he
oalled into nae at pleasure, for verifying the ealealation.
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21,
Ermmple, — Hetoining for ¢ snd & the same values a3 in the presediog example,
let § = §3.41886 : » and r are required. Uslap Brigpe's logarithms we have
bogd . . . . . . LEBLoGDRB
g =¥ . . . . 60702758
g ¥ . . . . . . S7B50856, whenee &= 006108514 TFrom this it is
seen that the equation N — i ¢tan F'— log tan (45° 4 4 F) 18 =atisfied hy

F = 25" 24" 27".68, whence we hawve, by fortnuls 11L,

logtan 4 F . . . . S56E0150

logtan gy . . . . SOBIEITR

logtante . . . . 08211041, ond thos §o== 53°51'20°89, and v=
G6772°507.78,  Henee, there follows,
O log coz § (vw) . 08187478
. logcos d (v —w) . 00145187
legd . . . . . . 90725868

} differepee . . .« o . . . OLRE2ETH
I.I'JE toi :‘iﬁﬂ-l—'if} PO B (L 1902320
by ! 5

logr . o« .« . . O200834L

27.

If equation IV, is differentinted, consideving w, v, , sa varvioble ot the seme
time, there remnlis,

:'1.'1!'|I|.Idt y rEEF

ﬂa-e_ $I||1_'.ﬂ1.l+r-|n-ad1|.l
4 Zemgiv—gloagiv-fwlT @ T peosy

By diferemtisting in like mannsr equation XL, the relation between the
differential varintionz of the quantities s, v, ¥, becomes,

d A7 ERRC. | I (um— 1} aizsy

= (e (L D)= et S  dy,
or

dX " FEiLE

T _ﬁd “+l'.'_.:¢.dt|!'|'
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Henes, by eliminating dw by means of the precedivg equation we obtain

A 4y Felnd ,
i s "_E:-nFlp {1 i 0oE 1 s
i) iy
ﬂy:ﬂ_:f“ﬂ:.j_ﬂf_{b_i_ I!I E"It{m.l I.|_'\E.:'I|_|
Arr # i oA 1
BE g . Y
ey ¥ (14-2) 80 gy,

28,

By differentiating equation X, all the quantities r, &, ¢, », being regarded as
variahles, by mubetitating

ﬂs_-—T dy,

and elimiveting dw with the help of the equation between d.X, du, d p, given in
the preceding arficle, there results,

r Eda (aip =1} - ; 1 1
dr=yddf—3—d&+ 'E'-a:s.f. (4 Cleimy —(n—"}sinefdy.
The cosfficient of d & is transformed, by menns of equation VIIL, fto 257 « byg

» I ."..-cir'. 1w
toe eoafficient of dy, by subetituting from equation IV,
u{#in y — dne)=sin{y —v), é (gin W — sin ) = 8in (4 - o),
ia changed into
beingocae _ ponsy
ety T miogp

so that we have

dr=3db4 Tt AN L gy,

BT i
Ho far, moreover, as & is cousidered s function of ¥ and #, we have

N o i

dif==5di—45d3,

which value being smbstitoted, we shall have d« end also doin the preceding
arficla, pxpressed by mesas of dé, d4, dy. Finally, we have here to repest our
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previonz injunotion, that, if the variationa of the angles ¢ and w ave concelved to
b exprassed, not in paris of the rading buot in seconds, either &l the terms con-
taming d v, d w, must be divided by Z06264E, or sll the remsining tarms must be
multiplied by this number,

20.

Sinpe the auxilisry gquantities ¢, E M, employed ie the ellipse obtuin
imaginary valnes in the hyperbola, it will not be ont of ploce to investigate their
eonnegtion with the real quantities of which we have made use: we add therefore
the principal relations, io which we denote by 4 the imeginary guantity ¢ — 1.

i I
i gromir o
1 —

P e . :
tan (45— d g)=/ T =iy Iy =dtendy

tan g = { cofan (45° — tg)—§ tan (46" — dp} =— Fn
Loa p =1 fan g

§=00° <4 {log {sin g i cos ph = 00° — i log tan {40° 1+ § v)

tan § Fe=itan § F= "0
.5"1_.5:= kootan § F - § tan § F = —qcotun F,
or ]
ﬂin.E'=i:'1:=n:|.!"—_'—"rrFL,;_1-]-'
=H
mtan = fookan§ F—tan  F=— ﬁ,
or
oy __d{uu—1)
fan B— i gin F= e
oon B = __ =a—”ﬂ
0 B
B =log (oos -E'—-:—:'EE:LE-']:IUE%J
ar
B =ilogw=ilog{4i" 4 § F)
ﬂf:ﬂ—dsiu.ﬁ':i]ugu—i.‘[uﬂ——f;?'r-
Iu b

The logarithme in these formulas are hyperbelia.
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30,

Sinee none of the wumbers which we take out from logarithmic and trigo-
nometrical tebles admit of absolute precisiom, but are all to a certain extent
approximate only, the results of el caleulstions performed by the sid of these
numbers can only be approximately tros. In most casss, indeed, the commen
tables, which are exact to the seventh place of decimals, that is, never devinte
frorn the troth either in excess or defect beyond half of an wuil i the seventh
figure, furnish more than the requisite scourncy, g0 that the unevoidable errors
are evidently of ne conssquencs: neverthaless It may happenm, that in special
cazen the effect of the errors of the fwbles Lx so avgmented that we may be
obliged 1o reject a method, otherwize the best, and sabstitote another in s place.
Cases of this kind can ocour in those computations whish we have just explamed;
on which aceount, it will not be foreign to our purpese to introduce here some
inquiries coneerning the degree of prevision ellowed in thess computations by
the common tables Although this is not the place for & thorough examination
of this subject, which iz of the preatest importance to the pesctical compater, yet
- wa will ponduct the investigation suffielently far for our own object, from which
point i may be forther perfected and extended to other operations by any one
requirdng it.

1.

Any logarithm, slne, tangent, ete. whatever, {or, In peneral, any irrntional
quantity whatever talten from the tables) s liahle to an error which way amount
to & balf’ unit in the last figure : we will designate this limit of error by o, which
therefore is in the common tebles == L.00000005. T now, the logarithm, ete.,
cannot be taken directly from the tables, but must be obtained by meane of inter-
polation, this error may be sightly increased from two couses,  Tu the firad plies, it 1s
usnal to take for the propertione! part, when {regasding the last fignee as onity} it
i# not an integer, the next greatest or least ioteger; and in this way, it is eadly
pereedved, this errer may be increased to just within twice itz actnal smownt. But
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we shall pey no atlentiom to this sugmentstion of the error, since there & wo
objection fo our affixing ome more than another decimal figure to the propor-
tionnd part, and it is very evident thet, if’ the propovtional part is exact, the inter-
polated logueithm is not linble to s greater error than the loparithms given
directly in the tables 20 far indeed as we ere aothorized fo consider the changes
in the latter s uniform. Thence arises anadler inorense of the ervor, that this
last assumption is not rigovously true; but this alss we pretermit, becacse the
effect of the ercond and higher dlfevences {especially where the supecior tables
eomputed by Taviom ars wsed for trigonometrical functions) iz evidently of no
importancs, and meay readily be taken into account, if it ehould happen to turn
out & litte too great.  In all cases, therefore, we will put the maximom uneveld
able error of the tables = w, assuming that the argument (that is, the number the
Togerithm of which, or the engle the sine ate. of which, is scught) is given with
striot acouracy. But if the segument self & only approximadely known, aed
the veriation o' of the logsdithm, ete. (which may be defined by the method of
differentials) is supposed fo correspond to the grestest eveor to which it is liuble,
then the maximum error of the logarithm, compated by mesns of the tables, con
arooumt to o 4 o',

Tnversely, if the segument corresponding to & given logarithm i= computed
by the help of the tables, the greatest error is equel to that change in the argo-
ment which corresponds to the varintion w in the logarithm, if the latter iz cor-
reotly given, or to that which corresponds to the varintion & -} &' in the logie
rithm, if the logarithm ean be erroneous to the extent of o' It will hardly be
necessary to remark that e and o' must be affeetad by the same sign.

If several quantities, corvect within certain limits only, are added together,
the grestest error of the som will be eqoal to the sum of the greatest individusal
errors affected by the same sign; wherefors, in the subtraction also of quentities
approximaiely eorrect, the greatest error of the difference will be equal to the
sum of the grestest individual evrors, In the multiplieation or division of a
guantity not strictly correct, the maximum error is inereased or dirsiished in the
Fame ratio ad the quantity el
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33.

Let us proceed now to the application of these prineiples to the most seful
of the operations above explained.

1. If 4 and F are supposed to be exaetly given in using the formula VIL,
article B, for computing the teae snomaly from the eccentrie anomaly in the
elliptic motion, then in log tan (£6° — &) and log tan 4 £, the error & may be
comanitted, sud thus in the difference = log tan 4 # the error 2w ; therefore the
greatest ezzor in the determination of the sagle § ¥ will be

Fudir _ Swediny
gy~ 25 0
} denoting the modulus of the logarithms used in {his caleulation. The error,
therafore,to which the true anomaly # is lisble, expressad in seconds, heoomes
2227 206265 = 0".0712 sin v,

if Brigg's logarithms o seven places of decimals sre employed, 8o that we may
be sssured of the value of ¢ within 07.07 ; if smaller tables to five plasea only, are
naed, the error may smonot to 712,

IL If ¢ cos & is computed by means of logarithms, an error may be committad
to the extent of

Barecos B
BT T
therefore the quentity

1= g g0a B, ﬂri,

will be Tiabls to the ssme error. In computing, aceordingly, the logarithm of thia
yoentity, the error may ameount to (1 - &) o, denoting by & the quantity

Jonos &

T—sen B _
taken positively : the possible erpor in log » goes up to the same limit, log @ being
nssmmed to be corvectly given. TF the ecoentrieity is small, the quantity & is
always confined . within narcow limits; but when e differs but little from 1,
l—¢oos £ vemains very small ex long ae E is small; conssquently, d may

5}
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inorense to A0 amount not to be neglected: for this reason formuls I1L, avticle 8,
is lese miitable in this case.  The quantity & may be expressed ihus also,

“'r-rlzh%“f'i' u!'
which formula showe sl more clearly when the error (1 -4 &) o may be neglected,
ITL In the wee of formele X, article &, for the computation of the true from
the mean anomaly, the log /% is Fuble 1o the evvor (§ + § &), and 50 the log
smig;lmn.E'VI tﬂthﬂ.tuf{i-l—i-#}m; hence the greatast possible error.in the
determination of the angles s — & or ¢ ia

T(T-F8)tan § {r— E),

or expressed in seconds, If seven places of deciroals are smployed,
(07,168 4 0°.024 &) tan § (v — E).

When the eceentricity is not great, & and tan & (2 — E) will be smsll quantities,
on account of which, this method admits of greaior sccuracy than that which
we hava considarsd in I: the latter, on the other hand, will be preforable
when the eccentricity is very grest and approaches neary to unity, where & and
tan ¢ (¥ — &) may soquire very considersble valoes. 1t will alweys be eesy to
decide, by means of our formulas, which of the two methods is to be preferred.

IV. In the determination of the mean anomaly from the sceontrie by means
of formuls XIT, srticle 8, the ercor of the quantity ¢ #in £, computed by the help
of legarithms, ond therefore of the anomaly itedlf, M, mey amount to

Amesin &
- ¥

which limit of error is fo be multiplied by 208205" if wanted expressed i

seconds, Honos it is readily inferved, that in the inverse problem where E is to

be determnined from M by trial, £ may be erromesus by the quantity -
LA T TS LU R

even if the equation K — ¢ sin F == M should be satisfied with all the acouency

which the tables admit,
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The troe anotaly thevefore computed from the mean may be ineorrect In
two wags, ift we consider the mesn as given acourstely;fivst, on account of the
error eommitéed in the computation of » from J, which, a3 we have =oen, ia of
slight fmportance ; sseond, becanse the walue of the ecoentric snomaly itsalf may
be erroneous, The effect of the latter canse will be expressed by the prodect of
thneﬂﬂrmmmiﬂaﬂhﬁhmﬁ,wﬂchpmﬂucthamu

S Bwesn K 5“ F0B265 — !Ll;ld‘l‘ﬂ' Eﬂﬁﬂﬁﬁ’_{i uhr+-iu|h!r} 00712,

il grven places of decimals are used.  This error, always emall for small values of
& may become very lorge when ¢ differs buk little from unity, se is shown by the
following table, which exhibits the maximon value of the preceding expression
for certain values of &

] ARt e o ; CREiR B, e |wdn-m.
030 a3 084 | 0t7a 038 203
ol O 49 0as .50 LI 4 .09
ikile3 LI s 1.12 ] 46 03
{08 H) oAy 1 50

V. In the hyperbolic motion, if ¢ I8 determined by means of formula IIT,
artlicle 21, from F' and ¢ sceurstely known, the error may smount o
lesur 206265°;
hut if it iz computed by means of the formula

(e 1] tAm g W

d=1 7
v and ¢ being Enown precisely, the Emit of the error will be cne third greater,
that is,

tus § 4=

fwiny, 208205° =000 dinv

for saven placea

VL If the quantity

B
B
is computed by meana of formula XL, article 32, with the aid of Brigge's loga-
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rithins, assuming & and u or ¢ and F to be lknown exactly, the first part will be
lizhle to the ervor

if it has heen computed in the form

dfp e Ly fui==1)

¥u g
or T the error
B uat-1)4 u
B
if compuied in the form
$hey

of to the ereor S ¢ 6 tan P i mm“;utr_n:'. in the form L ¢ tan F; peovidod we neglect
the error committed in logd or log 4 & In the first case the arror can he

gxprossed alio by B ew tan F, in the sacond by —> o —

the errer iz the least of all in toe third csaa, h“t- will be grester in ihe first or

whenoe #t is apparent that

sacomd, aceording as » or ;"} 2 or < 2, or according as 4 F > §8° 52" or .« 367 52"

But, in any case, the second part of A" will be lizble to the error o
VIL. On the other hand, it is evident thai if w or F' i8 derived from N hy
trial, # would b lishle to the error

; & d
{0 == 5 ¢e tan .E'Jﬁ,

ot 1o

"|i-|:.,|. Ju
(o el 5

acoording as the first torm in the valos of ¥ is wsed separsted into factors, or into
terms ; £, however, is liable to the error

; , A
LY e
(w8 ewtand') .
The upper sgne perve aftar penhelion, the lower before perihelion, Now if
da < d dF ; :
T s substituted here for TF OF far T the effect of this error appesms in

the determination of &, which therefore will be
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Pilangy (1 Lictm F)w H-hm;-{1+ﬂum.!"]|-

drr AT

if the auxilisty quantity » hes been employed ; on the other hand, if F bas been
used, this effact beoomes,
llhl.n.q!'[l+ﬂiah:u._?']n i{l lmnﬂ'+ﬂuﬁnu{1+amlt]}.
e i it yr

If the error is to be expressed in seconds, it is necessary to apply the feotor
206265". It is evident that this error can cnly be considerable when o s a small
angle, or ¢ & litfe greater than 1. The Pllowing e the grestest values of this
third expression, for certain values of g, if sevan places of decimals are emplojred:

£ = T S g el e
1.4 .04
1.2 U
1.l 1.81
14K 8 05
141 Ba 41
1401 | 1064 8BS

To this error arising from the erronecus waine of Forwe it i3 necessary to
apply the ervor determined in V. in order to hava the total uncertainty of n

VI If the equation XL, srtiele 22, is solved by the use of byperbolic logs-
rithma, F being employed as an auxillary guantity, the effect of the possible
umrinﬂ:unyunmniuthadatermmndﬂ,hmm& by smilar reasoning

to be,

[1+¢u=ar}’m‘+luh1lﬂ-|-¢mr}u
tan’ ¥ = Lt *
where by o’ we dengte the grestest uncertalnty in the tables of hyperbolio loga-
rithme, The eccond part of this expression s identical with the second part of
the expression given in VIL; Hutthe first part in the latter s less thon the first
in the former, in the ratio da’: e, that s, In the retio 1: 2%, if’ it be admissible
to assume that the table of Trein is everywhere exact to eight figuras, or
o = ROGOGO000E,
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3.

The methods above treated, both for the determinetion of the true anomaly
fromn the time and for the determination of the time from the true snomaly,* do
pot admit of all the precision that might be required in those eonie eections of
which the eccentrieity differs but Iittle from wunity, that s, In ellipses and hyper-
bolas which approach verv wear to the parabola; indeed, unawvoidable errors,
increasing as the orhit tends to ressmble the parabols, may at length exoeed all
limits, Larger tables, constructed to more then seven figures would undoubiedly
diminish this uncertainty, but they would not remove it, nor would they prevent
its surpassing all Iimite s@ soon as the orbit approached too neer the parabola.
Moreover, the methods given above become in this ease very troublesome, sinee a
part of them require the use of indireot triala frequently repoated, of which
the tedionsaess is even greater if we work with the larger tablea It certainly,
therefore, will not be soperfluous, to fornish e pecaline methed by menas of
which the uncertainty in this cnse may be avoided, and sufficient precision may
b obtuined with the help of the comroon tables

H.
The common method, by which it {3 usnal to remedy these inconvenicnces,
rests upon the following principles.  In the ellipse or hyperbola of which ¢ is the
eecentrivity, p the semi-paramater, and therefore the perihelion distance

Tr=e

let the trne anomaly # correspond to the tlme ¢ after the perihelion; in the
parabols of which the semi-parameter = 2 ¢, or the peribelion distanse = ¢, let
the true anomsly s correspond to the same time, sopposing in each ease the
mass ¢ to be either peglected or equal. It is evident that we then have

et Hal 1 [ —

* Since the time sontains the fuctor a¥ or 8, the grenter the values o=t o iﬂ:.-_f:.
the more the ireor in Mar 5 will be inersazod.
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frr-% fﬁ%=ﬁf=#ﬂgr

the intagrals commencing from v = 0 and w =10, or

it fotecs

Dunﬂﬁng:—;—:hjru,tnﬂiﬂ by &, the fmmtagmluﬂmnd to be

V(I4a) (f4i@{l—2e)— & (2a—Bea) + 7 (3ua—da7) —ote),
the latter, tan g w < $tan’ . From this equation it is emsy to determine w
by « and # end alse ¢ by & and w by means of infinite series: instend of & may
e introduced, iff preferved,

1—--a=1—f|_"—l=ﬂ'+
Eipoe evidently for & =10, or # =0, we¢ have # ==, these serice will have the

fillowing forn ; —
we=v Ao 3 A B e et
= - F o - S0 b M ™ - ete, _
where ¥, #*, ", ete, will be funetions of v, and o, w”, w", functions of # When
& iz g very small gquantity.these reries converge vapidly, nud few tarms soffice for
the determination of w from ¢, er of ¢ from a. ¢ is derived from i, or o from 4,
by the methed we have explained above for the parsbolie motion,

35,

Cur Besexr has developed the analytical axpressona of the three dest coaffi.
cients of the second series #, ", ", and at the same tims has added a table con-
stencted with a4 single argument o for the numerical values of the two frst o'
and w", [ Fon Zwck Monethiche Correspondens, wol. XIL, . 187} A table for the
firsd eoeffielent o, computed by Somaow, was already in existence, aud was
annexed to the work of the illustrions Oueers sbove commended. By the vse
of this method, with the help of Brsse's table, it i possible in most casas to
determine the true anomaly from the time with sufficient precision; whet remains
to ba desired is reduced to nearly the following particulars : —
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L In the mverse problem, the determination of the fime, that is, from the
true anomaly, it i= requisite to have recourse to a somewhat indireet method, amd
to derive w fiom £ by trinl.  In order to mesi this meonvenionce, the fird series
ehoald be treated in the same manner as the second: and snee it may be readily
perceived that — o' is the same fonction of ¢ s w of w, a0 that the table for o'
might anewer for ¢ the sign only heing changed, nothing more is reguired than
a table for o', by which either problem may be solved with eqgual precision.

Bometimes, undoubtedly, cases may occtin, where the eccentricity differs but
little froun unity, snch that the general methods above explained may not appear
te affird sufficient precision, not encugh at lesst, to allow the effect of the thind
and higher powere of 4 in the peculisr method just sketched out, to be sufely
neglected, Cases of this kind are pessible in the hyperbolie motion especially, in
which, whether the former methods sre chosen ov the latter one, an ereor of
sevirnl seconds 18 inevitable, if the common tables, constructed to sevin places of
fignree ouly, are employed,  Althoogh, o teath, sech cases rarely ocour in prac-
tice, sumething might appess to be wanilog if @ were not possible in aff cases to
determims the true anomaly within 071, or at least "2, without comsuling the
larger tables, whichk would pequire o reference to books of the rmrer st We
hopa, therafora, that if will not seem whelly superiluous to proceed to the exposi-
tion of a peculiar method, which we have long had in use, snd which will also
command #ealf on this acoownt, that it is not limited to ccomntrisitios differing but
Tittle from unity, bk in this respect admita of genera! application,

3.

Befire we proceed to explain this method, it will be proper to chserve that
the waeertainty of the genersl methods given above, in orbits approsching the
farm of the parabola, censes of itzelf, when £ or F increase to considerable mag-
uiftude, which indeed con lake place only in lerge digtances from the sun, To
show which, we give to

TuisEL 206285,

the grestest poesible ereor in tha ellipse, which we find in ﬂﬁd&ﬂ%i‘?’.,tha
following form,
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S weif {1 —ap) a8 o ot
2 . 208265

T Al —pee B R !

from . which s evident of iaelf that the ervor i alwava cireamecnibed within
narrow limits when £ aequires considerable value, or when cos F recedes further-
froin wnity, however groat the eccentricity may be. This will appear etill more
distinctly from the following table, in which we have computed the greatest
numerical value of thet formuls for eertain given values of K, for eeven decnnal
plices,

E==10" | maximum error — 3".04

20 | i .76
80 | 0 .84
a | 0 .10
5 | 0 .12
B | 0 .08

The seme thing takea place in the hyperbola, as i= immediately appacent, if the
expresson obtained in articla 32, VII, 12 put into this form,

oo 26 7 (oo -0 amin Fiy fea— 15

P DORZRE",

The following tabla exhibitz the greatest walues of this expression for certain
given valuas of F,

o] :
! F | a MLNERTE GE5aT.
1
! ire | a9 | 1580 ! a0
| 3 I 1ASE | 0,700 1.23
=i 1732 0377 {r 4T
4 | 2144 | DA .22
(el TAT i, 864 {+ .11
i HilE i), %5 b
70 | Bamn | a7 oaog |

When, therefors, B or F excesds 40F or §0° {which nevertheloss doss not easily
ot in erbits aiffering bot litile froom the parshola, becanse heavenly bodiea
moving in emeh orbits at sch great distances from the sun sre for the most part
withdrawn from our sight) there will be no resson for forsaking the general
method,  For the pest, in soch a case evon the series which we treated 1n article

i
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32 might converge too gowly; and therefore it s by no means to be regarded -
us n defeet of the method sbout to be explained, thet it i= specially sdapted
to thosa cases in whick K or F'has not yet inoreased beyond moderate values

37.
Let oa resume in the elliptic motion the squation between the eotentrie

anomaly and the time,

Bmesin BP0t

o
where we sappose E fo be expressed in parts of the radive.  Honceforth, we
shall lesve cut the factor ' (1-4-u); if a onse should oceur wheee it & worth
whila 10 take it into aceount, the symbol £ would not express the tima itsalf after
perihelion, but this time multiplied by {14 p). We designate in fiture by ¢ the
petibelion distance, and in the place of £ and sin £ we introduce the quantities
E—enkE and E— [ (B gin £) = 4; F4- A sin E:

the oureful reader will readily pereeive from whet follows,our reazon for selecting
prrticularly these expressons. In this way cur equation assames the following
form ; — ' ;

. 2 e

(1= ) (¢ B 4 g 50 B) - gl - oy 8} (E—sim B} == ke (),
Aa long as F is reganded as & quantity of the fiest order,
iy Bt Frein F= B — gy B L 1y B — et
will be a quantity of the brst order, whils .
E—sin E=§ Bb— gy B 4 gylyg T — et
will b a quantity of ihe third order. Puotting, therefore,
E{E—zinB) _,  fyBtiysinE__
ey e
LA=F g B R B —eta,

will be a quantity of the second ovder, and

B=14 gy Bi—cte.
- will differ from unity by & quantity of the fourth order. DBut hencs our equation
hegomes
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Bza—aal+aptga)=n(=". . ... W
By means of the commen trigonometrioal tables, f £ ¢y sin B moy be com-
putad with sufficient seouracy, but not F — gin K when & {8 a small angle; in this
way therafore it would not be posible to determine corvectly encugh the quan-
titiee 4 and B. A remedy for this difficulty wonld be furnished by an sppro-
printe table, from which we conld take out with the argument B, either & or the
logarithm of &; the means necessary to the construetion of sech a table will
readily present themselves fo any one even moderately versed in analydiz By
the eld of the equation
ey,

v 4 ean be determined, and bewce § by formula [1] with ell desicable precision.

The following fs & specimen of such a table, which will show the sow inerogss
of log B ; it woukl be supeefluous to take the trouble to extend this table, for
further on we are sbout to deseribe tables of & mnek more convenient form.

E b E log & x og B
ge | oparoos | gse | oosomes | sie | pomozers
& 0 1 548 a8 AN

i ’ 4 A [0S (5L G584

15 22 | 40 10

0 & | 45 1758

2,

It will mot be useless to illustrate by an exsmple what bas been given in the
preceding artiole, Let the proposed true snowaly = 100% the' eccemiricity
= Q.86TH4587, log g == 07656500, The following i the calewlagion for E B,
A, and #:—

logtamge . . . . . 00781865
lu-gn.-";—:r_—: ..... §.1079027

logtand & . . . . . G1241792, whenoe § F=8"41'10%82, and E=
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177223864, To this valae of F corresponds log B = 00000040 ; next is found
in parte of the radiug, & == 0.8082028, sin E'= 0.2086048, whence & B+ & sin E
= (L, 1514150, the lognrithm of which = 01801889, and 0 log At — 1801849,
Thence is derived, by means of formula [1] of the preceding articls,

log %1 .. 24589014 mﬂ;;#{rg-,}*. . . 87801088
ogdd . L. L. 01801840 Iogd? ., ., L . . . THAMOMT
log 4356888 = . . 18301265 loglbiddld—=— . . . . . LI0D5D3E
1008014

B3.64400 =1,

If the seme exemple le trested secording to the common method, ¢sin F in
seoonds is fownd — BOG10°70 = 16°38°B0°.79, whenee the mean anomaly —
4% 7780 = 2047785, And hence from

lugk{‘%’]‘ = 10664302

is derived # = §3.54410. The difference, which is here only yxdyy port of & day,
might, by the errors concurring, essily come out three or foer timee grester,
1t ia further evident, that with the help of such & table for log & even the nverse
problem can be eolved with sl wcouraey, £ being determined by repested teials
=2 thet the veloe of ¢ ealeulated from i mey sgree with the proposed value,
But this operstion would be very troublesowe: on acoount of which, we will now
show how an anxiliary table may be muoch more comrveniontly arranged, indefinite
erialz be altogether swoided, and the whole caleulation redueed to a nwmerical
operation in the highest degree ment amd expeditious, which scems to leave
nothing to bo desred.

49,

It is obvious thet elmost one half the labor which those triala would require,
pould be saved, If there were a table so arcanged that log B eould be immedis
ately token oot with the argument 4 Three operstions wonld then remain;
the fivet indirect, namely, the determivation of 4 s0 as to satiely the equation
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[1]; article 37; the seound, the determivation of E from A and B, which may be
done divectly, sither by menns of the equation

E=2p(at 4 3 4t
e (474 e 4%)

sin E=2 Bt 3 4%,
the third, the determination of ¢ from & by means of equation VIL, article &,
The first operation, we will bring to an easy caleulation fres from vegus trials;
the second and third, we will really sbridge into cne, by inssrting a vew quantity
£ in our table by which means wa shall have no need of E and at the same
thne we ehall obtaln an elegunt and convenient formula for the radive vector,
Eech of thess subjects we will follow out in its proper onder,

First, we will change the form of equation [1] =0 that the Barkerion table

may be veed in the solution of it. For this purpose we will put

Air=mw\f;;*;:,
from which comes
75 tan § o - 25 tan pod = LV (4B B0

2 5igt
denoting by = the constant

TShy it
:i'g‘ : ’

If therefore B should be known, w0 conld be immediately taken from the Barkerian
table contzining the true pnomaly to which answers the mean motion %‘; 4 will
b dedneed from o by means of the formuia

A= 7 tan® § u,
denoting the constant

| i‘__l‘__:_: by 8.

Now, although B may be finally known from 4 by means of ovr anxilisry table,
navertheless it ean be foreseen, owing to ita differing so little from unity, that if
the divisor 5 were wholly neglected from the beginming, w and A4 would be
affected with a slight ervor only. Therefore, we will firdt detsrmine roughly w
std A, putting B=1; with the approximate value of A, we will find & in onr
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auxilisry table, with which we will repeat move exactly the ssme caleulation
most frequently, preciscly the same value of B that had been found from the
epproximate valne of 4 will covrespond to the velue of A thus corrected, so that a
second repetition of the operation would be supertluous, those cases excepted in
which the value of ¥ may have been very considerable.

Finally, it is hardly neosssary to observe that, if the approximate value of &
should in eny other way whatever be known from the beginning, {which may
alwrys ocour, when of severs]l places t0 be compated, not very distant from ench
othar, soma few are already obtained,) it 8 better to make use of this at onee in
the first approximaetion: in this manner the expert compater will very often not
have ooonsion for even a singla repetition. We bave avrived at this most rapid
approximation from the fach that & differs from wity,only by & difference of the
foneth order, and is multiplied by a very amall numerieal costfieient, which ndvan-
tage, ns will now be perceived, was secured by the introduction of the quantities
E—gin E, 4 £+ ysin K, in the plece of F snd sin B,

40.

Sinee, for the thivd opeestion, that ls the determination of the true anomaly,
the angle £ is not required, but the tan 3 &' cnly, or rather the logtan ¢ £ that
aperation eonld be conveniently joinad with the second, provided our table sup-
pied directly the logaritbm of the gquantity

' g &
f.i{" :
which diffars from unity by a quantity of the second order. We have prefarred,
however, to arrange our teble n a somewhat difforent menner, by which, not-
withstanding the smell extension, we have obtained a much move convenient
interpolation, By writing, for the ske of brevity, T instead of the tan®] E, ibe
value of 4, piven in article 37,

15 {F— «in K
¥

is easily changed o '
J_T—IF'FFF—?EH fre—pe
"l—ﬁf+ﬁf“—fafj-f-j£j§m’
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in which the law of progression is obvious. Henee is deduced, by the inversion
of the saries,

F=1—§ A oy £ b oy £ 18 4 1AW 4 ot
Putting, tharefore,
f=l—pA40,

£ will be o guentity of the faurth order, which being incloded in sur table, we
can pasa directly to o from A by means of the formula,

tan “=\f':i:v{1-:j+u= #nr—hﬂiﬂl’
dencting by 3 the constant

In this way we pain ot the same time s very convenient computation for the
rading veetor, It becomes, in fact, (erticle B, VL),

el B . (l—gd
r=th = e = w e

41.

Nothing now remains but to reduce the inverss problem alsa, that is, the
determination of the time from the troe saomaly, to & morve expeditions form of
computation : for this purpese we have sdded to our table & new column for T
T, therefore, will be compuied first from # by meana of the formuls

P={Ts tontdv;
then 4 and log B are taken from our teble with the argument T} ar, (which is
more fecurste, snd even more convenient aleo), ¢ and log &, and hence d by

the forala _

-&ﬂ!l_j_‘l_:{}!rl
finaliy { ia derived from A and B by formula [1], article 87, If it 1 desired to
cill into use the Barkerian tabla here also, which howevar in this inverse problem
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has less effect in fheilitating the calonlation, it is pot necessary to pay any regard
to 4, but we have at onca

tan § = tan hy‘f%:

and hence the time §, by mnl'i:ipl;.fiug the mean motion corresponding to the troe
anomaly, u, in the Barkerian table, by Z.

42,

We have conetrocted with sufficient fulness a table, such as we have jost
Aesaribed, and buve sdded i to this work, (Table L. Only the first part pertaine
to the ellipse; we will explain, firther on, the other part, which ineludes the -
hyperbolie motion. The argument of the table, which is the quantity 4, proceeds
by single thousandths from O to 0300 ; the log B and & follow, which quantisdes
it must be understood are given i ten millionths, or to sever places of decimals,
the ciphers preceding the significant fignres being suppressed ; lastly, the fourth
colotnn gives the goantity I computed firt 40 five, then to six figures, which
degree of seousacy s quite safficient, @nce this column is only needed 4o get the
values of log & and (' corvesponding to the argnment 7% wheénever ¢ iz to be
determined from » by the precept of the preceding eriicle, As ths inverse prob-
lem which is mech move frequently employed, that is, the determination of » and
v from 4, is salved altogether without the help of 7, we have preferred the quan-
tity 4 for the argument of our table eather than 7, which would otherwise have
haen an almost equally suitable argument, and would even have fellitsted o little
the cotstruetion of the table. It will not be nnnecessary to mention, that all the
aunbers of the table have besn ealoulated from the beginning o ten places, and
that,therafora, the seven places of fignres which we give ean be safely relied wpon;
bt we cantot dwell here uwpon the aaalytical methods vsed for this work, by &
full explanation of which we should be foo much diverted from our plan.
Fiually, the extent of the table 15 abundantly sufficient for all cases in which it
it advantageoua to pursue the method just expluined, since beyond the limit
A =103, to which answers = 0302574, or F=64"T, we mey, a9 has bheen
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43,

We wdd, for the better illustration of ibe preceding Investigations, an example
of the enmplete caloulstion for the trae anomaly aad redine veoter from the tine,
for which pavpose we will resame the numbers in article 38, We pat then s=
(L T468T, log ¢ == 0.T60000), ¢ = 63,54 40H), whence, we first derive the constaxts
log o = 008052857, log f = 82217364, log y = 0.0025755,

Henee we have log e f= 21083102, to which corresponds in Parker's table
the approximate value of w = 888" whenee is obtained 4 — (022026, and from
onr table log A= 00000040, Hence, the correct argoment with which Barker's
tuble must be entered, becomes log 5 = 21083062, to which answers w = $9° &
13714 ; after thiy, the subsequent calenlation ia aa follows: —

log tangee . . . N1285084 logtamdw . . . . . . 00692967
log# . . . . . BREO1TAGE gy . . - - . - . - 0.MZE7 55
logd . . . . . 83008208 ¢ Comp log(l-—4 4 0. 00040143
A= . . . .. 002292808 Togtamie . . . . . CD07AIRES
henoe log B in the satoe manner as before; go= . . . . . gl
U= . Q0000242 R R T 100 00
1—$Ad} 0= . 00515888 logg . . . . . . . . DTG5GE00
14444 0= . 10048004  2Comp.logecsde . . . 03833650
: ' log(l—4A4-€0. . . . 8.09197L4

Clog{ld 4400, . . 0080028

g7 « « . .« . . . . 01394592

If the factor B had been whelly negiautad in this caleulation, the troe anomaly
would have come out affected with a very elight error {in exoess) of 071 only.

44.

It will be in our power to despatch the hyperbolic metion the more briefly,
becnuse it 1= fo be treated in o manner precisely snalegots to that which we
heve thus far expounded for the elliptic motion,

7
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We present the equation between the time ¢ and the auxiliary quantity « in
the following form : —
(6 — Li{ el — 5} 4+ log ) - (o8 o) ( (n— D) — Loga) = e (<=1)
. AL L L ar? ploge )+ {dp oy el (#(p—3)—logw) = — }-
in which the logarithms are hyperbolie, and
: s
gy (8 — =) 4 g o
is & quanthty of the fiest order,
i 1.
$in— =l log u

& guantizy of the third order, when log & may ba considered as & small quantity
of the first ovder. Putting, therefore,

E(-}fu—é]—!ng :.-}
oy (0 _:.l'+ f!:-]c:-gu. ’ 2y 4

A will be a guantity of the second order, bot B will differ from unity by & differ
siice of the fourth order.  Our eqoation will then sesume the following form:—

B(2(e— 1)t 4 3 (14 96} 4Y) = ks = o m
which is entirely anslogous to equation [1] of article 37, Putting moreover,
= 1%2 ;
{.u-i i) =T
T'will be & guantity of the second order, and by the method of infinite series
witl be 1:.‘:-|u:||,'|_

F=1t t A+ gl — o Be A0 d by 4 — i £ ot

Wherafore, putting

oy [(— f-‘“_- <+ % log

F=1+44440,
£ will be & guantity of the fourth order, and

1 1+OT
d=T
Finally, for the radius vectar, there readily fullows from equation VII, article 21,

P 7 ____ iy
Tl —Teye T A—Fd L TTwd g
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45,

‘Tae latter part of the table annexed to this work belongs, as we have remarked
above, to the hyperbolic motion, and gives for the argument A (eominon to both
parta of the table), the logarithm of B and the quantity O to seven places of
decimals, (the preceding eiphers being omitted), and the guantity T to five and
sfterwards to six figures The latter part is extended in the same menrer ss
the former to A4 == 0,500, corresponding to which s = 0241307, u= 2,030,
or = 0341, F=-r62°1%; to extend i forther would have been superfluous,
{article 38).

The following ia the arrangement of the calewlation,net only for the determi-
nation of the time from the true anomaly, but for the determivnetion of the troe
snomaly from the time. In the former problem, £ will be got by mesns of the
forinuli

g=1
with T our table will give log B and ¢}, whence will follow

a=ii_r14_'f3f;
finally ¢ is then found from the formmls [2] of the preceding avticle. In the last
problem, will fiest be computed, the logarithms of the constanis
T0E (F 4 e
ol |

Bp—
P=itw

rey/it,
A will then be detarmined fiom f exactly in the snme manner az in the eliiptie
motion, sa that in faet the true anomely s mey correspond in Barkers table to
the mean m&ﬁnﬂ%mdthntwa may have

A= fitan*dw;
the approximate value of 4 will be of course first obtained, the factor B being
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gither neglected, o, if the means are at hand, being estimated; our table wili
then furnish the epproximete value of B, with which the work will be repeated;
the new walue of B resulting in this manner will searcely ever suffer senzible con
veotion, and thus & second repetition of the caleulution will not ba necessary. &
will be telten from the teble with the corrested valus of 4, which being done we

sl tan 8= s § e . U A
PO " TV e

From this i i evident, thet no difference can be perceived betwean the formulas
for elliptie and hyperbolic motions, provided that we consider #, 4, and T} in the
hyperholic motion s negative quantities.

, 465,
It will not be unprofitable fo elucidate the hyperbolic motion also by some
examples, for which purpose we will resnme the nambers in articles 28, 26

I The deda are o= 1.2618820, logg¢ = QO0201638T, »= 18°H1°0": ¢ ia
required, We have

Qlogtanty . . . . BAA02018  legT . . . . . 75058575
gt . .. . . soesessy e(l-40). . . 000DGOOE
1t Clog{l—yg 17 . 00011009
g I' . v o v o o TN . TE0AMNTS
Te ... ... 000319034
Iﬂg.ﬂ= = 1 & = u u-ﬂ“ﬂmul
f= .. ... 0000005 °
log 122 2880604¢ log 220409 (¢ ) 28843582
ENE=0 " " " log 5% ey S
logd¥ . . . . . s7bauTas tgdt . . . L. L .. 82574214
log 18775684 =. . L1391182 log0.J38605= . , . . . 91417706,
015861
15.81445 = {.

IL ¢ and ¢ remaining ns bofore, there is given { = 65.41288; v snd r are
requirgd.  We find the legurithms of the constants,
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log « = 00758545
log # = 002514649
log 7 = 90807648,

Next we have log ef=1.7014043, whence by Barker's table the approximate
valoe of w=T0°51"44", and henoe 4 ==0.052083, To this 4 iw our table
snswers log B = 0.0000207; from which, log 5 = 17914736, sad the corrected
value of w==T0"31'36".80. The remsining operations of the caleulation are es

followa: —

Zlogtende . . . 0895038 logtange . . . . . 95404809
bgd. . . 0. . 00261049 Mgy . . . . . .. BOROTELE
bogd, . . . . . 87247047 $Clop(l4-444-0) . 00000002
A== . . . ., . 00297911 logtanje ., . . . . B.B211947
log B az before, fee= . . . 832130702
Ce= . . 00001252 b= . . . BT 3 0.04
14444 0=. . 10426085 loggy . . . . . . . 00201857
1—3440=. . 00805284 2Clogeoade . . . . 01580378
log{l 444+ @) . . DBOIB0TOA

Clog(l—F A<} . . OO0BTLS

logr « « « « . .« . 02005544

Those which we found above (artisle 20), r= G7°2 58778, log r = 0.2008541,
are less exact, and ¢ shoold properly have resalbed — 67730700, with which
- ammumed valne, the value of § hed been computed by means of the larger tables
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47.

Tx the first section, the motion of heavenly bodies in their orhits s treated
without regard to the position of these orbits in spece. For determining this
positiom, by which the relation of the places of the heavenly body to sy cther
point of space ean be assigned, there is menifestly required, not only the position
of the plane In which the orbit lies with reference to a ceriain known plane (a2
for example, the plane of the orbit of the earth, the sefpfic), but also the position
of the apdldes In that plane, Sinee these things reay be referved, most sdvants-
geoualy, to spherieal trigonemetry, we conceive s spherical savface described
with on arbitrary radivs, aboot the san a8 & centre, on which any plane passing
through the sun will mark & great circle, and any right line drawn fom the
sun, & point.  For planes and eight lives oot passng through the sun, we draw
threugh the smm peraliel planes and right lines, and we conceive the great ciroles.
and points in the surface of the sphere corresponding to the laiter to represent
the former. The aphere may also be supposed to be described with o radivs
infinitely great, in which parallel plance, and slso parallel right Tines, ave repre-
seoted o the swme manner.

Except, therafore, the plane of the orbit coincide with the plune of the eeliptie,
the great clreles corresponding 1o those planes (which we will simply call the orbit
nnd the ecliptie) eut each other in twe points, which ave ealled wodie ; in one of
thess nodes, the body, seen from the sun, will pass from the ssuthern, through the
ecliptie, to the northern hemisphere, in the other, it will return from the lstter to
the former; the former is called the sassuding, the lattar the deasendfny node. We

(5)
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fix the positions of the nodes in the ecliptic by means of their distauce from the
maan varnal equinox [Bngiiede} counted in the order of the eigne.  Let, in fig. 1,
@ be the asending node, A B & part of the ecliptic, 8.0 part of the orbit;
let the motions of the encth and of the heavenly body be in the directions from A
towards B and from & towazds I3, # s evident that the spherical sagle which g 0
makes with 2 B can increase flom 0 éo 1807, bot not bepond, without 1 ceasing
to be the ascending node: thie angle we call the fmefpafion o fhe ol to the
ecliptic.  The situation of the plane of the erbis being determined by the longl-
tude of the nods and the imelimation of the crbit, nothing further is wanted
exeept the distanoe of the perthelion from the secending node, which we reckon
i the direction of the motion, and therefors vegard it as nagative, or betwesn
1807 and 360°, whenever the perihelion is south of the eclipti. The following
axpressione are vet to be observed. The longitade of any point whesever in
the cirele of the arbit i3 eounted from that point which 1= distant jost e0 far back
from the ascending node in the orhif a= the vernal equinex i= back from the same
point in the ecliptic: hence, the Supifads o te peilelim will be the sum of the
longitode of the noede and the distance of the perihelion from the node; also, the
frue fongitels dn orbid of the body will be the sum of the trne waowely and the
lengitude of the perthelion. Lastly, the sum of the mean anomzly and longitide
of the perihelion is called the wean bngitude: this last expression can evidently
only ooour in elliptio orbits,

48,

Inurdar,thﬂeﬁ:re,tabanlﬂetﬂuuigumaplnuufnhe&mljrbuﬂfiumma
for any moroent of time, the following things roust be known,

1. The mean longhtade for any moment of time taken o2 will, which is called
the epoch : sometimes the longitude itself is deslgoated by the mame name. For
the most part, the béginning of some year is selected for the epoch, namely, nom
of January 1 in the bimextile year, or neon of December 81 preceding, in the

IL The mean motion in a certein interval of time, for example, in one meaz
solar duy, or in 383, B85, or 36525 days,
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IIL. The seriaxis weajor, which indeed might be omitted when the mass of
the body is lnown or can be neglected, singe it &8 already given by the mean
motion, (article T); beth, nevertheless, are usoally given for the sake of con-
venience.

IV. Eecentricity. V. Lengitnde of the perihelion. VI Lomgitude of the
aseending node. VI Imclination of the orbit

These seven things are culled the slunwds of {be motion of the body.

In the parabols and hyperbols, the time of passage throogh the perihelion
serves in place of the firsl element; instead of IL, are given what in these
apecies of comic sections are analogons to the mean daily motion, (see article
19; in the hyperbolic motion the quantity 3 #37¥, article 221, Tn the hyperbols,
the remgining elewents may be retained the sarne, but in the pasabola, whers
the major axis ir infinita and the sccentricity = 1, the perihelion distance slone
will be gziven in place of the elements TIL and IV,

49,

Aceording te the commen mode of spesking, the inelinetion of the orhit,
which we connt from 0 40 180% iz only extended to 00 and if' the angle made
by the orbit with the are 2 8 exceeds o right angle, the angle of the orbit with
the are 5 4, which s ite complement to 180F, is regarded ss the inclination of
the orbity in this case then it will be necessary to add that the motion i refrogrode
(ma if, in our fiigare, £ Q F should represent w part of the orbit), in order that it
may be distinguished from the other case where the motion s called dreed.  The
longitade in orbit i then useally so reckowed that in @ #t msy agree with the
longitude of this polut in the ecliptic, but desrsase in the diroction @ F; the initial
point, therefore, from which longitudes sre counted contrary to the order of
motion in the direstion G F, is just so far distant from @, ae the vemal equinex
from the sme @ in the direction § 4. Wherefore, in this case the longitnds of
the perihelion will be the longitnde of the nods diminished by the distance of
the peribelion from the node, In thiz way either form of expressdon i= easily eon-
verted imto the other, but we have preferred our own, for the renson that we
- might do awny with the distinetion between the direet and retrograde motion,
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mdmalmyahamhmpluﬁrhﬂ,ﬂﬂufh&mﬁmm&yﬂ&
guenily require double precepts,

i,

The most simple method of determining the position, with respect to the
ecliptie, of any point whatever on the surfece of the ecelestiol sphere, is by means
of its distance from the eclipiic (fehifude), and the distance from the equinox of
the point at which the ecliptie is cut by a perpemdicalar let fall apoun it, {bag-
fads}.  The latitude, counted both ways from the ecliptic up to 807, is regarded s
positive in tha nerthern hemisphere, and as negative in the southern, Let the
longitude ), aad the latitude d, correspond to the heliocentric place of » colostial
body, that ix to the projeciion upon the celestinl sphere of & right line driwn
feom the sun to the body; let, also, & be the distance of the heliogentria placs
from the ascending pode (which is called the erpeawent of the letifude), § be the
inelination of the orbit, @ the longitwde of the ascending node;thers will exisi
between 4, v, §, A— @, which gquantities will be partz of a right-angled spherical
triangle, the following relations, which, it is easily shown, hold good without any
restriction : —

I tan{l—R)=cositanw

IL tan § =tanssin (i — Q)

Il eind=—snssny

IV, copn=ooaf oosd— R}
When the quantities ¢ and u ave given, 1 — @ will be determined from them by
means of equation T, and afterwards # by 0 or by 1ML, if # does not appronch
too near to + 09074 formula IV, can be used at pleasure for eonfirming the cal-
culation. Formulzs T. and IV, show, moreover, that 2 — @ and » alwaye lie in
the swme quadrant when § i= between 0° and 90°; L — 2@ and 380" — o, on the
other hand, will beloag to the pame quadrant when i is between $07 and 180° or,
sccording to the commeon usage, when the motion is retrogeade: hence the ambi-
guity which remsing in the determination of 1— @ by mesns of the tangent
gorording to formula L, 18 readily remerved,

8
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The following formulas are ensily deduced from the combination of fhe pre-

cading : —
V. dn{w—Ai+ Qj=2sin " ddcnvcem{l— Q)
VL sin{e—i-4 Q)=tmiisng coa{l— g
VIL sin{u— X4 @)==tantitan # ooa g
VIIL sin{y <}~ L 2 } == 3 coe’ § ¢/ winw cos (L — )
IX. snju—+ h— )= cotan  {sin 8 cos() — @ )
X smn{s-42— Q) =-cotan §itan F coan

The angle # — 4 4 €, when ¢ is leas than 0% or w4 2 — 8, when { s more
than 0% ealled, necording to commen usage, the radusfion fo the selintiz, is, in fact,
the difference betwesn the heliseentric longitede L and the longitude in orbit,
which last iz by the fovmer wags 4w by ours § 4w When the inclination
iz small or differs but little from 180°, the same redoction may be regarded as &
quantity of the second erder, snd in this case it will be better to compute firet 3
by the formuia IIL, and efterwands 3 by VIL or X, by which means o greater
pregigion will be attained than by formuls 1.

If & perpendicular is et &ll from the place of the heavenly body In space
upon the plane of the ecliptic, the distancs of the point of intersection from the
sun iz ealled the mtele dafpace.  Deslpnating this by ¢, the radius vector lkewize
by #, wa shirll have

X1 r"=rm,ﬁ‘

mq

Az an example, we will continne farther the calenlations commenced in arti-
cles 13 and 14, the nombers of which the planet June furnished. We had
found abowe, the troe apomaly 31571723702, the logarithm of the radive veetor
CAZHOETY: pmow let ¢ =—=13°0'44".10, the distance of the perihelion from the
nods == M1° 10 20%57, and consequently »— 100°11°43".69; fnally let g =
171°7 4878, Henee we have : —

logtanw . . . . BAGS0STE  logsin(i—@). . . . BAS4EGDLa
logeosi . . . . B0625208  legtemdi . . . . . . D.I07T2305

logtan{l—g). . 94515839  logtemd . . . . . . AE0Z00UGm
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L—R = 185747 40°25 A= — BFET 40702
L= 6 552898 logessf . . . . . 0.09001259
logr . . .+ .« . DAB2YETT  logeai—@ . . . [LBE32EGZR
].IIJE muﬂ' ..... 90931 2E9 poRELTd]w
log#" . . . . . . DBEELIEE  logoosw . . . . . D95M14la
The caleulation by mesns of fonnulas IIL, VI would be as follows: —
fogemn . . . . 044847140 logtangd . . . . . D0804250
logsind . . . . . . BL.BBETATO logtan g . . . . . BEC20D%ER
log sin 3 L., BB019984s  logecss .o L. 008241410
= — 3787 407,02 log sin{e—1L 42 . 72440305
p—1-1 == (" 24" B .34
h—f = 195 47 40 24
B,

Regurding § end # ax variable gquandities, the differentistion of equation III,
eriicie 6, gives
nutmﬁd,i=wtmﬁlif+nmuudu,_
or
XIL df=wn(i— 2)di4-sndeos(h — Q) du,
I the same manner, by differentiation of equation T, we get
XL, d(L— §)=— tan J cos{i — Q.]Ilit'-]-ﬁdm
Fimally, from the differentistion of equation X1, comes
drf==oos il dr — reindd g,
or
XIV. dr'=cosgdr—rsin#sin{l — §)di —rendsinivos (2 — 2)du,
In thie last equation, either the parta that contain df and Jw are to be divided by
206205", or the remaining ones sre to be multiplied by this number, if the
changes of § sl & are supposed to be expressed in minutes and peconds.
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53,

Tha position of any point whatever in space is most convenlenily deter
mined by means of its distances from three planes cutting each other at right
angles.  Asowming the plave of the ecdiptio te be one of these plases, sod denet-
ing the distance of the heavenly body from this plane by # taken positivety on
thé novth side, negatively on the south, we shall evidently have s=—¢"tan § =
rem@=raniaine  The two remaining planes, which we also shall consider
drawn through the sun, will project great eiroles upon the celestisl spheve, which
will eut the eclipiie at right angles, and the poles of which, therefore, will lie in
the ecliptie, and will e nt the distance of $0° from each cther. We call that pole
of each plane, lying on the side from which the positive distences are counted,
the posifive pole. Let, accordingly, & and ¥ 4 90° be the longitudes of the
positive poles, and lat distances fiom the planes to which they respectively
belong be denoted by x and g Then it will be readily percaived that we have

=reesfoens (A —Q)eos (N— @) f-recagsin{l— glen(N—g)
p=ran{l—}
=roosfsin (h— @joos (N— §)—roos f cos(h— & )sn{N— ),
which values are transformed into

w==rcoe{N— Q) ooan 4 roosdsin{N—Q)sinn
F=roeionn{N— Q)ene—ran ([ §N— g )eoew
I now the positive pele of the plane of & 12 placed in the aseending nede, so that
N = g, we shall bave the most dmpie expressions of the coiirdinates =, p, 2, —
F=roosy
y=rooafdinu
&= ¢ ging &n &,
But; if this supposed condition doss nod oceur, the formules given above will
still acquirs a form almost equally convenient, by the iotroduction of four
auxilisTy quantities, o, §, 4, B, 0 determined ax to have
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cos (N —Ri=asind

cozigin{N — @)= coed

o il [ Y e B ) == B sin B

posieoa{ NV — Q@ l=4eoe K,
{saa article 14, IL}. We shall then evidently have
g ==radn s 4 4)

y=rbsin(n+ B
= rginfsinn,
54.

The relations of the motion to the eclipthe expluned in the preceding article,
will evidently hold equally good, even if sowme oiber plane shonld be substituted
for the ecliptie, provided, only,the position of the plane of the orbit in respact
to this plane be known; but in this case the expresslons longiinde and lathude
must be suppressed. The problem, thevefore, presents iftself: From fhe dnows
poeition of he phone of dhe orbit and of aweher new plawe fn respert fo the echipbic, fo
derive the position of the plane of the ordid . resport 2o the mew plmie, Let 5 R, B 8%
n Q" be parts of the great circles which the plane of the ecliptie, the plane of the
orbit, end the new plane, project wpon the celestinl ephere, (fig, 2. In order
that it mey be posdble to assign, without ambiguity, the fnclinstion of the second
gircle o the thied, and the plaee of the sscending node, one direction or the other
must be chosen in the thied eircle, snalogous, as i were, to that in the ecliptio
which iz in the ceder of the signs; Tet this direction in our figure be from i toward
&', Moresver, of the two hemisphers, saparated by the eircle 5 &', it will be
neceszary to regard ope a2 enalogous to the worthern bemisphere, tﬁa other to
the southern ; thess hemispheres, i fact, are alroady distinet in themselves, sinea
that is slways regarded as the nurthern, which = on the right band to one meving
forward* in the cirele acenrding to the order of the dens.  In our figore, then, 2,
m, &', are the ascanding nodes of the second civele opon the fivet, the thisd npon
the first, the secomd upon the third; 130°— a3 R, Bn R, s Q'R the inclins-

‘hﬁﬂhrmﬁﬁﬁhww;dmwmwmm
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tions of the second to the first, the third to the fiest, the second to the thind,
Our problem, therefore, depends wpon the sclution of a spherical tetatigle, in
which, feom ene side and the adjacent angles, the other parts nre to ba dednead,
We omit, a5 safficiently well known, the common precepts for this case given
in spherieal trigonometry : snotber method, derived feom certain equations, which
are sovight in vain in our works on trigonometry, is more convenicntly employed,
The following are these equations, which we ehall make frwquent use of in futures
a; b ¢ dencte the eides of the spherieal trinngle, and 4, B, ¢ the angles oppo-
site to them respectively; —
[ Endl—a) s HB—

e

LR £

sizd(bte)  candif—m

e e o

1L c*g—e _ s d (B0}
e g @ oo g

v it _eidso,

Althoagh it iz necessary, for the sake of brevity, to omit here the demonstration
of thege propositions, any one can easily verify them in triangles of which neither
the sides noe the angles exeead 180F, But if the ides of the spherical trisngle is
conoeived in it groatest yenerality,so that nefther the sides nor the angles are
confined within any limite whatever (which affords several remerkable advan
tages, but requires certaln preliminary explunations), ceses mey exist in which it
is necessary to change the signa in all the preceding equations; sines the former
signs are evidently restored as soon 92 one of the angles or one of this sdes s
increased or diminished 360°, it will always be eafe to retain the signs as we
have given them, whether the remnining paris are to be determined from o side
and the edjacent angles, or from an angle and the adjacent sides; for. either
the valuwes of the quantities sought, or these differing by 360° from the true val-
ved, nod, therefore, equivalent to them, will be obtained by oor formoulas. We
reserve for another ocomsion a fuller elocidation of this subject: baoause, in the
meaatime, it will not be diffioult, by a rigerous indunetion, that iz, by n complete
enumeration of all the cases, to prove, that the precepts which we shnll base upon
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these formulas, both for the solution of owr present problem, and for otber pur
poees, hold good in oll coses generally.

5b.

Dissignating as above, the longitude of the ascending nede of the orbit wpon
the ecliptie by @, the inolination by ¢; also, the longitsde of the aseending node
of the new plane npon the ecliptie by n, the inclination by £ the distance of the
ascenaling node of the orbit npon the vew plane from the ascending node of the
new plane upon the ecliptio (the are u @' in fig. 2) by @7 the inclination of the
orbit to the new plane by ¢ ; finelly, the are from & to @7 in the direstion of the
motion by ¢ the edes of our spherical triangle will be B —wu, 27, A, and the
oppesite angles, s, 180° —d, &, Henge, according to the formuolas of the preceding
asticle, we shall have

singisind (A 4 Sy=sin§{Q —u)sn §{42)

win & oo f (R o) =cos § (2 —n)ain §{{ —&)

cosdisin § (0 —A) =din § (2 —aleosd{i L&)

-L‘:uuh*mui[ﬂ"—d}:mi{ﬂ e 1] 08 [ e ),
The two first equations will formish § (@' 4 ) and sin §7'; the remaining two,
(B — ) nod eos d 4 from § (844 and 3 (G — o) will follow @' and A
from sin ¢4 amid 006 § 47 (the agreement of which will serve to prove the ralonla-
tlon} will result &,  The uncertainty, whether §{2° <4 4) and § (2" — ) should
be taken hetween O and 1807 or betwean 1807 and 3607 will be vemoved in this
manier, that both o 41, cos 47, are positive, simes, from the natore of the case,
must sl balow 1807,

LN
It will not prove unprofitable to illustrate the preceding precepts by an
expmple, Let @ = 172728137, i=34"88'1"1; let also the new plane be
parailel to the equator, so that 5= 1407 ; we put the angle =, which will be the
abliguity of the ecliptic — 23°27' 55".8. We have, therefore,
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—n= — 1" 31" 46".3 AR —nl= —%4553"15

ite= B8 5080 t(i4= 20 258 .46

f—e= 11 10+ 5.3 3t = 5 35 2 .05
logsind {8 —a) . . BE17T3028n  logeosd (@ -—n) . . 90000018
logein d (ite) . . . DGEE24EL logain § {i—#) . . . S.08R1405
logeosd(id-e) . . . SHIEIOE logeos ¢ (f—e) . . . BDETESLE

H.:'!]u: e hﬂ.-'lil'ﬁ

logsin §¥sind (@ 4 4) S50855104 logeosdd sind (Q—d) 875801540
logsind foosd (@' 4] S95T2028  logoos i eosd (R'—.) 00960960

whence ¢ (R ) =3841"40"19°01 whenee 3 {Q'— 4) = 358" 41 51" 43
bogsin ki ., L . . DODB4EAE  logassdd . . . . . DDOTTIOR

Thns we obtain ¢ = 5° 61 B0°445, & =117 43’ 6280, @' = 388 50750745,
A==—14"52"12"42. Finally, the point » evidently corresponds fn the celeatinl
sphere to the autmmeal equinox ; for which reason, the distance of the sseending
node of the orbit on the equator from the vernsl equincx {its sighf oueenson)
weill e 158% 307 50748,

In order to fllustents articls 58, we will continue $his example still further,
and will develop the formulas for the cobrdinates with reference to the three
planes passing through the sun, of which, let one be parallel to the eguator, nnd
let the positive poles of the two others be situated in right ascension (1 and 90°:
let the distances from these plaves be respectively = & p. I now, moreover,
the distances of the heliccentria place in the eqlustial sphere from the points &,
i3, are denoted respectively by n, of, we shell have o = g — f==y | 145512742,
and the quantities which in article 58 wore represented by £ ¥'— 4, «, will here
be ¢, 180° — @', o', Thus, from the formulas there given, follow,

logagnd . . . . 00887107  logésm® . . . . 9D.5838058
loguessd . . . . 055468808 logbeosB . . . . Q.BE95519a
whence 4 = 248° 55 22°07 whenes B = 108" §'54".97

loga . . o . . . GUBETHER  logd . . . . . . DHO20B4S,

We have therefore,
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# = ar ein (W - 248 55'22°.97) = ar sin (u - 2687 47'35°.39)
y=Dhrsin (4 + 168 554 .97) = besin(u-- 172 58. 7 .59
d=crsiny . == ¢rain (w4 14 52 12 42)
in which log ¢ = log sin & == §.30318 70,
Another sohetion of the problem here trested is found ie Fon Fyed’s Minatlioks

Charraspondoe, B, TX p B85

o1.

Aeceordingly, the distanoce of a heavenly body from any plane passing through
the sun can be reduced to the form krsn (-4 &), ¢ denoting the true anomaly;
kwill be the sine of the inclinstion of the orbit to this plane, & the distance
of tha peribelion from the sseending oode of the orbit in the mme plane. 8o far
as the position of the plane of the orbif, snd of the ling of apsides in it, and also
the position of the plane te which the distances are reforrad, can be regarded as
eonstant, & snd K will alse be constsnt. In such & case, however, that method
will be more frequently ealled into use in which the third assumption, ot least, is
not allowed, even it the perturbations should be neglected, which always affact
the first and second to a certnin extent. This happens as often as the diatances
ase reforred to the equator, ov to & plase cutting the equator at a right anple
in given right astension: for sinea the position of the equator is veriable, owing to
the precesion of the equinoxas and moreover to the nutstion (if the true and net
the mean position shonld be in question), in this ense slso & wnd & will be sabject
to changes, though undonbtedly slow, The comprtation of these changes oau be
made by means of differential formulas obtained without diffienlty: but hers
it may be, for the sake of brevity, safficlent to add the differentisl varistions
of 1, 2 and o, w0 fur as thay depend upen the ehanges of § — 5 and &

d & =z &in tdnﬂ"d{ﬂ—t}—m 2da

dgr="dgrg_ny By,

dd =22 f d[n_;j+_§- da.

Tinally, when the problem ouly is, that several places of a celestial body with
a
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vespect to such variable planes may be eomputed, which places embrace o mod-
erate interval of fime {one year, for example), it will ganerally be moet con-
veniont to ealeulate the guantitiesa, 4, b, B, o € for the two epoche betwaen
which they fall, and to derive from them by simple interpolation the changes for
the particular times proposed.

a8,

Our formulne for distances from given planes involve » and »; when it is
necesssey to determine thesa quantities fisvt from the time, it will be pomssible 4o
abridge part of the operstions #tiil more, and thes preatly to lighten the labor
These distances can be immedistely derived, by mesna of o very emple formula,
from the eccentric anomaly in the ellipse, or from the suxiliory quantity F or »
in the hyperbols, so that there will be no need of the comnputation of the troe
anomaly and radius vector. The expression ke sin (¢ 4 K i= changed ;

L. For the elfigss, the symbols in article & being vetained, Into

ok 008 g ooa A sin E - ak sin K{cos B—g),
Determining, therefore, 4 Z, &, by means of the equatione
akein X —Jsn X
akcoap oos K = Joos L
~—gakgin K= — el ginL=1,

ur SXpression passes into !sin (£ L [ -+ %, in which { L. ) will be constant, o
far ns it iv admissible to regard &, K, ¢ o= eonstant ; bt iff not, the sume precepts
which we Iaid down in the preceding article will he suficient for eoinputing their
chunges,

We add, for the sake of an exawmple, the transformation of the axpression for
# fund in article 58, in whish we put the longitude of the perikelion — 12117
S04 ¢ = 14" 15 81797, log ¢ = 04423700, The distance of the perihelion from
the sscending node in the ealiptis, therefpre, = BOS° 4% 20" T =—w—r; henee
A== 215° 36°56°.00.  Thus we have,
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logak . . . . . 0441713 legldnL . . , . G1727800w
gen & . . . . O.7316BETs JoglewsI . . . . 0.8581154s
legekeoag . . . D4ZTE450 whenes L — DA A 517,80
logens K . . . . Q02544084 log = 04814027
: logi = 3 BRE25AT
I= ~+ DEGATHER,

IL In the hyperbols the formula &rsin(p 4- &), by article 21, passes into
h4pian F-L-reec F, if we put ebksin K=, bk tan w cos K=p, — 5 kgin K
=v; it ia alao, evidently, allowable to hring the same expression under the form

ilh.{,?%.!;i.l‘
it
If the euxilinry quantity « i used in the place of F, the expression &rein (¢ 4 &)
will prss, by asticle 21, into
@ +fu+1,
in which &, #, 7, we determined by means of the formulas

@ =h=eabfsin
fe=d{v L p)=— fobkain(E—y)
=1y —p) =— febisin (E-4p}
IIL In the parsbols, where the troe anomaly is derived directly from the time,
nothing would remsin but to sobetitute for the radivs vector its value, Thus
dencting the perihelion distanca by g, the expression Frsin (¢ - E) becomes

g'lli:uEIEI-_-E!.
akh.

The precepts for determining distances from planes passing through the sun
may, it is evideat, be applied o distances from the earth; here, indeed, only the
moet simple cases usnally oceur. Let B be the distence of the enrth from the san,
L the heliokentric longitude of the earth {which differs 180° from the geccantric

Inmgitnde of the pum}, lastly, X, ¥, Z, tho distences of the earth from three planes
culting each other in the sun at right sngles  Now if
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I The plane of Z is the ecliptie belf, end the Jongitades of the poles of the
N4 00°; then _

X=HRoow(L—N) ¥F=Rain(L—N), E=1. _
IL If the plane of & is pursllel to the equator, mud the right ascengions of the
pnlwafﬁamﬂﬁngphnuﬁmnﬂnhthsdhhnmml;ﬂmtﬂpmﬂrﬂy
0% end ¥, we shall have, dencting by & the obliguity of the ecliptie,

_I:_R(‘,IH...E, F=Rﬂﬁlﬂt‘ﬂ..ﬂ, Z=Reanesn L,

The editcrs of the most recent soler tables, the illustrious Vox Zaon and
Layeng, first began to take socount of the latitude of the s, which, produced
by the pertarbations of the other planets and of the moon, can searcaly amomnt
to one seond.  Denoting by B the heliocentrie latitade of the earth, which will
always be equal to the latitude of the sun but afected with the opposite Bigm, we
ehall have,

| Bu Cure 1L
X=~FResHeos(L—N} | X=FRosPBoosl
F= R oos B ein{L—XN) ¥Y=flceoeBoosesin L— Rein Bens
Z== Rén R £=ReosBenesin L 4 Bsin B vost.

It will always be eafe to substitute 1 for cos B, and the angle expressed In pazts
of the radius for sin B. : :

The colivdinates thue found ave referred to the cetre of the earth. If £, 4, 5,
are the distances of any point whatever on the mofice of the earth from three
plunes drawn through the centre of the earth, parallel tn those which were drawn
through the sun, the distances of this point from the planes pessing thromgh the
sun, will evidently ba X - E, F+n, & : the values of the ectindinates &, », [,
are easly determined in both cases by the following method. Liet g bie the wmdius
of the terrestrial globe, (or the sine of the mean hovizontal parallax of the eumn,)
A the longitude of the point at which the right lne dvawn from the centre of the
mihiﬂthﬂ]miutmthamrﬁﬂamututhace]ﬂﬁnhphm,ﬂtha latitude of the
pane point, o the right ascension, ¢ the declination, and we shall have,
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T w1 In Cas 0,
P=gqomfeos(h—N) | E=peosdcosc
f=geoefen A—N} | g=ypcodsne
{==gpsin g f=gend

This point of the celestizl spheve evidently corresponds o the genith of the
plece on the surface (if the earth is regarded as a sphere), wherafore, its right
eacension agrees with the right ascension of the mid-heaven, or with the sderes)
mm&mmmmmﬁmﬁﬁﬁEMﬁtﬁﬂpm;
if it chonld be worth while to take acconnt of the spheroidal figure of the encth,
it would be necessary to adopt for & the sarresfed elevation of the pole, sni for
¢ the troe distence of the place from the centre of the earth, which are deduesd
by means of lmown rulea The longitode and latitude 1 sud 8 will be derived
from & and & by known rules, also to be given below: it is evident that ) coin
cides with the longitude of the somagseinal and 907 — § with its altitade.

G0,

Ifs,y,#,dambathadiﬁmnfahawﬂ];hodyﬁomthmaplmumtﬁng
each other st right angles st thi sun; X, ¥, & the distances of the earth {either
of the centre or a point on the swface), it i= apparent thit # — X, 3— 7, 20— 3,
wﬂdh&ihnﬂiﬂmnﬁufthahmvmbhudyﬁmﬂnmplmudmthrmgh
the aarth parallel to the former; snd thase distances would have the o relation
hthadhhnuaufthahﬁdyﬁumthauﬁhandihgm?ﬁmffthtia,ﬁephm
afitaptqjmﬁnnhthaﬂﬂwﬁﬂmhmhgnﬁghﬂhammitﬁﬁmmauﬂ:}
ﬁhinhm.r,r,hmvatuihdiummﬁ'umﬂ:ammﬂthahaﬁmhiuplm. Lot A
be the distance of the celestial hody from the earth; sappose a parpendicular in
the eelestial sphere let fall from the goocentric place on the grest circle which
ecrresponds fo the plane of the distances e, and let 2 be the distance of the
intersoction from the poeitive pole of the great circle which corresponds to the

* In the Bronder songs: for properdy thia expoession redore o fhet case in which the right Tnpis
drewn frnn the céntee of the exrth.



T RELATIONS FERTAINING SIMPLY [Boox 1,

plane of the distences x; end, finally,let & be the length of this perpendiculer, or
the distance of the peocentric place from the grest ecircle corresponding to the
digtances =, Then bwill be the geocentric latitade or declination, sccording na the
plane of the distances # i the ecliptic or the equator; on the other hand, s 4+ X
will be the geocentric longitude or right aseensiom, if & denotes, in the former
cage, the longitade, in the latter, the sight ascension, of the pole of the plue of
the distasces . Wherefore, we shall have

F—XK=coelcoag
p—F=Adcosbsina
g — == A min &,

The two firdt eguotions will give o and A eosk; the latter quantity (which mnst
b posttive) combined with the third equation, will give § and 4.

61

We have given, in the preceding articles, the easiest method of determining
the peceentric place of o heavenly body with respect io the ecliptic or equater,
either free from pasellax or affected by it, and in the same memmer, either free
from, or affected by, nutation. In what pertains te the nuiation, all the differenes
will depend upon this, whether we adopt the mean or true positicon of the equator;
as in the former case, we should comnt the longitudes from the mean equinox,
in the latter, from the frue, just ng, In the one, the mean obliquity of the ecliptic
is to be used, in the other, the true obliquity. 1t appenss ab coce, that the greater
the number of abbrevistions mtroduced into the computation of the eofirdintes,
the more the preliminary operstions which are required; on which aseount, the
superiority of the method abeve explained, of derivisg the cotrdinstes immed
ately from the ercentrie anomaly, will show itself especislly when it s necessury
to determine many geocentrie places  Hub when one place only is to be com-
puted, or very fow, it woold not be worth whila te undertake the laboer of eslou-
lating so many auxiliary quantities.  If will be preferable in such a case not to
depart from the commen method, socording to which the true anomaly and radius
veotor are deduced from the eccentric ancmaly; hence, the heliesnivic place
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with respect to the ecliptic; henoe, the geocentric longitude and latitnde ; and
kenes, finally, the right asconeion and declinetion. Lest any thing should seom
o be wanting, we will in sddition briefly explain the two last operations.

62,

Lot & be the heliocentrie longitude of the heavenly body, # the Jetitude; [ the
pacpentric longitads, § the latituds, r the distence from the sum, o the distance
from the earth; lastly, let L be the heliosentric longitiede of the earth, B the lat-
itude, £ it distance from the sen, When we coanot put B=1{, our formulas
may aled ba applied to the esse insvbich the beliocentrio and peocsntric places
are referred, not to the ecliptic, but to any other plane whatever; it will only be
necesanry to suppress the terma longitude and lstiiude; moreover, account can
be immedistaly taken of tho parallsx, if only, tha heliceentric place of the enrth
ie referrad, not to the centre, but to & point on the surface. Lot us put, moreover,

reoef=r, doal=4, Reos B=—1F,

Kow by referring the place of the heavenly body and of the sarth in epace to
three planes, of which one is the ecliptic, and the second and third have their
poles m longitede N and & 4= 80°, the following eguations imomedintely present
themealves :—

Foeos{h —N) —RBem{L—=N)=dcoa{l =X

¢ R (b — .'Tl:l-a- K #in (L= 2] = an |:|.r—_:"|-'."|

# ten g — K ian B = A tam &,

in which the angle IV i= wholly arbitrary. The fimst and second equations will
dotermine directly {— X and A, whenee & will follow from the thied; from &
and o yon will bave 4. That the labor of caloulation may be as convenicnt as
possible, we determine the arbitrary angle ¥ in the three following ways:—

I By putiimg == L, we shall make
/

v o b — L —1 ==,

T 8in (L — L)=P,

and I— I, j—f pnd &, will be found by the formulas
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tam |:.:' —_ui'.;l )

ol My

T e
F=imn .t.; — e (i—1I)

“E m.ﬁ;.-: fan I?
tand= P
ey
X
IL By putting &=1, we sholl mske
Ko \ & ;
- 8 (h—IL)= P, l——=emil—L)=§,
and we ehall have,
R .
tan (i —L) =—
o N=74

a4 Fo g g

o En{i—i)  cos (i—1)
tun 3 —% tan K

Lanﬁ:—ﬂ-.—- 7

[IL By putting -ﬂ'-=i'|:"'~-|- Ly & oand o will he found by mesns of the

equations
AL
Lau{LE—HJ—L:] —_,-—hti]'.lél';.-—ﬂj
po PRy AT} _ (=R (A= T
Hn(f—4 (14 L)) —  emli—§ A+ 50)

and ofterwards 4, by means of the equation given shove, The logurithm of the
fraction

S
F =
. . v B¢ ;
1 conventently computed if' = is put = tan {, whenee we have

;.a—_—ft'-:ri'-.fl'-[-j'..l l.]

In this manner the method IIL for the determination of { s somewhnt shorter
then L snd IL; But, for the remaining operations, we consider the two latier
preferable to the former.
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For an example, we continue further the ealenlstion carried to the helio-
centric place in article 51, Let the heliocentrio Jongitade of the sarth,
2410 4905 = £, snd log B = 09080079, correxpond to that place; we put
the lntitude =0, We have, therefore, }— fi=— 17" 24" 20707, log & =R,
-and thus, according to method II,

log® . . .. 06720818 log(1—@) . . . . 98520258

log sin (b — L} . 047588580 1— Q== 04495025

logeos (A —L} . DO78R445 ¢= 05506075

log P . . . . %1488458n

log g . . . . BT7408421

Henoe { — i = — 147217675 whenee [ —= Bog® B4 22" 28

log% . . . . 97548117  whence log#* . . . 00707288

logtend . . . 880200088  logeosd . . . . . . DEOTSI44

logtand . . . O04748TO0n  logd . . . . . . . (.0824180
b=— G255

Avcording to method 0L, from log tue § = $6720815, we have { = 257158701,
and thus

logtan (d6°-0) . . . 04441001
logtan ¢ (I —L}) . . . 918430384
logtan {f—§h—§ L} . 06200020
F—dl—d L= 23" 5 18"7%
whenoe = J52° 84297
tit s b= IEH'I'EHJIJJE} SRS IR LS e
L.

We further add the following remarks concerning the problem of article 82,
L Byputﬁng,inthawmdaquﬁnntharag-hqn,
10
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there resulta
Rein () — LY== A4 am {J—1}
¥ sin [k — L} = A éin {1 — L)
# e ([l — i) = K sin (I— L}.
The first or the second eguation can be conveniently nsed for the proof of the

culeulstion, if the mathod L or IL of meiicle 62 has been emploved, In onr
exsnple it is a3 follows: —

logsin(A—I) . . . 04758658s  J— Le=—B81°4526°82
g, . . ... . RIBIEILT

0.7212650n
logsin (I— ) . . . 97212536n

II, The sun, and the two points in the plane of the ecliptic which are the
prajections of the place of the heavenly body and the place of the earth form w
plene triangle, the sides of which ave 4, K, #, and the opposite angles, either
L— L f—A 180° —{+ L, or L—J, k—J and 180" — L 4-I; from this the
relations given in L readily foliow,

TI1. The sun, the tree place of the heavenly body In space, and the tme place
of the earth will form another triangle, of which the sides will be 4, B, r: if,
therefore, the angles opposite to them respectively be denoted by

80, 180°— 51,

we shall have

EIETE==I%'£=¢I_:-5":|:T1.
The plane of this trisngle will project a great cirele on the celestinl sphere, in
which will be situeted the heliocentric place of the earth, the heliocentrie place
of the heavenly body, and its geocentric place, snd in such & mpamer thet the
digtance of the second from the first, of the third from the second, of the third
from the first, counted in the same divectbon, will be vespectively, & T, 8§+ 1

IV. The following differentinl equations are derived from known diffarential
varistions of the parts of o plane trinngle, or with equal facility from the formu-
laa of articls 82:—
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o L e 8 Dl L 7.
g = — ¢ 5in () — 742 + cos (A —1y &

+* s Baln bein (1 — ¥ e a4
dp=TER O D) 4 LR A0 5 (tan f — eoe (1 — P tan B},

in which the terms which comtain d+' d 4" wre to be multiplied by 208265, or the
vest mwe to be divided by 206265, if the vorintions of the angles sre cxpressed in
seanmde, .

V. The inverse problam, thet is the determination of the heliocentrie from
the pestentric place, is entirely analogons to the problem solved above, on which
aceount it would be smperiluous to parsue it furthar, For all the formulas of
article 62 answer also for that problem, if) only, all the guaniities which relate to
the heliocentrie place of the body being changed for analogous anes raferring to
the geocentric place, L -4 1807 and — B are substituted respeciively for L and E,
or, which i¢ the sumne thing, if the peceentric place of the son is taken ingtead of
the heliseentrie place of the earth,

5.

Although in thet case where only & very few geocentrie plaees sre to he
determined from given elements, it 3= hardly worth while to employ ull the
devices shove given, by mesns of which we can pess directly from the eccentrie
anomaly to the geocentrie longitude and latitade, and =0 alse to the right ascen-
sigr. and declination, becaase the saving of labor therefrorn would be lost in
the preliminary compotation of the maltitude of auxilisry guantities; still, the
comlinetion of the veduction to the ecliptle with the computation of the peocen-
tric Jongitude and latitude will afford an advantage not to be despised. For if the
ecliptic iteeli is sssumed for the plane of the cobrdinaies & #od the poles of
the planes of the cobrdinates @, y, are placad in 8, $0° 4+ 2, the codrdinates are
very ensily determined without any necessity for suxiliary quantities. We have,

T= s X=Fenl—1Q) g— K= A com(]—2)

g==reosisinu Fe= Fan(l—g) p—F=4¢in (1—Q)

g=ranizsine F= B tan B g—Z=Atan b.
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When B =0, then &= B, Z=10. Acconding to these formulas our example is
eolved ne followe: —
L—g2=2315°120".32.

lope Hi VR 03269877  log B . . . . . DODS0FTR
logeosw . . . . . 0.0824141n  logows{L—@) . . DI2ZE0ITR
logene . . . . . S4454T14n  logsin{L—R} . . H.7384353x
Ioge . . . . .. DB0BL0IER  lop X ., L . . DOZ0TOOG
bgranae . . . . 877146814
Ingeoss . . . . . (9885268
logaind . . . . . DBEETETD
logg . . . . . BTOU0BGT logF. . . . . . D7205332a
ogs . . .. . . DIZTRIELR  Z— 0

Henee follows ' '
log{z—X)} . . ., (07056068
leg{pg—F) . ., B4807148m
whenos ({—12 }= 181°2&" 34" 49 i= 952754 22722
logd . . . . . . 00THTERZ
logtand . . ., ., . QOET4ETEm P= — G 21 45 .08

66,

The right ascemsion snd declination of auy point whatever in the colestial
upﬁawmdﬁnwdﬁumﬂﬂnnpﬁaamihttudahrth&mhhuuufth&npﬁaﬂcﬂ
triangle which is formed by that peint and by the north poles of the scliptie and
equator.  Let £ be the obliquity of the eoliptic, / the longitade, 5 the latitude, o
thangl:ta&n&nu{un,ﬂthadmhnmun,mdthmmdmufthatﬁmghmﬂhﬁa,
B0F — 4, BiF — & ; nwﬂlhapmpartatnkaﬁ:rtheangleeuppmtathﬂmd
sl third sides, 07 4 e, 0 "= § (i we comeeive the idea of the sphercal tosngle
i its ntmest generslity) ; the thisd angle, opposite & we will put= 00— E Wa
ahallhw-e,tharaﬁ:m,hgthnfmulm,mdaﬁi,
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n (45F — d st § (F o) =an (457 <4 § [ ain (45° — & (e - 8))
i {45° — 3 ) 008 {5 - &) = coe (45° | 4 1) cos (45° — § (s — 1))
08 (45°— § &) &n 4 (F—a) = coa (467 - § [ sin (46" — § (¢ —3))
coe (43" — & d)cos # (£ — ) = ain (45° - § Joos (45° — & (¢ 1 #))
The first two equations will give ¢{E - &) and sip (45° — 3 4); the laat twe,
b {E— ) and oos (d6° — § 8); from §(F 4-w) and § {F—r) will be bad a, and,
at the same time, £; from st {467 — § &) or cos {46 — § &), the agrecment of
which will serve for proving the calemlation, will be determined 45° — {4, and
hence d, The determination of the angles #{E L &) §(E—e) by means of
their tangenis is not subject to ambiguity, beenase both the sine and cosine of the
angle 45°— § & must be positive,
The differentials of the quentities &, & from the changes of I 4 are found

sccording to known principles to be,
ds -l!n.qu.llde. nﬂ.ﬂ.ﬂi
s

dd = coa koosd d !4 sin £d &,

fi7.

Anather method hnqﬂradnfm}mg the problem of the preceding erticle
from the equations
cosgamn{=sanetané 4 cosftun e
gin & == cos £ eln b - din ¢ coabainl
o008 ¥ oos { = cos a coa d, :

The puxiliney angle 4 is determined by the equation

ten b

hﬂﬂn—-?‘!‘,
and ywe shall have

ook {5 -9) i 1
L T

tan f = uin & tan {z 4 &),
to which equations mey be pdded, to test the caleulstion,

coa fg &) o0a faln d
o0 Gela e 5

m#—“ﬁi?l,nrm&=
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This mmbignity in the determination of & by the second equation is removed Ly
this consideration, that cos e and eos { must have the same sign,

This method is less expeditions, if, besides ¢ and &, E slso is required: the most
convenient formula for determining this angle will then be

10N B 208 18 enpamal
s Bl o — -
[SILE. cox §

But E cannot be correctly computed by this formuls when + cos E differs but
litHe from unity; moreover, the ambigaity remaing whether E should be taken
between 0 and 180°% or bhetween 180° amd 350°% The inconvenience is rarely
of any importence, particularly, sines extreme precision in the value of F i= not
required for eomputing diffrential ratios ; but the ambigulty is easily removed
by the help of the equation

cod b cosd ein = com & — gin S sin &,

which elows thet F must be taken betwesn O and 1807, or betwean 186° and
5007, monording ss cos s is groater or less than sin b sind : this test ia evidently not
nocessary when either one of the angles & &, does not exceed the lmit A8°32";
for in that caze sin F ia alwaya positive. Finally, the sume equation, in the cose
above peinted outy, can be applied to the more exact determinetion of X, if it
appears worth whale,

65,

The sslution of the imverse problem, that is, the determination of the Loz
tude and latitude from the right ascensfon and declination, ie hased upon the same
spierical triangle; the formulss, therefore, above given, will be adapted to this
purpoze by the mere interchange of § with 4, pad of J with — e, Tt will not he
unsceeptaile to add these formulas also, om account of their frequent vse:

Aveording to the method of articlo 88, we have,

Bt (43" — ¢ 8 aln & (' —J) = e0a (45" 4 § &) sin (46" — 3 (e - 40)
P (45" — ¢ bjeos d (B — ) =4sin (45" L } o) cos (45° — § (g —d)
coa (45" — § 3] sin § (Ko=) =sin {45 L # &) ain (45" — } (& —dY)
008 (45" — § §) cos ¢ (K 4 [} =cos (46" 4- § o) vos (45" — § (= -+ ¢1).
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As in the other method of article 87, we will determine the suxiliary sagle §
by the equation
mn it

“ﬁt:r‘,

and we shall hawve
_ﬂl{f—l_]h.ll
tan & =£uH;un{t—:}.

For proving the calculation, may be added,

o cosdenss  cos (D —a) cos Bsina
T T coaFeind . "
For the determination of B, in the same way ss in the preceding article, the fol-
lowing equations will answer : —

o posde _ Einpom ]

i
oo b oosd dn Feeose — gin baind,

The differentizls of J, 5, will be given by the formulas

FYERLLE Lo L PP
di=—eosEeosdda | snPdd,

6o,
We will computa, for an example, the longitude and latitude from the right
asension 85543 45"50 = o, the declinadion — B 47" 256" = J, and the obliquity
of the ecliptle 25°27 69726 —e, We bave, therefore, 407 - § & — 222° 51°53".65,
45" — § (2 |- ) =BT WAL BT, 45" — § (& — &) == 225X 1V7.27 ; hence also,
logeos (45" 4 o) . . D3BH0220n logsin(45°4-de) . . DE326503a
log sin (45° — 4 (¢ 4&)) BTEG041E  Jogsim (45°— 4 (s —4)) BHE5E112
log cos (46° — §{e-f- &)y DBOBB2EZ  logoos (40" -—f(e—4d))  DB23572
Iog sin (45°— 4 4)sim § (E—0} . . 08511238
log sin {45° — §Bleom $ (E—0) . . S.7750875n

whenee § [ F— 1) == 218" 50" 6°.30 ; log xin (46° — § §) = 0.8723171
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Togeos (40" — ¢ &jsind (E4-0) . . 0.5164015m
log coa (45" — ¢ $jeoa g (E'0 . . L70000420
whenee § (£~ 0= 200730749704 : log cos (457 — § §) = D.8230069.
Therefore, we have £ =— 4267 28'55".38, ! = — T°25'15" 45, or, what amennts
to the same thing, & = 60°26'50°.53, 7=352°84'44°55; the angle 45° — § 4,
obteined from the logerithin of the sing, is 45° 10 55%12, from the logarithm of
the cosine, 48° 107 58”17, from the tangent, the logarithm of which is their diffs
ence, £8°10°68"14 ; hence § = — 6°21'56".28.
Agpording to the other method, the caleulstion is as follows: —

logtand . . . . S1805082x  Clogoosl . . . . CB626100
logeine . . . . BE7107OEa  logeos{f—e)} . . D.8780703
bogtanf . . . . 08173270 logtanae . , . . SBVR1EG0R
b= 6471776783 logtami. . . . . 91147782
et = 40 497 57 {= BE27 94744750
logand . . . ., 91111252x
log tan (¥ =2y . . DO8623TE
logtand . . . . , W0475106x
b= — 6" 217°587.26,
For determining the angle £ we have the double caloulation
loggine ., . . . Q6001144 logeime . . . . . GAMI144
logeoose . . . . 99087024 logeoad . . . . . GBOBE4T0
Clogeosk. . . 000208858 Clogemsd . . . . 000518313
logeos £ . . . DAOL5ZET logeg®. . . . . SB0I5E2T
whenee I= G 24" 557,84,
70,

Something is still to be added concerning the perelfer and elervation, that
nothing requisite for the computation of geocentrie plices may be wanting,
We have already deswibed, sbove, o meihed, acoording to which, the place
ﬂﬁﬂﬂb}pﬁhﬁﬂﬂﬁhﬂﬂﬂfﬂhﬂiﬂﬁiﬂ@pﬂhﬁﬂﬂﬁ&ﬂtﬁﬁﬂfﬂm
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earth, can be determined divectly with the greatest faeility; but s in the som-
mon method, given in wticle 62 and the following articles, the geocentrio place iz
commonly referred to the centre of the earth, in which cass it {2 said to be free
from parallase, it will be necessary to add & particolar method for determining the
parallax, which iz the difference between the two places

Lot the peocentrde longitude and latitude of the heavenly body with referance
to the cemire of the earth be L, #; the mme with respect to sny point whatever
on the surface of the earth be £ &; the distance of the body from the centen of
the eurth, r; from the polut on the surface, o lastly, lot the longitede Z, and the
Intitude B, corveapond to the sesith of this point in the celestial ephere, and lot
the radius of the earth be denoted by R, Now it i» evident that all the equations
of article 62 will be spplicable to this place also, but they can be msterinlly
sbridged, sinee in this place & expresses s quantity which nearly vanishes in
comparison with r and . The same equations evidently will hold pood i 1,4 L
danote right sscenaions instend of longitudes, end 5,5, B, declinations instead of
latitudes. Inm this case {—1, §— 4, will be the parallaxes I right =scension and
declination, but in the other, parallaxes in longitude pnd lesitude,  If, accord.
ingly, & is vegarded as e quantity of the first order, I —L 8 — 8, 4 — v, will be
gquantities of the same ordar; and the higher orders being neglected, from the
formulas of article 62 will be readily derived : —

Reox Béin (l— L
L i—im=otst )

IL 5—f =520 (e 8 008 (3 ) — tan B)
. 4—r=— Roos Rsinf {cotan § oos (L — L} + tan B).

The auxiliney sngle & boing so taken that
: _ tmB
t-mt!l-_mn_ i

the equations IT. and ITL asmme the following form: —
T §—fg=FomBow(l—Lidnif—8) _ EuinBain(H—4)

¥ oo # ren#
' — _ BomeBow (i —.L) ooa {1—#) B Bow (1—a
DL d—r==e= won Tt = mF 2,

11
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Further, it is evident, thet in L and I0, in order that 7— 24 and # — 8 may be
hod in seconds, for B, must he taken the mean pasallax of the sun in seconds;
bt in TIL, for B, must be taken the same pasallax divided by 206265%  Fmally,
when it ie required to determing in the inverss problem, the place free from
purallax from the place affected by if, it will be admisible to wse A, 7, 5, instond
of vy &, 8, in the values of the pamllaxes, without loss of precison,
 Frample. — Let the right ascension of the swm for the centre of the parth
be 220° 48" 44"656 = 1, the declination,— 15° 4074804 =@, the distance, (.0004311
==#: @l the ddereal time at any point on the surface of the easth expressed
in degrees, TE*20°§8" = L, the elavation of the pole of the point, 45° 757" = B,
the mean solar parallax, 8°8 = B, The place of the sun as seen from this poind,
and its distance from the ssme, are required,

logR . . . . .. DB34B0 legR . . . . . . 0.08450
logeos® . . . . . 084688  logsm B . , . . . 085200
Clogr. . . . . . OOMIE  Clogr. . . . . . 000418
Clogoossf . . . . 01879  Clogsind, . ., . , 010817
logem (b —IL) . . . QTE508 logem(f—e&y . . . B77158n
log{I—3) . . . . 038848  log(b—pg) . . . . U668E6A
l—i= 48388  b—fg= R} ]
I= 220° 46’ 487,51 b= — 16° 40 46*.58
logtan® . . . . . 000708 log{h—g) . . . . (&66EER
Ingeoe{h—=L} . . . 050808 legeot(#—¢&} . . . 0155228
Jogtend . . . . . 010T9Te  legr. . . ., . . 090582
b= BT logl* L. . . .. 468567
i (e — 145 46 44 log{r—d} . . . . G.A48207w
F—d = — 000804
A= 0.0904615

71

The aberration of the flxed stars, and also that part of the sberration of com-
ets pad planets due to the motion of the esrth alone, sriees from the fuct, that
the telescope i= carded along with the essth, while the ray of light is passing
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along its optical axia The ohserved place of s heavenly body (which is called
the apparent, or affecied by aherration}, is determined by the direction of the
optical axis of the telescope wit in such a way, that & ray of light proceeding
from the bedy on its peth mey bmpinge upen both extremities of its axia: but this
direction differs from the true dimotion of the ay of light in space. Lef us con-
gider two moments of time f, £, when the ray of light touches the anterior ex-
tremity (the centre of the object-glass), and the posterior (the foews of the ohject-
olass); let the position of these extvemities in space be for the first moment a, & »
for the last moment o, ¥, Then it is evident that the straight line of ie the true
direction of the ray in spooce, bot thet the straight line b or &% (which may be
regaried as parnllel) corresponda to the apperent place: it i= perceived without

difficulty that the epparent place does not dopend upon the lengih of the tube,
The differonce in direction of the right lines #u, ba, is the aberration smch ae exists

for the fixed stors: we shall pass over the mode of caleulsting &, as well Enown.
Tﬁiﬂﬂiﬂﬂ?ﬂ#ﬂiiiﬂ]lﬂiiﬁl&ﬂﬁﬂﬁhﬂﬂuﬁﬁnfmﬂmmdﬂiﬂgm:ﬁhﬁ
planet, for example, whilst the ray which Ioft it i reeching the esrth, itesIl
changes it place, on which seeount, the divection of this ray does not correspond
to the true geocentrie place at the time of obeervation. Let ws mppose the may
of light which impinges upen the tube at the thne £ to have left the planet et the
time T; and let the position of the planet in space at the time T ha denoted by
L, and at the time ¢ by p; Iasily, lat A be the place of the wterior extremity of
the axiz of the tube &t the time 77 Then it is evident that,—

Lat. The right line 4 shows the frae place of the planet at the time T

2. The right line ep the troe plece at the time {;

dd. The right line b2 or ¥« the spperent place st the time ¢ or § {the differ-
ence of which may be regarded as an infinitely small guenfity) ;

4th, The right line #a the sume apparent place freed from the sherration of
the fixed stors, ?
- Now the poinis P, a, ¥, lle in & streight line, and the parts Pa, a¥, will be
proportionsl to the ntervals of time ¢ — I\ &' —4¢, if light moves with an uni
form velocity, The interval of time f— i3 always very small on account of
the immense veloeity of light; within i, it Is sllowable to consider the motion
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of the earth as rectilinesr and ite veloeity as uniform: o also A4, 4 o will lie in a
steaight line, and the parts dm aa’ will likewise be proportional to the intarvals
f—Tr—1 Emit'nmudﬂyiﬂfamﬂ,thaﬂhanight]inui?,ﬁ:’mwd
lel, and thervefore that the first and thivd places are identical

The time ¢ — T, within which the light teoverses the mesn distanee of the
enrth from the sun which we take for mity, will he the product of the distance
Pa into 495", In thia caleulstion i will be proper to teke, instead of the dis
tunce g, either PA or pa, since the difference enn be of no importance.

FMmthﬂaaprﬁmipIEufnﬂnwthﬂﬂmath&daﬂfdﬂarmhﬂngﬂmlppﬂﬂntphm

of & planet ar comet for any time 4 of which sometimes one and sometimes
another may be preferred.
g Thatimeinwhinhthaﬁghtiap&uﬂngﬁmthephmtﬁuthaﬁrthmn}rh
subtracted from the given time; thus we shall have the reduced time 7T, for which
the true place, computed in the usal way, will be idention) with the appavent
plece for £ For compoting the reduction of the time § — T, it 15 vequisite to
koow the distance from the earth: generally, eonvenient helps will not b want-
ing for this porpose, we, for example, an ephemeris hastily caleulated, otherwise i
will b safficient to defermine, by a preliminary ealealation, the true distance for
thaﬁma#inthamudmam&r,nﬁdjngmuqu&gnaufpﬂnidm

IL The troe place and distance may be computed for the instant ¢ and,
from this, the reduetion of the time § — T' and henee, with the help of the daily
mﬁm{hlﬂgitndamﬂhﬁtude,nrlnﬁghbmmhnmdﬂmﬁnﬁﬂmLtharﬂ-
duction of the true place to the time 7

1L Thﬁhﬂli:ﬁ&nﬁiuphﬁnfthamrthmﬁyhampmedibrthaﬁmai;mﬂ
the heliscentrie place of the planet for the time 7' then, from the combination
of these in the usual woy, the geocentrin place of the planet, which, increased
by the aherration of the fixed stars {to he obtained by a wellknown methad, or
to be falen from the tables), will furnish the apgarent place sought,

The second method, which & commonly veed, i+ preferable fo the others,
Bacause there is no need of o doahle ealeulation for determining the distanca,
but it labors under this inconvenience, that & onomet be waed excapt several
places nenr each other nre ealealated, or are kuown from oheervation ; otherwise
1twﬁnlﬂnuthaudminﬂﬂatumudda:thauﬁmn1mﬁnnmgim
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The dissdvantage with which the first and thind methods sre neumberad, s
evidently removed when seversl places newr each other ave to be computed.
For, as eoon as the distances are known for some, the distances next following
may he deduced very conveniently snd with sufficient acouracy by means of
fumiliar methods. If the distance ia known, the first method will be generlly
preferable to the third, becawse it does pot requive the abermstion of the fixed
stars ; but if the denble caloulation s to be resorted to, the thind is recommnended
by this, that the place of the enrth, at least, is retained in the second caloulation.

What is wanted for the inverse problem, that is, when the troe is to be darived
ﬂ'ﬂmthanppﬁmntphue,mndilymmmmalﬁ Acocrding to methed L, you will
retain the place Lmﬂfumhangad,huinﬂlmvmthahmﬂf.hwhﬂhthﬂﬁ?m
place corresponds as the apparent place, into the veduced time 7% to which the
samie will eorrespond as the true place,  Accoviling to method IT, vou will retain
the time £, but you will add to the given place the motion i the time é— T as
you would wish to reduce it to the tme ¢4 f— T According to the method
1L, you will regard the given place, free from the aberration of the fized stars,
s the troe place for the time ¥, but the troe place of the earth, answering to
the {me 4 is o be retained s if # ales belonged to 71 The utility of the third
method will more clearly eppenr in the second book.

Finally, that nothing mny be wanting. we observe that the place of the sun i
affected in the seme manner by sberraiion, as the place of 2 planet: but since
both the distance from the esrth and the diurnal motion are neardy constant, the
aberration itself has an almost constani value equal to the mean motion of
the sun in 4083% and so = 20725 ; which quantity {2 to be sabtzacted from the
true to Obtain the mean longitude  The exaet velus of the aberration is in the
componnd ratio of the distance and the diurnsl motiom, or what amomnts to the
same thing, in the inverse ratio of the distancs ; whence, the mean value must be
diminished in spogee by 0".34, and ineressed by the same amount in perigee.
Our solay tables elready include the constant aberration — 20725; on which
acoomat, it will be necessary to add 20725 to the tabular longitude to obiain tha
trua, .
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Certain problems, which are in frequeat uss in the determination of the orbits
of planets and comets, will bring this section to 2 close,  And fiest, we will revert
to the pamllax, from which, in article 70, we showed how to free the obssrvad
place.  Such a reduetion to the cenire of the earth, sinee it supposes tha distance .
of the planet from the enrth to be a2 least approximately known, cannot ba made
when the orhit of the planet is wholly unknown, But, even in this case, it 35 pos
eible to reach the ohject on weeount of which the redaction to the centre of the
earth i made, since several formulss wcquire greater dmplicity und neatness
from this centre lying, or being supposed to lig, in the plane of the ecliptic,
than they would have if the obeervation should be reforrad to & point out of the
plane of the ecliptic. In this regard, it ie of no importance whether the ohser-
vetion be reduced to the centre of the earth, or to any other point in the plane
of the ecliptio. Now it is apparent, that if the point of mterseotion of the
plane of the ecliptic with a etraight line deawn from the planet through the true
jilnce of observation be chosen, the chservation requires no reduction whatever,
pince the plioet may be ssen in the same way from all points of this line:* where
fore, it will he edmissible to subetitute this point as e fietitions place of ohssrva-
tion instend of the frue place. We detevraine the situation of this polut In the
following manner:—

Let i be the Imgitude of the heavenly body, § the latitude, o the distance,
all referred to the true place of observition on the earface of the earth, to
the zenith of which corresponds the lomgitude J and the letitude &; let, more-
over, 7 be the semidiameter of the carth, L the heliscentrie longitude of the cene
tre of the earth, B ils latitude, & ita distance from the sun; lzstly, let I be the
boliocenirie longitude of the fictitious place, B fis distance from the sun, o 4-&

B o ¢ s 3 —

'HMnmthmnmhmmn{duu-ﬂmﬁmmmn
time, the berval of dme la which Hght pases fom the troe place of chesrvation b the Sctitions, or from
thnlﬂummt-mu,i‘nmumﬂlgufﬂmnﬁﬂﬂh:hmuﬂm: bet tkis difference oo
engroaly b of any importance wniess the Iatitods shoall be very el
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it distance from the heavenly body, Then, & denoting an arhitrary angle, the

following equations are ohtainad withoot any diffienlty: —

B coa (L' < N} 4 & oo f cos (4 —) = R cos B ons [ L— N ) <= eopd eos (f— &)

K em (L'—N)dopaf ain (R —A ) = 7 oos B sin (f— N+ mooa b sin [{—2)
& 8in f = Hain B -} xaln b

Putting, therefore,

L (Ren B+ wainb) eotna § =p,

we sl have

IL & oo (L' —N)=Rcoa Boos{L—N) 4 7 con Booa({—N)—poof (k-2

HL B sin(L' —N)= Keoa B sin{L—N)4 7oo3d dn [§e—N" —u sin (h—A

- 1]

From equations IL and IIT, can be determined & and &, from TV, the inter-
val of time to be added to the time of ohservetion, which in seconds will be
= afdd

These equationa sre exact and general, and will be applienble therefors when,
the plane of the equator being substituted for the plane of the ecliptie, £, L', £ &,
denote right mecensions, and B, 3, # declinations. But in the cass which we are
epeaially treating, that is, when the fistitions place most be situated in the eclip-
tic, the mmallness of the gqnantities B, m, &' — L, still allows some sbbroviation of
the preceding formulss. The mean solsr parallax may be taken for w3 B, for
sin &#; 1, for cos B, and aleo for cos {I' —L): I'— L for sin (L' — F). In this
way, making V= I, the preceding formulas sssume the following form : —

L pp={RE -+ msn &) cotan
IL H<=Ff--mcoabeon{l—L)— pcos(l —I)

L ' — 1 __ momabain (l— L) = waln (L—L)
- PR i ] )

Here B, m, ' — L are, properly, o be expressed in parts of the radius; but it s
evicdent, that if those angles ere expressed in seconds, the equations L, 11T can be
retained without alteration, but for IL moust be snbatitubed

& #ooe beva {§— L) — gom (L— L)
=R+ EOnEAE "
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Lasily, in the formels ITL, B may slways be used in place of the denominator 2’
without sensble ervor. Th&mduchlnnafﬁhahma,ﬂ:amgiﬁbaingarpmmd
in seconds, hecomes

Epample, ==Lt &= 854" 44' B4 § =— 47 3§ 32", 1==24"2¥, $=44" 05,
L= 120854, B=- 040, I == 0.0082830, x = 8"00. The caleulation is as
follows: —

g . « . .. . 850951 g% « « + 4 + . 095460
ogB . . . . . . D6D0ZO0 logeind . . . . . 086380
IngBR . . . .. 9BHOTL logmemd , . . . QTD7E0
Hencelog(BR-Lmsind) . 085040
logooten@ . . . . LOGETEs
A 1889187 |
logm . . . . . . 0.58480 logee . . . . . . LHE&O1%a
logooad . . . . . Q.BB47B gl . . .. . . 468557
gl . . .. .. 488557 ogeos(A—L) . . . 097586
logeos(I—Z) . . . 9B.005040 Ba5856n
544520 number — (LOMEETT
umber 4 00000379
Henee is obtained B = B - 0.0005856 = 0.8092805. Moreover, we have
logmcosd. . . . . 076023 loggs . . . . . . 1E8013x
bgsin{f—L) . . . 081704  logsm{h—ZL) . . 048371a
GlogH . . . . . 000082 Clogh. . . . . 000082
08748 LaTa1e

number - 1722 number - 23761
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Whenee is obtsined &= L —28"30, Fiually we have
loggw . .« . « « . . LBE¥13n
C.lop 200266 . . . . 468357
log 488 + « o« . « . 280285
Clogeosgd . . . . . 0DOO1GD
026050,
whenece the redaction of fime = — 04138, and thus ie of ne mportance,

4.

The other problem, fo deduee fhe elivomfiie place of o heonvely Sody i dfa orfed
from the peovenfriy pleee ond fhe aifucfion of dhe plome of fhe ordd, ia thua far similar to
the precedmg, that it alsp depends wpon the intersection of a right line doewn
between the earth and the heavenly body with the plane given in position. The
golution ja most convenfently obtained from the formulas of erticle 85, where the
meaning of the symbols was as follows: —

L the longitude of the earth, ¥ the distance from the sun, the latitude 2 we
put =, —sinoe the case in which it 18 not =0, can ensily be reduced to thia by
article 72, —whenoe &' = R, { the geocentrie longitnde of the heaveniv hody, &
the latitude, 4 the distance from the earth, r the distance from the sun, & the
argument of the latitnde, § the longitude of the sscending noda, ¢ the melination
af the orbit.  Thus we have the equations

L revse—Resa(ll—R)=dcosbeoa{l—2)
Il rooedeiny — fein(L—Q)=doosbpn{{—0Q)
TIT, & aim d gm0 — 4 &im &,

Multiplying eqonation L by ain (L —Q)ainé, IL by — eoa (L— @) sn &, IIL by
— gin{ L — [} coe §, and adding together the products, we have

eopsin{ L—& ) sm b — sin o« eosd con | L—8 ) sin b — ein wain dein (L—1) coad=1),
woenee

BE . stiitac: g [ L—q ) sin &

o0 T 108 (L] yin b |- iniaie {L—1)cond"

13
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Multiplying Tizewise L by sn ({2} IL by — cos({ — @), and adding together
the products, we kave

T or— Ruin (L1}

it 8008 4 0 (T 1) — e el (T — 3}

The ambiguity in the detennination of 4 by mesns of equation IV, is removed
by eqguation ITL, which shows that » s t0 be taken between 0 and 180°, or be-
tween 180° and 360° according as the latitude § may be positive or negative ;
but if & =ﬂ,¢qmﬁmv.mauhmwtht wi must put ¢ = 180°, or = 0, aceond-
ing us sin (L—/) and sin (7— @ ) have the same or different signa

 The numerieal computation of the formulas IV, and V. may be abhrevisted in
various waya by the introduction of auxiliary engles. Furmmpla.pnthng

tndoa{L—0y
T = ten 4,

we have
__eindun {L—g)
_ S T
tein (£ —1}
m _— ——
= = tan /&,
we have

~HE s B din B dnp E.I-—ﬂ}
I s

In the same munner the equation V. obtaing a nenter form byﬂ:ainlminnﬂnﬁ
of the angie, the tangent of which is equal to

eos ¢ tan i, or m:;ﬂ}.

Just s we have obtained formuls V. by the combination of L, IT., 80 by acombina-
tion of the equations IT, ITT, we arrive st the following:—

RenfLe—g2} :
8R4 (1003 § — g1 8 san {1 3 | eatnm 5]

and in the mme manner, by the MblnaﬁnnnfaqﬁﬂmI.,ﬂl,thh;

Hoeom LD
o &= gl 12 gin. | oo (r—ﬂ]m_!-’

=

f—.
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both of which, in the sume manner as V,, may be rendered more sivaple by the
introduction of auxiliary sngles  The eolutions resulting from the preceding
equations pre met with in Vox Zaon Monabliche Correspondena, Vol V. p. 540, col-
leeted ped illustrated by an example, wherefore we dispanee with their forther
development in this place. If besides n and v, the distanee o is also wanked, it
can be determined by means of equation I1L

75.

Another solotion of the preceding problem Tests upon the trath seserted in arti-
ele B4, IIL,— that the heliccentric place of the earch, the gescentric place of the
hesvenly body and its heliocentrie place are situated I one and the sme great
eivele of the sphere. In fig 3 let thess places ba respectively I} &, H; further,
let 8 be the place of the ascending node; R T, R H, parts of the ecliptic and
arkit; @P the perpendiculsr let fall upon the eeliptic from @, which, therefors,
will be =5, Henee, and from the ste PT=L—I will be determined the angls T
aard the are T2, Then in the spherical trinngle QF T are given the angle 2 =4,
the angle T, and the side f I'= L —@, whenoe will be got the iwo remaining
gides @A =wund ' Finally we have 06 = It/ — T'H, and -

f=RaIITI_'if J=_Eai- T
Ein 7 T

76,

In article 52 we have thown how to express the differentials of the helivosn-
fric longitnde and latitede, and of the curtete distance for changes in the argu-
ment of the Iatitude i, the indination £ and the radivs vector », and sebseqguently
{article 64, IV} we have deduced from these the veristions of the geosentric
longitude and lotitude, §and 3 @ therefore, by o combination of these formulas, di
and df will be had expressed by means of du, df, &, dv.  But it will be worth
while t show, how, in this calendation, the redection of the heliocentrie place
to the ecliptic, may be omitted in the same way as in-article 65 we hove
deduced the geocentric place immnediately from the heliocentria place in orbit
Thut the formulas may become more simple, we will neglect the latitude of
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the eavth, which of course ean have ne sensible offect i Alfferentinl Srme s
The follewing formulas acoordingly are at hand, in which, for the ske of brewity,
we write o instead of /—&, and alan, sa abov g, 4" in the place of o cosd,

A eosw =reosu—Hom(L—p l=a§
A S0 = cosd sin w— K ain{ L —§ ) =1«
A tam b= rsinigin g = J;
from the differentintion of which result
o8 i@ d A4 — 4 eln w o dn=dE
sin &, d 4 | A cone, de=dy
tan bd 4 - 2 db==d?.
Henoa by elimination,

— g o AL 4= ca w.dr
da = =,
T —L::b‘:ln.l.Eirllll.li.E_—HirLL‘I!i."l&-l']'l;-':{ﬁ_!-l!hl]?
—_— ~

If i these formulse, instead of &, v, &, their values are substituted, dm
and dé will eppear reprosented by dr, de di d@; afler this, on sceount of
df=dor 4 d2, the partisl differentinls of f and 5 will be as follows :—

L & (_} = — 8Tl i 008 i —= Q0% ok 8i1 1 e0g§

IL fr{Hl,ll = GiH i 510 ¢ ~}= a0s oGO8 i ona §

TIL [ }

—= (93 B EINE 45 HIEY f

Iv. |u,)'—1-|— Ii'ﬂ‘sl..E—F.!;—-lnl._l_FimEII‘_EJ
L | _x}:_”mgmmﬂ"':':"'a_""iI'"—"“Eﬂf‘mﬂlﬁﬂ-ﬁ--kﬁinﬂa[umggﬁ
YL é{l‘lu __mmsjnﬂh‘:—‘lb—ﬂzn*—"WERmHE-Fﬁu.ﬁl_.mﬂsiuimaﬁ

A i = ; i e . \
VIL '% :—J:ﬂ'uu 510 & SN AL & - BN o0 o0d | cos B

VI {32} =sin} sin (£ —Q —a)=sin b sin (Z—7).
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The formualas IV, end VIIL alresdy eppear in the most convenient form for eal
culpkion ; but the formulas L, IIL, V, are reduced io a more elegant form by
obvious EI.LhE".'Ltu*.'LI.'-r.w, HE

L# (3) = = sin(L—1)

daf
ITL* Lﬁ} =— 008 & tan §

- ﬂ . R & E L]

V. Elj =— 00 (L—Pemd= — —poos {L.—7)ain b cos 5.
Finally, the remaining formulas IT, VI, VIL, are changed into & more simple form
by the infroduetion of certain suxilisry anglea: which muay be most conveniently
done in the following meanner. The suxilisry angles M, N, may be determined
by menns of the formulas

[ESRT]

tan M= e tan N = sin o tan ¢ == tan M ooew sin i,

Then ot the same time wa have

cos® AF  Tetmnd ¥ o |-|—:rm mein 1

e ECE*
=3, Sl R B |- M et 8 et w "

now, sinee the doubt remaining in the determination of M, N, by their tangents,
mey be setiled et plewsure, # o evident that this con be dome =o that we mAY
hava
=t o,
and thenee
En ¥,
Sy — =1 i f.
Theaa stepa being taken, the formulas IT, VI, VIL, are transformed into the fol-
lowing ;=
" v oo a eod (M= l|.|]
A { } T Jam XN
vI* (7=

= T (cos & in ¢ oos | M—u) cos{ F—5) -sin (M — o) gin (X' —5))

» } I'WUI-I-U\'.IJIUIH[;'F?—I!I:I

oo X
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These trensformutions, eo far as the formulas IL and VII, sre concerned, will delain
no ong, but in respect to formuls YI,eome explanation will net be superfluous.
From the substitution, hthaﬂ:atphqe,nf.ﬁ'—{ﬂ'—i]hrﬂ,iu formula V1,
there results
2(32) = con ( — ) (c0s o sin Msin b— sin w cos i co M sin b - sln oox W oos )
— sin (M —u} (cos w coa Maind 4 sin o ooz § sin M sin 3-<sin § sin Meosd),
New we have _
cos w g M= cos” { 008 w sin M4 5in® { ooa o sin M
==&in o 00 { 008 M sin’ { cos o sin A;
whenee the former part of that expression is trensformed into
ein 1 ens { M —u) {sin  cos w sin Mn b+ cos Meos §)
=40 § o0 (M) (008 &0 sin Nein § + cos w cos N oos 3}
= con o 8in § con (M — u) oos (N —5).
Likewisa,
008 V' = cos’ w e0s V|- sin® @ eoa N == cos w cos M - sin @ oos i sin M
whenee the latier part of the expression is transformed into
— in (M —=) (cos ¥ sin b—sin N cos§) = din (M — ) in (N —3).
The exprossion VL* follows direotly from this
The auxiliary angle 3 csn also be used in the transormation of forsmle I,
which, by the introduction of M, assumes the form

W
Lo (7)=—edali-y

from the comparison of which with formula L is dérived
— ftain (L — ) sin M= sin o sin { ¥ —un);
henoe sl o somewhai move simple form may be given to formula XL% Gt is,
H# (F) =—2 sin (L — 4 cotan (3 — w). _
That formole V1.2 may be still forther abridged, it is necessary to introduce
8 new nuxilinry angle, which can be done in two ways, thet i either by putting
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tan P =g tan =

0% b ?

tan { KM &}

Eu:w 7inig T

from which resnlts

VL+a -j_'.'-} __ FEn (M} ook (T—3— ) — Tén (N —F) ene -:_'I:l"---u:_{:-"':-.
b

Aain Aaim g
The auxiliery sngles M, N, P, @, are, moregver, not merely fictitions, and it would
be easy to deeignate what mey corcespond to each mme of them in the celestinl
ephere ; several of the preceding equations might even be exhibited i a more
elegant form by means of ares and angles on the sphers, on which we are less
inolined to dwell in this place, becnase they are not suBicient to render superflo-
ous, in numerical ealenlstion, the formaulas shove given.

7.

What has been developed in the preceding articls, together with what we
have given in articles 15, 16, 20, 27, 28, for the severa]l kinds of conie sections,
will firrnizh all shich i n_--qufnad for L -'_'|_|;|',_'|_F-|_'|t;g.1'{|:|:'|_ of the li.i.ﬂ:.'"l'{‘.'l'llfui THTIE=
tioms fn the georentric place caused by vesdstlons in the individoal elementa
For the better illustration of these precepts, we will resume the example treated
abowe in articles 13, 14, 61, B8, 65,  And fivst we will expraoss df and 35 in terms
of dr, du, di, dQ, according to the method of the preceding wrticle; which cal-
culation i ns follows: —

logtanw . 40115  logsinw . 840000 logtan [ Me—u] 2410325
logoosd . DB8BER  logtani . D30728  lopcosmasini 965502
log tan & . 841280 logtan . 7.76822a logtam P . . 008370
M = 12858 N = 17¥ 3050 P= 40°11'15°
M—u= 105 17 B N—bi=180 145 N—s—P= 186 50 32
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L* IL* 1=
log sin{ L= 872126 (¥) . . . 06362  logeosm . . DDUDEGH
lgR . . BUDE10  log ool M—u)0.080888 logiand . . O0474%a
Clogd . 992037 o (T | os2080  1eg(E) . . 004736

* . . . 9.63862
Clogr . 9.87401

log () . 981868

IV. b B Ve

1ug§ .. 981837 (*%) . . . BB4TE3 logl . . . 024357

log cosl L—0 892058 logsinboosd 90423124 logsin{M—u) D404584

(%8 . . 9B4TIE  Cllogr . . DOTH01  logcos(N—2—P)DRG301R

—1ogl A Ey Eaane  elozsin® . 012089
—lﬂg[dg—l] log() . . 856408 ilim

log(30) . . 083241n

VIL* VIIL
log reinecosi QT5900s (%) . . . 963062
log oos( V—8)9.007580n  log ein booa b 804215

Clogd . . B9178% 4 1£}W
H . B Tidn
(% log coa ¥ 000015 {dﬂ--

og(3) - 067518
These values colleoted give
di= 4 (L20580 dr + 168078 der— 011152 d¢ 4= 1.T0458 A}
A= MLOEB0D dr = 042895 du — 0A4TEEE di — (L4805 A 3.
It will hardiy be necassary to repeat here whaot we heve often observed, namaly,
that either the vaviations df 4§, dw, 24 A0, are to be expressed in parfs of the
rading, or the cosflivients of dr are to be multiplied by 2062657, if the former are
supposed to be expressed in sesonds,
Denoting now the longitude of the perihelion {which W our example
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62 18" 9"} by 7, and the true wnomaly by o, the longiteds in orbit will be
- w4 B =v-+ I, and therefore dy =de 47 —d@, which valoe being aub-
stituted in the preceding formulas diend df will be expressed in terms of ds,
du, d IF, 4@, di.  Nothing, theréfors, now remaing, exoept to express d » and ds, ae-
cording to the method of arficles 15, 16, by means of the differentinl variations
of the elliptic tlements®

We had in our exwmple, articls 14,

log [, = 9.00855 =1log (>)

logrs . . ... 0.19290 boga . . . . . 042244
logeosy . . . . 9osgsz  loBtAg. . . . 040030

logeine . . . . 0.8403Ix
dw
lﬂg‘(a].} PR e ﬂ.l‘IEI'-:LE ar
gl 3 ikt log(de). . . . 2.47495m
8 = 0OG01S loga . . . . . 042044
174067 logeosy . . . . D.OSE5D
log « « 4 . o4 . 024072 logeosr . . . . D.B400G

g . .. .. aamee0  dog(E) . . . . 025802
logen® . . . . OT4034n -

log(zs) . . . . 019908a
Henee i collected
de = L6115 d A — 1.58LTE dep
dr = — BATS10 d M — LE1393 g + 1.E0085 da;
which values being substitoted in the preceding formulas, give
Al = - SA1287 .3 — 800581 dg |- 0.16488 da | LEGOTS A IT
— 11152 di 004385 dg
df = — 068572 d W <~ 0.01831 dgp < 0.02925 da — 0.42805 417
— 0ATE85 di + 0.28080 dg.

* Tt will be pescelred, at cons, (het the aymbol 3 in the following celoulstion, no longer sxpreses
eerr auxifiary angle, ot (e ia section 1) the mean ancmaly.
13
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If the time, to which the computed place corresponds, is aupposed to be
distant # days from the epoch, end the mean longitude for the cpoch s
denoted by A, the daily motion by =, we shall have M= ¥+ ne — IT, and thus
dM=dN+nder—dIL Iun cur exemple, the tme snswering to the comprted
place is Cefober 1741507 days, of the year 1804, at the meridian of Page: if,
accordingly, the beginming of the year 1805 i= taken for the epoch, then
me=—T435483; the menn longitude for thet epoch was 41°52°21°.81, and the
dinrnsl motion, 824°.T088. Substitating now in the place of A s valoe in
the formulaa just found, the diffarential changes of the geocentrio ploee, exprossed
by means of the changes of the elmnents alone, aro as follows: —

di=841287 A¥ — 17006 d v — 0.75214 & IT — 5.00551 dp 4 110438 de

— 011152 di -}~ (04385 40,
dé = — 086572 d 4 £0.60 dr 4 028677 dIT - 0LG1551 dg - 002635 dw
— 047385 di 4 0.38090 4Q.

If the meas of the heavenly hody is either neplected, or i regarded as
known, 7 and o will be dependent upon sach other, und so either d« or da may
be elimninated from our formulas.  Thus, since by article § we have

ral =k (14p),
- we have also

TR i

in which formvala, if dt e to be expressed in porta of the radios, it will be neces
sary to cxpresa T in the same manner, Thus in our example we have

gy . . . . . 801835
gl . . . . . LO8EET
kgg . . . . . (27609
Cloga . . . . 9.57750
gl . . . . . 785557,

or, dv = — (0022876 da, and de = — 440,09 dv, which value being substituted
in our formulas, the final form at length becomea ; —
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df= 241287 d.¥ — 26287 d v —- D.T621L T — 3.00581 dg
— 011153 di 4= 0.04385 40,
db = — 086572 d N+ 5871 de - 028677 dI7 4 0613581 d g
= [h47835 47 - 0LBR0S0 dg.

Iti the deavelopment of these formulaz we have supposed all the differentisls 4/
diy AN de, A2, dep, dE 4G to be expressed in parts of the rading bet, sani-
feetly, by resson of the homogeneity of all the parts, the same formalas will
answer, if all thoee differentials are expressed in seconda,
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EELATIONS EETWEEN SEVERAL PLACER IN OEEIT.
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Tex discussion of the relations of two or more places of & heavenly body in
i# orbit ax well as in space, furnishes an abumdance of elegant propositions, sach
aa might ereily fill un entive volome. But ouwr plan doss not extend eo fr pa to
exhanet this froitfiul subject, but chiefly so far es to supply abundant facilities for
the solution of the great problem of the determination of uslknown orbite frem
oheervationa: wherefure, neglecting whatever might be too remote from our pur-
pose, we will the more carefully develop every thing thet cen in any manner
oumlnoe o it Wawiﬂpmﬁmﬂlmhtqﬁﬁuﬁthmhigummqﬁmlpmp
'dﬁmhwhiﬂh,dumﬂlaymmmmmm];maﬂ,ﬂhwmaﬁ&
guently to recar,

L Denoting by 4, B, € any angles whatever, we hove

sin A sin { '— B) 1 sin Bsin (4 —0) +-sin ein (B— 4) =0
cos A ¢in { '— B) + cos B sin (A—€) + cos Osin( B — 4) = 0,
IL If two quantities p, P, are to be determined by equations such as
pin(d—F)=ga
poin (B— Py=1,
it may generally be done by means of the formulas
pen (B — ) sin (H— P} =b sin (H— A} —a sin (H— B)
pein (B —Adycos (H— P)=3bcos (H— A) —woos ( H— ),
in whieh H it an abitrary angle. Hemce are devived {article 14, IL) the angle
H—F, gl psin(B-—4); and hence P and p. The condition added is gon
(100)
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srally that p rust be s positive quantity, whence the snbigulty In the deter-
mination of the sagle HF— Phy means of its tangent is decidad; but without
that condition, the amhiguity may be decided st plessare. In order that the
enlenlation may be as eonvenient as possible, i will be expedient to pot the arbi-
tewey angle H either =d oz =8 or = ¢ {44 B} In the first cese the aqus-
tioms for determining P and p will be

piin(d—P)=a,

peos (4—p)="2 0

hhmﬂmhqﬂmﬂhﬂﬂgﬂmw;bmhmw

vuse,
pen{idt 4B — P]_—f&—

pmﬁl-j—i.ﬁ‘—l’}-—h_f_—}
Anil thus if the puxiliary angle § i introduced, the tungent of which =3, P will
be found by the formnle
tan{d 4+ # F— P) = tan {45° | {) tan § (B — 4},
and afterwards g by rome one of the preceding formulas, in which

$(5 o) = dn (45" )/ = TR <2 )

b (b —a) = oos (48' - [/ jig, = 2l t) e ),
III. Tf p and P are to be determined from the squations
poos(d —Pl=a,
pom{B—F)=8,
every thing eid in IL could be fmmedistely applied provided, only, 80° 44
90 | B were written thers throughont instead of 4 and B: thet their vse may
be more convenient, we can, without trouble, add the developed formulss  The
genarel formulas will be
puin(B— A)ein { H— P) = —beoa | H—A) + s oos [H— )
poin (B Ayoos(H—P)= bsin(H—4)— asin (H—B).
Thus for B= 4, they change into



102 RELATIONS BETWEEN SEVERAL - [Boox L

poin (d— P) =9 B‘—_ﬂ]—l
poa{d—Pl=g,
For H'= B, they require o similar form ; but for B= ¢ (4 - B} they hecome

pa(id4+ i B—Py= )

peos(i At i B Py gtk

eo that the anxilisry angle { heing introduced, of which the ﬁpngent:%,ﬁ'
becomes .
tan (4 4+ § B— P) =tan ([ —45°) eotan § (B — 4),
Finally, if we desive to determine p immediately from o and § without prEvis
o computation of the angle &, we have the formula
puin (B—A) =y (2a 4 bd — B ab cos (B —4)),
as well in the present problem na in IT

70,
Fmﬂaﬁmphhdﬂt&mhaﬁmdﬂlauuﬁnmﬂmhihmm-ﬂﬁnp
mrﬂmd,ﬂmphmnfthapﬁhﬂim,ihnammﬁdmmdthaﬂnwﬂm:
Ifthuamtab&d&dmdﬁ-mgimqnmﬂﬁudapwﬂingupmthmthm
must be data enough to be able to form three equations independent of each
other. Any vadius vecior whatever given in magnituds and position farnishes
one squation: wherefore, three radii veotores given in magnitude and position ave
requisite for the defermination of an orbit; but if two enly ave had, either one
of the alements themselves must be given, or at all events some other quantity,
with which to form the third equation. Thenee arises g wuriety of problema
which we will now investigute in suocession,
Iatn#,hnmmdﬁrmwﬁuhmnka,ﬁfhaﬁghtﬁmdmuﬂm
from the snn in the plane of the ochit, the angles ¥, A7, in the direction of the
muﬁm;fuﬂhar.letﬂhaﬂmanglawhinhthamdimvmmru-pﬂrﬂmﬁmwkﬁ
with the same straight ling, s that the true anomalics N — J7, ¥' — T may
anewer ta the radii vectores r, »'; lastly, let ¢ ba the escentricity, and p the semi-
pacwmater, Then we have the eguations
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-E=-1-—|—amu{ﬁ"—ﬂ}
E—:l-]—pm{.ﬁ"'—ﬂ],
from which, if one of the quantities p, & I7, i# aleo given, it will be posdble to
determine the two remalning enes
Lot ns first suppose the semi-parameter p to be given, and it is evident that
the determimation of the quantities £ and I7 from the equations
EM{N—H}=%—1
o een{V—I) =51,
ean be performed by the rola of lemma IL in the preceding articls. We have
necordingly :
tam { N — IT) = eotan (A" — N) — 5— L —

=7} &in
tn (§ ¥ - § ' — [T} o St e (P2 T,
e

2. ;
If the angle IT is given, p and & will be determined by means of the equations

pm oot
g =rm(f—mi_.ﬂ'::m "
It iz possible to reduce the common demominstor in thess formulas to the form
acod (A —IF), 0 thet & and 4 may be independent of 7. Thos letting H de-
aote un arbitrary angle, we have
#0083 { ¥ e T e’ 08 (N — IT ) = (i co@ [ N — H ) —¥ 008 [N = H ) vou | H—IT)
— (v i | N — I )y’ gin (N — H|) gin ( H— 1T )

and a0
= a on8 {4 — I},

if' @ and 4 are determined by the equations
rooe (N—H)—¢ cos (N — H) =acma(d-—I)
# 808 (N == H ) — " (V' — H) = gain (4 — H),
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In this way we have
2 v sin & (N e Wiain (3 Nt} V' = 1)
p= < g F%rj-
¥ =
b =T

These formulns are especizlly convenient whan p and # are to he somputed for
severnl valoes of I7; r, ¢, &, &' continuing the seme.  Bince for the caleulation
of the suxiiary quantities a, -, the angle & may be taken at pleasure, it will be
of advantage to put = ¢ (< &), by which means the formulas are changed
into these, — '

(F—ron d (N —N)=—aes{d—F N— i N

(F rjsin {7 —N)=—auin (4 —+ F— } §7).
And 50 the angle 4 being determined by the equation

tm{a—-ur—ir}-"‘l"unﬂﬂ*—m,

e o A —§ V—§ J7)
- o= V= yom
The somputation of the logasithm of the quantity 757 may e sbridged by a
method already frequently explainad.

Bl
If the ecoentricity ¢ is given, the sngle ST will be found by meanz of the

enuition
oon (4— 1) =— A=),
afterwards the suxiliary angle A is determined by the equation
tan (4— N — § ¥ =" fan § (7 — )
The wmbiguity remsining in the determination of the angle 4 — IT by its eosine
ia formided in thamtmafthamae,mthﬂthapmhlmthamﬂsﬂed by o

different solutions; which of these is to be adopted, and which rejected, must be
decided m some other wey ; and for this purpose the spproximate value st least
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of IT must be already known. After I7 is found, p will be computed by the
formulas
_-.tll=r|‘,:1—[—5m(ﬂ—ﬂj}:f{1+ltﬂﬁ{ﬂ*—ﬂ}},

or by this
p=r et (' — ) oy T4 ¥ 10

82,

Fhaﬂy,htmmppmﬁﬂthmmgirmmmamﬂﬁmmr,H,f,wﬁm
ke, with the right line deawn from the sun in the plane of the orbit at pleasore,
the angles N, V7, N™, Waﬁnﬂhnmmwdmglyih&mmmuymhhhamg
retained, the equations

(1} £e=14 seos(N—1T)

-5-:1—'—.5&&5{3"—]1'}
B=1+4eco(¥—),
from which g IT, &, eom he derived in several different ways, If we wish fo
compute the quantity p before the vest, the three equations (L) mey be moltiplied
respectively by sn (N"— N"), — ain (N — N7, sin (¥ — N, and the products
being added, we have by lemma L, articls T8,
lilW'—-F’l“th-ﬂ}+-an“ — )

Seln (N —N) — Sosin (N ¥ + 2 sin (¥ — &)
This expression deserves to be considered more closely. The numerstor evidently
becomes

L (N —Neos § (X" — V') —2ain § (N — N )cos (d 57 1 A7 — )
=4 ein d (N —N)ein $ (N — ) uin § {(F"— N),
Putting, morecver,

¥ G (N e Ny =g, reain (N — N)=+, rr"ﬂ.nl:F—-ﬂjIr:#",
it is evident thet #n, 2 0" § 4", are areas of triangles between the second and third

radius vector, between the first and third, and between the first end second.
14

=
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Henes it will readily be percelved, that in the new formula,
__ A (" — 5 o § N e N s (FF — )orr s
oAl — ) el B

the demominator is double the ases of the trisngle contnined betwem the ex
miﬁunfﬂathmauﬂﬁm%thmiu,hmmaﬂmapheuuftha
heavenly hody in epace. When these places ave little distent from each other,
this area will alwaye be & very small quantity, and, indeed, of the third erder,
if &' — N, N"— N uwre regarded ns small quantities of the first order, Henee
it is readily inforred, that if' one or more of the quantities r, ) #*, ¥, ¥, ¥, ace
affected by errore never so alight, a very great evror may thenee arise in the de-
termination of p; on which socount, this manner of ohtaining the dimensions of
the orbit ean wever admit of great seeuracy, exoept the three helioventde places
are distent from each other by considerable mtervals
.ﬁamnuthamipnmmaﬁarpinfomﬂ,amﬂﬂniﬂhuﬂﬁtamimdhyiha
combimation of any two whatever of the equations I by the method of srticle 79,

&3,

If we prefer to commenee the solution of this preblem by the eomputetion
of the angle JT, we make wse of the following methed From the second of
aqmﬁmlﬂmbtmﬂlthahhini,ﬂﬁm.theﬁmtthﬁthirﬂ,ﬁumthaﬂﬂtthum
ond, in which maaner we obtein the three fllowing new equations: —

1 1
P

(IL) T T T A =§ﬁn{i}rl|_iﬂ*—m
1 1 )
TR = (i ¥ 4 N — )
1 1
Ve

Any two of these equations, according to lemma I, article 78, will gﬁwﬂmd;?
whenee by either of the equations (L) will be obtained likewise ¢ and p.  If we
select the thind solotion given in article T8, IL, the eombination of the fivst equa-
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tion with the thind gives rise to the following mode of proceeding. The auxil-

——1

and we etill have _
tan (3 V- ¢ V' - § N7 J7) == tan (45" 4 0) tan ¢ (V" — N),

T‘Fﬂﬂﬂlﬂrﬂnﬁmwhﬂﬂymhgnmtﬂthinwﬂlrﬂaﬂtfmmthmgmgthamd
place with the fivst or thivd. Since the formulss for 2 3 become more romplicated
by the use of this method, ﬂwﬂ]]mhﬂhartuﬂaduuevmdp,b]’theméthuduf
article B0, frora two of the squations (L) The uncertainty i the determination
of IF by the tongent of the angle § ¥ § 57 4 3 ¥"— IF must be e desided
that ¢ may bocome o positive guantity : for it i= wanifest that if values 1800 dif
fevent were teken for JT, opposite values would resolt for ¢ The sign of s, how-
ever, is dree fom thin wncertainty, and the value of p cannot become negative,
unless the three given points lie in the part of the hyperbola awny from the sun,
& case contrary to the laws of nature which we do ook consider i this place.

That which, after the more diffeult, sabstitutions, world arise from the appli-
eation of the first method in article T8, 1T, ean be more conveniently obtained in
the present casn in the following manner. Lt the flvst of eqoations TT, be multe
plied by cos § (¥ — ¥7), the third by eos 4 (N — N, and let the product of
the lattor be subtracted from the former. Then, lewma L of srticle T8 being
propecly applied* will fallow the equation

Hz—7) ootan 4 (37— &) — § (1 — 1 ) votun § (0" — )
| =L sin § (X — ) eom (4 N4 § X" — 1),

By combining which with the second of equations IT IT and -wﬂ be foumd ; thus,
IT by the formels

* Patting, that iz, in the seennd formaln, A § (N0 — N7, B N § 5% = 17, 0=} (N —5")
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tan (# N § N7 IT) .
i
_ FA :
(1—5 ) ootan § (3" — ) — (T —1) coton 4 (F — )
Henee, also, two other wholly analogous formulas ave obiained by interchanging
the second plece with the first or thind,

84,

Sinoa it is possible to determine the whele orbit by two radii vectores given
in magmitude and position together with one element of the orbit, the fime also
i which the heavenly body moves from one raedins vector to ancther, may be
dutermined, if we either neglect the mass of the body, or regend it e known:
w&nhaﬂnﬂharahthﬁ!bmarmm,tuwhhhthnhthriumﬂ?mdum Henee,
inversely, it is apparent thet two radii vectores given in magnitude and position,
together with the time in which the heavenly body describes the intermedinte
=pace, determine the whola orbit.  But this problem, $o be considered atoong the
most important in the theory of the motions of the beavenly bodies is not so
ensily solved, sinee the expression of the time in terms of the elements is tran-
seendental, snd, moreover, very complicated. Tt is so much the more worthy of
being eavefully investigated ; we hope, therefore, it will not he disagreenbls to
the vepder, that, hesides the solution to be given hereafter, which seems to leave
nothing further to be desired, we have thought proper to preserve alse the one
of which we have made frequent use before the frmer mggested itself to me.
1t is slways profitable to approach the more difficuli problems in severnl wWeys
and not to deepise the good slthough prefercing the better, We begin with ex-
pleining this older mathod.

845.
We will retain the symbols r, ¢, ¥, N, p, ¢, I with the same meaning, with
which they have been taken above; we will denote the difference N — XN hv o,
and the time in which the hesvenly body moves from the fermer pluce to the
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lntter by £ Now it is evident that if the approximate valve of any one of the
quantities p, ¢, I7, i known, the two remaining ones can be determined from them,
amd afterwards, by the methods explained in the fir section, the Hime eorre-
sponding to the motion from the first place to the second. If this proves to be
equal t0 the given tirme ¥ the assemed value of p, ¢, or T, is the true one, and the
orbit ia found ; but if not, the calealation repeated with another value differing o
little from the firet, will ghow how great a change in the saloe of the time corre-
sponds to a small chenge in the valoes of p, 4 IT; whence the correct value wiil
be dizcovered by stmple interpoletion.  And if the calenlation is repented anew
with this, the reseliing time will either agree exactly with that given, or ot least
differ very little from it, s that, by applying new corroctions, as perfect an agree-
weat can be attained as our logarithsio and trigmometrical tables allow.

The problermn, therefors, is rednced to this, — for the ease in which the orhit ia
still wholly unknown, to determine an approximate value of any one of the guan-
titiea p, & JT. We will ow give a method by which the velue of p iz obtained
with such sccoracy that for smoll values of 4 it will require no further corree
tion; and thus the whole orhit will be determined by the first computation with
gll the secursey the common tables sllow. This method, however, can hardly
ever be wused, except for mederate values of o, becsuse the defermination of
an oruit whelly unknown, on secount of the very intriorte complexity of the
problem, can only be undertaken with observations not very distant from each
other, or rather with such ss do mot involve wery considerabls heliocentrie
motion,

B,

Deroting the indefinite or variable radius voctor corresponding to the true
atomaly ¥ — I by ¢ the ares of the sector desexibed by the heavenly body in
the time # will be 4 ¢ d, this integral being extended from v = ¥ to v = ",
pand thus, (£ being taken in the mesning of meticle 6), F¢yp=/Sppdr. Now it
ia evident from the foomlaz developad by Cors, that if g expresses any
function whatever of & the continoally approximeting value of the integral
Jys.dy taken from & = 10 5 =u . i3 given by the formulas
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T4yt 5 i)
P {gutaglut i)t gint d))
A (putdgin i)+ 39t § )4 g (ut 4), ete.
It will be sulicient for cur porpose to stop st the two first formulas
By the first formule we have in our probler,

Seedv=ddirrsv)= A

oo B gy
ift we put

*

o= tan (45" - w),
Wherefore, the first approximete value of g, which we will put = 3 e, will be .
dre 4
Vp= B T7PY Pt
By the second formula we have more exantly
Jopdv=3 Hrr-rr L 4L RER),
denoting by J the radins veotor corresponding to the middle anomaly
P N4 PN — 1.

Now expressing p by means of r, B, 7, X, ¥ § A, N+ 4 necording to the for
mla given in article 32, we find

s A g Asind o
[:—!'--j-?lp)aini.:i-—%ﬁin.!’
and henee
i Ein'3 o % sin’ } o
= *{—‘f';r)— e f(r:"::ﬁi} P
Byputﬁ.ug;.th&r&ﬁ:m,
iw__i;ﬂrﬁmn} '=ﬂ!
wiz have

B — m}df{rr"miu}
m:ruul[l—-}

whenea is obtained the second approximate value of | p,
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Pwuth Jootte '
ae T 8
costar (1— 2 1—ir

vep=ea-+

L]
if wa put
A oy B
o(idembef,,
Writing, therelore,  for g, & will be detevmined by the equation
(m—ey(l—Lp—y,
" ;

which properly developed would escend to the fifth degree. We may put
=g = b, 80 that g I8 the approximate valee of m, and p & very small quantity,
the sgoare and higher powers of which may be naglected : from which substitn-
tion proceeds

Loy o a4 G—d) Ty —

(1= ) (1= Sy p -+ 22 0 Ly —,

1 —{gg—uyg) (gg—9°
B = ge=n P st inf

gy — N {aqp - 4dg—iully
= oL,

Now we have in our problem the appreximete walus of =, namely, & e, which
bﬁh].gﬂ:hﬂﬂiﬂ?&diﬂthﬁprﬂu&ﬂingfmmnlﬂ for g, the corracted value becomes

#_ME‘H$EG;!‘.II-E!!E{IGiTH}
Eons coh— ) (3T & T

& )
ﬂ?dl=#" {l—ﬁﬁfl=r’
the formuls assumea this form,

=l Nl

and all the operations necessary to the solution of the problem are compeehended
in these five formulae: —

L 2 = tan {45° 4 )

Putting, therefore,
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drvt
s FEromim

Bale g Ay (re'cosbw)
L T O 00 _'ﬂ

R L L T
o e Y P

= 3
V. (147 -_.:fF_

If we are willing to relinguish something of the precision of these formulas, it
will be poesible to develop still more simple expressions. Thus, by making cosm
and cos 2w =1, snd developing the value of v/ p in o series procesding nceording
ta the powers of 4, the fourth and higher powers being negleetod, we have,

yp=e(s —ig4 42N

1Eaa
in which 4 is 1o be expressed in parts of the radios  Wherefore, by making
A
=N

wie have

VL p=p (1—34a+2507).

In like manner, by developing y# in o series proceeding according to the powers
of sn 4, putting _ :
we have '

VIL yp=(1++"24) v,
G

VIL p=p"<§ sin® o /v
The formulas VI and VIIL agree with those which the illustvions Evies has
gimhﬁhnﬂmrﬁ;mﬁnﬁm!mdmdﬂmhntﬁarmhﬂ.,ﬁthmt which
hae been introduced in the Rechorcler o eafuly swr o wwmis ordite elliptigwe de i
comete de 1763, p. S0,
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ai.

The following examples will illustrate the vese of the preceding procepts, while
from them the degree of precision can be sstimated,

L Let log r= 03307840, log s = 08222285, 4 = T°534'53%78 = 27295".73,
f==2L03E8] days, Then is found o= — 584790, whence the further SO
tation is as follows: —

logd . . . . 44360629 tlogrreceale | (3284510
logrs ., . . OB5208TD Zlogsindd . . TO8RDETE
ClogSk . . . BAToRT2 log& . . . . B.B0DGEG2
C.logé. . . . B.B5RSE4D Clgaa . . . 05582180
Clogeon2w . 0000084 Clogoosa . . . OO0CO02L0
loge . . . . BT208010 bog8 . . . . . 07958540
f= (LOIGE223TAT

g2 . . . . 03010800
2logeos d 4 . D.0980ATS 14218 = 50074471
2logoosZe . 9,90PE320 log . . . . . . OATS1980
Clog{l—53) Q0008103 lope . . . . . QTE0EH10
9 Clogoose . 00000420 Clog{1-4-58) . 09086528
logy . . . . 02098119 Iogye . . . . Q1977418
yri= I RGIERG logp . . . . . 03054238

NA= 0.0130489

This velne of log p differs from the tree welue by soarcely a sinede unit in the
seventh place: formuls VI, in this example, gives log p == 030548221 formuls
VIL gives 0.8954T80 ; finally, formula VIIL, (8854754

IL Let log r=04232702 Togr'= 04002058, /=02 05" 16%04, f = 26088477
days Henee is derived w = — 17272014, log e = WT483848, 8 = 0,04535216,
¥ = LES112T, log y p = 0.2198027, log p == 04386054, which ia lass than the true
valie by 185 units in the seventh place.  For, the troe valoe in this example is
OL3PE23T; it is found to be, by formula VI, 04868730 from formala VIL &t

15
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regults 04159524 ; lastly, it is deduced from formula VIIL, 0.4051108: the twe
hﬁvuhudﬂ'ermmmhﬂﬁmﬂ:amthﬂmwmtmhmaﬂunp-
proximations,

88,

Thﬁﬂpﬂmnfﬁuamﬂmathndwﬂlnﬂlﬂmnpmﬂyﬁnm
fully a great many new and elegant velations; which, as they assume different
ﬂamsmﬂadﬁmﬂklmﬂaciummnﬁmqﬂwﬂlhﬂmpumtmimpﬂat&ly,
we will begin with the ELLIPSE

Let the eccentric aﬁumﬂu.ﬁ{,ﬂ’,mdih&nﬂﬂvmmr,r',mmﬂh
two places of the true anomaly s, ¢, (of which ¢ s firet in time); let also p
be the semi-parsmeter, s==cin g the eccentricity, ¢ the semiaxis major, ¢ the
time in which the motion frem the first place to the seoond is completed ; finally
let us put
Wompe=2f, ¥ +o=2F F—E=2y E'|E=24, sm¢=_L=a
'ﬂmtbaﬂnﬂnmg&quﬂmmamﬂydaﬂumﬂ&mtﬁammhmumnfﬁm
mulas V., VL, article 8: —

[1] bsing=sinf.yrs,

[2] bainé = sin F.yr#,
ng—{miﬂmifail+ﬂ}+dﬂi!‘!ﬂ.if {(1—e}yre or

[3] pmug—{m_a“+lmsf}frﬂmdmtha-m&wq,

[4] pooe&={(cos P+ e coa )y re.

Fromn the combination of the squations 8 and 4 ariss,

[5] eosf.yre’ =(cosg—sconit)q

[¢] cosF.y're'={coa ¥ —saneg)a
From formula ITL, article 8, we obtain

7] #¥e—r==2aeqn guin 7 :
r"+r=ﬂi:—2ud'umgmﬂﬂ'=3#ﬁn’§'+ﬂmfﬁm5rfﬂ";
whenoe,

8] et ey,
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Lot us put
[ v.' E
= ' K] o ;l"

£8] "r*—f=1+ﬂ.:,

|

gnd then will

[10] o= 2EEEERD NI,

s
Iil,u=j:ﬁﬂ{-_|—_|§'m'ig] ooa iyl )

] 2
iz which the wpper or lower sign must be taken, as sin g is positive or negative
Formuls, XTL, srticls 8, furnishes na the eguation

.I',-_;=Er_sﬂiﬂE:_|_El_|_,-3-3'inE:EF—E-d:EingttlEG

[E]
=2g—ain2g -4+ 2oonfuing ._r;.
IF now we substitute in this equstion indtead of @ its valoe from 10, and puty for
the snke of hrevity,
11] ———— =m
I: .| 'ﬂg'mu__r']' {r_r"_:-i L]
we have, after the proper reductions,

[12] if‘“2H-!-hu'n‘}§}§_|_5_575111=,}F:H{3.'~'_Tﬁn39 )

aind g
in which the upper or lower sign i3 to be prefixed to m, s sing is positive or
negntive,

When the heliocenirie motion i between 180° and 380°, or, more generally,
when ooa § iz negative, the quantity m determnined by formula 11 becomes im-
fgingry, and ! negative ; in order to avoid which we will adopt in this case, instead
of the equations B, 11, the following: —

[9]

[114] LI~
3* (— ooa ¥ (rr)

whence for 10, 12, we shall obtain these, —
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e 3 (0~ e
[1“"'] = £ ﬂ;]‘“ﬁ ;

(129] =i =—(L—sntiglf 4 (L—dt st (%),
in which the doubtful sign is to be determined n the ssme manner as before,

BO.

W’ehwenwmmiugnﬁumampﬁdl;-ﬁnl,tnﬂarhuthemknmqm
ﬁtygumuvﬂﬁﬂnﬂygspﬁﬁhhﬁ'umthetmdﬂﬂﬂqmﬁﬂnlﬂ,ﬁuﬂait
does not admit of a divert solution; sseond, to deduce the elements fhemselves
from the angle g thus found, Before we proceed to fhese, we will oblain
anamjntrmuﬁa{mnﬁm,hyth&hﬂpnfwhiuhthnmmﬁmnfﬂmmﬁﬁm?
guantity f ar & is more expeditionsly performed, aud slso seversl formulas aftar
wards to be developed are reduced to & more clegant form.

By ‘introducing the soxilisry sngle o, to be determined by mesna of the
formula _

\/ == ten (45° - u),

wa have
VZ 5 =24 (tan (45 + w)— votan (45" - o))* = 3+ 4 tan® 2 s

whence are obtained

__Hie*} | wnfde . mn? fan? & e
=t s = SR

90.
We will consider, in the first place, the ras in which & velne of g net wvery
great, is obtained from the solation of the equation 12, ao that
Ef_i?"fﬂ
7
may be developed in a series arranged sceording o the powers of sindg  The
mumerwtor of this expression, which we shail denote hy X, becomes

Htsin' g — dhain® § g — § ein’ 4 g — ote.;



Seor. 4] FLAOES IN OREBIT. 117

and the denominator,
Bein* 4y —12.inf 4 g - 3 e § g 4 edo.
Whenoe X obtaine the form
§ -+ duin' b g4 §4sint § g 4 eto

But in arder 40 obtain the law of progression of the eoefficients, let we diferen-
tiate the equation

Xeinty=—=2g—snly,
whenoce results
3 Xeosgen®y -F—ﬁinay‘?if:iﬂ—uﬂum 2 =4 uin'y;

e e
El'l.lt ' l[l;__’u TN ET,

gin' f =g
We have

d= .

E=i En 7,

whence is dednesd
I B=BXemy +=3X01—3215)

da — sinFg — " Za{l—z) !

and next, &
(Br—Box)it =4 (38 XK.

b

If, therefore, wa put
X=Hl4os4 sz ya' 4 ¢t 4 otn)
we obtain the equation
b @5+ (26— a)ont (3y —28) &+ (40 — 37)# 4 eto)
—(B—da)st (Bo—df) o2 (8f —dy) P4 (85— d8) 5 ote.
which should be ideniical. Henes we get
6=, J=4a,y=>05,6=iiy ete,
in which the law of progression is obvious. Wao have, tharefore,

B, 10 d.&.B. 10,13
)

; 4.8 £.6.9 4. 6.8,
A=+ zetggqred T T T T EE T Y T o

This series may be transformed into the follewing continnons fraction: —
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1—3-#5
BTN
l—ﬁs
1.s
l—m#
1_ S [
—iEnT
N
1—me
12
1 TN
1= etz
The law according to whick the coefficients
i f na L4

TR T R o

proaeed is obvioue; in troth, the 2" term of thia series is, when » iz even,

H—a.n

PR N L

u$i.+ni_ﬂ- ;
Rf=1.8a0 ¥

when # i3 odd,

[Beox L

the further development of this subject weuld be too foreign from our porpose.

If now we put

14 ==

=g—=£

L)
l—ﬁi
1 III
g
1 — ate

we have

1
I=—me—w
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and

f=z—§ g
ar

- gin" g —§ (2 g==sin 2 5) "1—! sin® & g
T (Tg—ain2g

The numerator of thie expressdon s & quantity of the seventh order, the denomi-
nator of the third order, and §, therefore, of the fourth order, if g is regarded s
g guantity of the first order, and = as of the escond order. Henee it in inferred
thet this formulas is nof suited to the exuct numerical compotation of § when g
doee not denvte a very comsiderable angle: them the following formulss are
conveniently used for this purposs, which differ from esch other in the changed
order of the numerators in the fractional coefficients, and the first of which is
derived without difficulty from the assumed valos of z-—E®

[18] &=y ﬁ:jﬂj
 Q—
I—r e
I— -.-;l,l'{:t:
I—itt=
1— etn,
o,
¥ o T &E
l—fy—oyr
1—{;%#
&
"-".'"HI:.!':F
1— Ak s
1 — gl

In the third table annexed to this work sve found, for all valnes of # from
0 to 0.5, and for every thouwsandih, corresponding walues of § computed to
seven pinces of decimals This table shows st first sight the smallnes of £ for

* The derivation of the Intter supposes aome b sbhvioas transformetions, to bo explalsed on anather
GOEASITIL
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moderste values of g thus, for example, for B — E=1{", or y = i°, when
a=0.00195, 18 F=0.0000002, If wonld be superfluous to continue the table fur-
ther, since to the st term e=0.8 corvesponds g = 66° 28,00 £ — F=122° 50",
The third colnmm of the table, which containe velues of  sorresponding to nege-
tive values of #, will be explained firther on in its proper placa,

0.

Equation 12, in which, in the esse we are tresting. the npper sign must evi-
dently be adopted, obtaing by the introduction of the quantity § the form
—(paft . O
Sl ) o e e
Putting, therefore,
E+a=3,
and

14 ——E“m =
the proper reductions being mada, we have
(y—1}m
15] A=2T—8
(18] ¥4
If, accordingly, & muy properly be regarded ps a known gquantity,  cdn be de
termined from it by merns of a eubic equation, snd then we shall have
18] #=""—1,
[L16] =
Now, although & involves the guantity £ etill onkoown, it will be allowable to
neglect it im the fret approximation, and for § to take

T
=

sinte § is undoubtedly a very emall quantity in the esse we are diseusdng
Henee g and # will be deduced by means of equations 15 16; & will be pot
from & by table IIL, end with its aid the eorrected value of & will be obtained by
formuln 14, with which the ssme culeulation repested will give correctad values
of g and & for the moet part theas will differ so little from the precedicg, that &



S N | FLACES I¥ ORBIT. 121

taken ngain from table TTL, will net difer from the firet valun 3 otherwie: it woul?
be neceesary to repest the caloulation snew watil it underwent no further shange.,
When the quantity = shall be found, g will be got by the formala gint § g =,

These precepts refor to the first cuse, in which ooz is positive; in the other
casa, where it I3 negative, we put

ViI—z=%
and

ArA
(¥] = =£&,
whenee eguation 12* properly reduced passes into this,
F4 13 FF
[15%] E:i—‘{;;%_i |

¥ ond H can be determined, accordingly, by this eubis sguation, whenee agAin &
will be devived from the aguation

(184] e =L XX,

In the first approximation

Arar

I-¢
will be taken for & § will be talen from table IIL with the value of £ derfred
from H by means of the eguations 15%, 16%; hence, by formula 14% will ba had
thammﬁdvﬂuaafﬂ;withwhinhthamlmhﬁmwﬂlbampumh the suns
manner.  Finally, the angle ¢ will be determined from # in the sume way as in
the first cose.

02,

Although the equations 15, 15% opn have three real mats in certain casas, it
will,notwithstanding, never be doubtful which shonld be selected i onr problem.
Singe A i evidently & positive quantity, it Is readily infarred from the theory
of equationg, that equation 15 has one positive root with two imaginaey or two
negative, Now since

¥ =irs

15
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st necessarily be a positive guantity, it is evident that no wncertainty remains
here. Ho far ps relatea fo equation 15% we observe, in the first place, that I is
necessarily greater than 1; which iz eadly proved, if the equation g:man in avticla
Bl iz put under the form

Ee1 +'_H+h.'!n

Moreover, by substituting, in equaition 12% Fy (L —z) in the place of M, we
v

¥4+ 1=(L—2)X,
nod 8o

FHi>(—a)X> 44zt gnpeetpppgd+ o> 4,
and therefors ¥ 2> 4. Putting, therefore, =1 4 ¥", T will necessarily be a
positive quantity ; bence also equation 15% passes into this,

Y42 VP 4+ (1 —HFLh—f H=1,
which, it ts easily proved from the theory of equations, eannot have several posi-
tive roots, Hence it ia concluded that equation 15¢ would have only tme root

grenter than 4,F which, the remaining ones hamgna,glmtad it will be necessary
to adopt in our problem.

a3.

In ovder to render the sobution of equation 15 the most convenient possble
mmmm&ﬂmmpmﬂm“appmdhmumkawdhﬂa
(Teble L), which gives for values of & from O to 00 the corresponding logn-
rithme egmputed with great care to seven places of decimals The argument
& ifrom 0 to 004, proceeds by sngle ten thonsandthe by which mesns the
seoond diffevences vanish, 0 that simple interpolation suffices in this pust
of the table. Buot since the teble, if it wers equally extended throunghout,
wotld be very voluminous, from & = 0.04 to the end it was necessary to provesd
by single thousandths only ; on which aecovnt, it will be necessary in this latter
purt to bave regard to second differences,if we wish to avoid errors of eome units

FI In fact we enppose that omr probles nimita of solution.
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in the seventh fgure. The smaller values, bowever, of & are muck the more fre-
quent in practice, : .

The solution of equation 15, when & exceeds the limit of the table, ns also
the solution of 15% ean be performed without diffienlty by the indirect method,
or by other methods sufficiently known, - But it will not be forefgn to the pur
pose to remark, that & small valne of g cannot soexist with o negative value of
cos X, exoept in an orbit considerably eecentrie, us will resdily appoar from equa-
tion 20 given below in article 954

04,

The treatment of equations 12, 12%, explained in articles 91, 92, 08, rosts upon
the supposition that the angle g s ot very large, certainly within the Timit 86° 25,
beyond which we do not extend table 1IL.  When this supposition s not sorrest,
these equations do not requive 8o many artifices; they can be most securaly
and eonveniently solved by trial widdond o odange of form,  Securely, since the velue

of the expression

2y —uinl

'Lai'g_’*
in which it is evident that 27 is to be expressed in parts of the radius, san, for
greater values of g, be computed with perfiet aseurany by means of the trigonomet-
rical tables, which certainly cennot be done as long us g is o emall angle: cen
venieidy, because halinoentrin places distent from each other by ao great an Interval
will scareely ever be used for the determination of an orbit wholly nnkaown, while
by means of equation 1 or § of article 88, an spproximate value of g follows
with almost no labor, from say knowledge whatever of the orbit: lastly, from an
approximate valoe of g & corrected value will always be derived with few trials,
satisfying with sofficient procision equation 12 or 12¢. For the resi, when two
given helioventrie places embrace more than one entire revolution, it is necessiy
to remembier that just ae many revolutions will have been ecompleted by the eccen-
tric anomaly, so thet the angles B'— E, o —u, either both lie between 0 and 5807,

1 That equasicn shows, thue i cos £ is nogative, ¢ most, a2 least, be grester thae 907 — g,



134 BELATIONS BETWEEN BEVERAL [Boor L

or both between similar multiples of the whele cirenmferences, and alsy f and g
bogether, either between 0 and 1807, or between similar roultiples of the semicir-
emmference. I, finally, the orbit should be wholly unknown, and it should not
appear whether the heavenly body, in pasing from the first vadine vector to the
socond, had deseribed a part only of 4 revolution or, in addition, one entire revo-
intion, or several, our problem would sometimes advait srveral different solutions ;
hewever, we do not dwell here on this case, which can rarely oceur in practie.

95.

We pass to the second mattar, that is, the determination of the elements from
the angle 7 when formd. The major semisxiz is had heve Immadiately by the
Fformulas 10, 10% instead of which the following can also be used : —

[17] H__ﬂmﬂmﬂflp'fl"'_ g
T pysin'y T Spyeroct fantg

=2 M e Vre ey
[17] a= FFain' 4 T AT Fre o fuintgt

The minor eemisxis § =y/ap is got by means of eqnation 1, which being
oombined with the preceding, thevs results

(18] p= 22y
O] p=(TEEY

Hmthaﬂnipﬂumuhrnmhimﬂhatwmnmradﬁﬂmmﬂthaeﬁpﬁam
ia $kiy g alse the toiungle between the ssme redii vectores mnd the . ohopd
#r+ din 3f: wherefors, the rtio of the seotor to the trinngle is aey: 1 oor I3 1
This remurk is of the grestest importance, and elusidstes in s beautifi] manner
both the equations 12, 12%: for it is appscent from this, that in equation 13 the
g, (-2}, X (742, and in equation 12% the parts 3, (L—s)}, X (L—)h,
are respectively proportional to the aren of the seotor {between the radii vectores
and the elliptie are), the area of the triangls (between the radii vectores and the
chord); the ares of the segment (betwaen “the wre and the chonl, beemse the
first prew is evidently equal to the sum or difference of the other twa, socerd-
ing 88 ' — v lien between 0 wnd 1807, or between 180° and 350°. In the cnse
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where o' — » fs greaer than 3807 we must conceive the ares of the whole ellipes
added to the aren of the sector and the aeea of the regment just ws many fimes
ms the motion comprises entive revolations

Muoreover, sinoe & == g cos ¢, feom the combination of eguations 1, 10, 10%,
Follow

wn 4 tan [
[19] eme =g min

(18] eosg =500l

whenee, by substituting for J, Z, their values from article 80, wo have

o aln f'sin g
[ﬂ“] mqj_l—mfmg—k‘ihﬂ'im' )
Thie formuls is not edagied fo the exact computstion of the eccentricity
when the latter is not great: but from it ia eesily deduced the more suitahle
formaln

(2]t p= Gkl bule,
to which the following Forin ean likewise be given (by multiplying the numerator
amdl denominator by oo 2 e)

B3 — g} 0 { f e g i 2 o
[28] tfbe= o (r (7= ata;

The sngle ¢ can always he determined with all acowracy by aither formula, nsing,
i thought proper, the suxiliary angies of which the tangents are

tan % m fan¥ w

lh.;i F—;Ih’ h'.l:Fq ﬂ:gi
for the former, or
#in 2 o s fe
teng {F=p}" tang (4
for the latter

The following formula can be wsed for the determination of the angle f,
which readily reselts from the combination of equetions 5. 7, end the following
ang not numbersd,

Eoi (' =) in g
(28] ten & = o ey — FenFire?

frora which, by fntroducing w,is easily derived
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: it ain guiz 34 R
[M] tan ¢ = et B ool § (=g el (- 91 s wooney”

The ambignity here romaining is essily decided by means of eguation T, which

shows, thet & must be taken between O amd 1807, or between 1507 and 3607,
a3 the numerator in thess two formuolas is positive or negative.

By combining equation 8 with these, which flow ot once from eqoation 1T,
articls 8,

1 i 25 . P

= Ll sin f en £

1 1 g Ba
;—I—FT}—I—!—FE‘DE"FCUEF’

the followmpg will ba derived without tronble,
[Ei‘l—_l o, (' == aln

2 oo gy r:-"-—-_[i:":i--:'_:-. n-;s_F :

from which, the angle o being introdnced, results

[26] tanF=— o Fola £ _

o36" 2 o 5l g { == g #l0 & [ -0 ——ain® ¥ o cos [
The uncartainty here is removed in the same manner ss before.— As eoon as
the angles F and & sholl have been found, we ghall have v = F-—f, i = F- 1,
whenee the postion of the perihelion will te known ; alsp B=0F—g, £'=04-p.
Finally the mean motion in the time § will be
Et
at

the sgreement of which expressions will serve to confirm the eolenlntion; al=o,

= 2 g—Eecns g g,

the epoch of the mean anomely, corresponding to the middle fime hetween the
two piven fimes, will be f—euin & coeg, which can be transferred st pleasure
to any other time, Tt is somewhat more convenient to compute the mean
anotntlios for the two given times by the forrovles F—y ein E, B — ¢ gin E, and
to make usa of their difference for a proof of the calealation, by comparing it with
&
¥
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The egoations in the preceding article poswss go much neatness, that there
may scen nothing more to be desived.  Nevertheless, we ean obiain certain

other fermulng, by which the elements of the orhit ere determined mock more
elegantly wod eonveniently; but the development of these formulus is o little
more abstruss,

We rosume the following equations from article 8, which, for convenience, we

distinguish by new numbers: —
L sindey/c=en} Ey(l4¢)
IL o084 a-.lk_."'::una b Ey{1—s)
[0, sin o/ 2= sin§ B'y/(1-40)
T, -:!nﬁj'?"'.lll.-.lf:r: eol ¢ B {1 —a).
We multiply L by sin ¢ (F+g), IL by cos 4 ( F - ¢), whenoe, the products being
added, we ohtain
oos & { g0 "l"ll :: Bin § Eain ¢ { Py {1 =} &) = com § Foos 4 (FFgh/ (1 —e)
TR
¥(l4o)=con ¢} =smniqp, (] — i) = ¢08 § ¢ — =0 § @,
GUER T e \“:: =08 poos{d Femd Fdg)—ein § pooad ( F 0.
[n ¢xactly the same way, by multiptying IIL by sin 4 (F—g), IV. by cos § [ F—g),
the products belng added, appears
coz g 1) \-iu =08 fpeoa(d F— § F — g} —win § g cos § (F ).
The subtraction of the preceding from this aguation gives
cos § | F gl I:\',-"'.—:- - 1#%(]' =2cosdpangsan d{F—F),
ar, by introdueing the anxiliney angle o,
(7] cosd{f4-gltan Zo —=gin § (F—F)coadqpeing 1:::',
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By trunsformations preciesly similar, the development of which we leave to the
akilful reader, mre foumd

[28] — ii;_-:ji =n0s ¢ (F'— &) oos g ain g 'l:"l.l,l-%::'

[29] ocosd{f—gltanBw=mumn ¢ (4 )=n dpaing 1;%

Lk e ) : ; T
[80] = :ﬁ-"m =g § (Fef=F)sin J o sin g "I :ﬁ

When the frsl members of theas four equations are known, & (F— &) and

Cof e g 1;?—:_}1
will be determined from 27 and 28; and alzo, from 2P and 50,in the same manner,
t(F< &) and

.y : Viaa

sin § g 8in gy ==
the doubt in the determinetion of the sagles § (F—@&) ¢ ({F4- &), i58t0 be =0
dealded thet 2 and ¢ may have the same sign a2 sn g, Thes 4 g and

ein g 1: :7": =K

will be derived from 2 and ¢, From & can be deduced

__RERyrr
= minfg

3
anl elso
p="Sr5E
unlers we prefir to use the former quantity, which must be
+ (2 ({f-sin® & g) cos ) =y (— 2 (L —sin® b g} cos ),
for & pmof of the computation chiefiy, in which cese o and p ere most conven-
fently determined by the formualas

dnfyrd b .
b= —ny P 0= gt P = b oos g,
Severel of the squations of articles 88 and %5 can be employed for proving the
caleniation, to which we farther add the following : —

2ttt 2 "."r—.ns"uf".ﬁ.iu
—_— T e & r
COA I o 1||- dl iz ' 4
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aan d i

f—-ﬁ!= fan g sin & sin == tan @ 4in Fein g,

Lastly, the mean motion and the epoch of the mean anomaly will be found in the
same manner a8 in the preceding sriicle,

07.

We will rosume the two examplas of article 87 for the illustention of the
method explaived i the 88th, amd subsequent artieles: it iz hardly necossary to
sy that the meaning of the auxiliary engle o thus far pdhered to is not 40 be
confounded with that with which the same symbol was taken in articles 96, 87,

L Tn the first examaple we heve F= 3 47" 26°865, also

log = = 09914590, logr ten (45° - ) == B.IITERADTE, v = — & 277,000,

Henoe, by erticle 59,
logsinf & . . . T.OBRDGTE logtan® 2w . . 58889498
logeosy . . . . D.ODO04EE Iogeosf . . . 90500438
O TOBEMMEE 5AR41040
= log 00010883480 == log 0LOGON242211
and thos 7= 00011206851, § 4= 08344580, Further we have
loghkt « . . . B578GDTL
Zlogkt . . . . 0153344
Coglogrs o . . 00205181
ClogBeady . . DOBITEIE
logmm . . . T2TIATES
Iog(¢-L-0) . . . 90214023
: 73529748

The approximate value, therefore, of & i 0.60225047, to which in our table IL
corresponds logyy == 00021633,  We bave, acvordingly,
mm__ mam
log —.'F.E’Flﬁl."lﬁ;:r Sy = DOU1BASEET,
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determination of the elements is as follows: —

[Beor L

whenee, by formuly 16, » = 00007420179 : wherefore, sinee ¥ is by table TIL,
wholly insensible, the valoes found for &, g, %, do not noed correction. Now, the

log . . . . B.BTEGI20 :

logaindyg . . . BABGOGSD, § =184 20988, §(F 1+ g)= 327454611,

i (f—g)=1041"4030. Wherefors, by the formalas 27, 28, 29, 30, is had
logtan2e . , . TAI6214n  ClogeosZw . . . GO00D0S2
logeos §(f4g) . 99902085 logsind{ g} . . BTHIO1EE
logooad (f—g) . S000028 logsind (f—g) . . TTETHTO0
log Pein §{P—&) THNE2T9n  log@sin§(FL &) . THOI6148n
log Prosk (P— 67 87810240 log @eoad (FL&) . T.7570761
F{P—6)= —4°3841"54 log P=log Reos by STE24G2T
H{F4@= 319 21 38 05 log Q@ =1log Raingg T.BTTE555
B 314 42 56 51 Hense ¢4 = A At
p= 310 5o 20 .94 g = 14 12 187
i = 818 30 23 .37 leg® . . . . . . B7B57060
F= 824 0 1% .59 For prowing the cddoebion.
F= 320 52 15 .58 glog8eosy . . . . 01500894

BTEATH0 |

ploges . . . . 08284030 logsing . . . . . 3897262
logsinf . . . . BE202009 log 208265 . . 58144351
Clogemng . . . 12021786 | i0meconds , , 47041513
logh . . . . . 04080813 bgdnE . . . . . BEMIGTET 8
logeosg . . . . 90865224 log sin E” . BT34471dn
legp . . . . . 0.5954837 logeein £ . . . . 45042280n
Joge . . . . ., 04224589 logeain B . . . . 44896237s
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loghk . . . B5000066  esin B —— 31082714 — — 821014
floge . . . 06336884  esin B = 27458 08 =—17 87 35 .08
25168482 Henee the mesn anomely for the

logé . . . L3411180  first place = 3207 44727707
42574045 for the second = d34 45 58 TS

Difference = 5 181,06

Theretors, the mean daily motion is 82477982 The mean motion in tha time
¢is 18091707 = §° 1781747
IL In the other example we have
J =81 AV 3832, & = 2UH0°.565, I = 008635659, log mm = BAGS085],
i“;_rl_"-‘i, or the approximete value of & = 02451454 ;
to this in table 1L, corresponds log v v = 01722668, whenee §s deduced
E = D1516347T, & = (LMGSZTRIA,

hence from table TIL is taken £ = 00002531 Which value heing used, the cor-
redtad values berome

B= D.E450TTH, logp y = (LITI2B08, = -— = 015184737, o = 008020078,

E = 00002532,

Ifth&mlwhtmnﬂmﬂﬂhmymhﬂwﬂhthiaﬁuﬁﬂff,diﬂrhg,hyndngh
unit only, in the saventh place, from the first; &, logyy, snd & would not suffer
sensible change, wherefore the value of z already found i the true one, and we
oy proveed from it af oneg fo the determinastion of the elements. We shall
not dwell opom this here, as it differs in nothing from the proceding cxmmpls,

" TIL It will a0t be ous of place, to elucidate hy an example the other
ease aleo in which cos 7 is negative. Let o' — o= 224° ¥ 0", or f==T112" ¥ ",
log r = 01384802, log s = 1.307T8704, ¢ == 20680019 days, Here we find
o= 47 14'48" 78, L — L8IMI295, log M M= (.6724333, the first approximute
value of log B = 0.6487603, whenee by the solution of equetion 15% is ohtained
F=1501432, aond afterwards x = (.037087, to which, in table ITI, corresponds
E=0.000080L. Hence are derived the corrected values log &= 05447031,
F= L&015107, s = 0.0372195, & = (000600, The onloulation being repeated
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withthilﬂlmnfl‘,mhnﬁs=ﬂ.ﬂﬂﬁﬂlﬁ,wﬂd1nhﬂ requires no firther cor-
rection, sinee { is not thereby changed. Aftorwards is found # g = 11° 725740,
and hence in the same manner se in exampls I,

WF== FHY5858  logP=log Roosig 9.9T00507

HP+@)= 82 638 logQ=logRenjp . 05580552
P= 1185097 = 8T AL 2T
pe= —100 © 0.03 g= T6 23 6 B4
M= 41285950 97  logR . . . . . . 00717098
6= 4521270 SO
Fe= —172388.01 o ¥y Secnf . . 00717037

F= 427 7 3.68
The angle g in smch eccontric orbits is computed a little more exactly by
formula 19%, which gives in our example g= T5°28" &"57; likewiss the eccen
tricity @ is determined with greater precision by the formula
e=1—3 dn® (45" —§ ),

than by e=#in ¢ ; according to the former, &= 036764630,

By formula 1, moreover, is found log é =06576811, whenee log p= 0.0525967,
log &= 12357255, and the logarithm of the perihelion distance

Iugrh=1ugq{1—-}=lug&tm|[45*—ﬂ}=u.fﬂﬁmﬂ.

Tt iz uspel fo pive the tioe of passage through the perihelion in place of the
epoch of the mean anomaly in orbits approsching so neady the form of the
parahola ; the intervals between this thme and the times corresponding to the
two given places can be deternmined from the known elements by the method
given in article 41, of which intervals the difference or sum [mecording as the
perihelion les without or between the two given places), sinee it must agres with
the time §, will serve 1o prove the computstion. The numbers of this thind ex-
amphmbamdupnnﬂmmmmﬂehm&nuinthaumplaﬂfnﬂiﬂuﬁﬂ,m
ak indeed] that very example had furnished our first place: the teiffing differences
of the elements obtained here owe their origin to the limited aceurney of the
legnrithmic and trigonometrical tables
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0,

The solution of oue problem for the ellipse in the preceding articls, might be
rendered applicable slso to the parabole aad hyperbola, by considering the parab-
ola s an ellipes, in which & and 7 would be infinite quumtitiss, p= 90", finally
EE, g wd ¢ =10 snd in & like manner, the hyperboln as en ollipss, in which o
would be negative, and & E E, g & ¢, imaginary: we prefer, however, not to
employ these hypotheses, snd t0 treat the problem for each of the conic seetions
separstely, In this wey a remarkable analogy will readily show {tself between
all three kinds,

Rataining in the PARABOLA the symhols p, v, F, /,r,, { with the ssme sig-
nifieation with which they had been talen ebove, we have from the theory of the
parabolic motion : —

[1] \/E=coei (F—f)

(2] \/ & =cond (F4)
’_:r'=mi{r-[—_r}-tani[r—_r}+iuﬁ{r-{-;f}—imﬂi_{r_ﬂ
= (tan # (F-4-7)—tan d (F—r)) (14 tan 4 (P4 f)tan § (F—f) 4
(100 (Ff)o— tan § (F—7))")
= E-ﬁ:._i#fr"(lmlifrr‘_l_.lﬂ:;;f rjr

whenee '

_ Bsin fops fure’ | s fieed
LI e P b ¥

ap
Further, by the multiplieation of the equations 1, 2, is derived
[4] %= eos F+oosf
amdl by the addition of the squares,

[5] 29757 =1 -4 cos Foos .
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Henes, cos F being eliminated,

2 v 5inf
[0 p=rr e

If, accovdingly, we adopt heve also the equetions 9, 9%, article 82, the first for
eog i positive, the second for cos f negative, we shall have,

__sis'fyre
m == e

"
[ p= 23000,

whick values heing substituted in equation 8, preserving the symbols m, A, with
the mesning established by the equations 11, 11%, article 88, thers result

(5] m=et 444,

(84 M=—rt4 sk,
These equations agree with 12, 12% axticle 88, if wa there put g==0. Hemce it is
concluded that, i two helioeentrie places which are satisfled by the parabols, are
trented as if the orbit were elliptie, i must fullow direetly from the spplication
of the rales of wrticle 10, that x=10; and vice vers, it is readily seen that, if
by these rulaa we have #=10, the orhit must come out & parsbole instend of
an ellipse, sinea by equations 1, 16, 17, 1%, 20 wo should have b ==, a== =,
g==0. After this, the delermination of the elements is easily effectod. Instead
of #, either equation T of the present article, or equation 18 of article 85+ might
be employed : but for Fwe have from equations 1, 2, of this article

miF=##;f:nﬂmif=ﬁn2mmhnif,

Bf the svxiliary angle is taken with the same meaning as in article 89,
We further observe just here, that if in equation 3 we substitute instead of
- its value from €, we obtain the well-known equation

RE=}(rr 4 cosf sy ir 4 —2eomf fre Wy 2,

T Whenee it {5 at onoe svident that g and F express fhe same sxibs fn the parabole & b 1he
ellipae.  Sae ariicds 95,
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99,

Wea retain, in the HYFERBOLA also, the symbela p. v, &, J} F, #, v, § with the
same mepning, but instead of the major seminxia n, which is here negative, we

ghall write —a ; wo shall put the eccentricity ¢ = m the =same manner as

858 B
above, article 31, ete. The suxiliary quantity there represented by w, we shall
put for the fivst place _—g, for the second = €'¢, whence it is readily inferod
that ¢ 18 always grester than 1, but that it differs less from one, ather things
being equal, in proportion s the two given places are less distant from each
other, Of the equetions developed in articlo 21, we transfer here the sixth and
seventh slightly changed in form,

(1] tuzh_il:: _1_1|r T.-'"}'L-
(2] stui:!.'_}{ VeV L‘]\r
fla—1hw

(3] eonbr =1{yCety/7)\/ O
I:'ﬂ'—i—l.:ln:l

"|"r—LI.";|u.

[4] smie =i (yOe—y/7)y/

From thess result directly the following : —

(5] sin F=4a(0—3) /4

[ S . 1 T =1
[6] Enf ‘iﬂ'n'f_:_-j\r"l =

(7] cos F=(ele-2)—{ O+ 3), i

[8] o f={s(0+5)—le+ ) g
Again, by equation X. article 21, we have

i “{‘:'4_ E} 1,

zh[:ﬂc-l_t;n —1,

"
®
t

-
&
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and henes,
1 1

[&] Tl:"‘:;ﬂl;l'?—{—?]{;_t_}‘r
ErpT 1 1,
(0] ZH = de( 0 e+ —2.

This equation 10 combinad with 8 gives

o e [ :_ju oo 7y
[11] a==—oo g :

X
£ I'-E'—" |
Putting, therefore, in the asme manner as in the ellipss

i fe
VFTVF .
G T =112, 0r=1—-2EL,
potording as cos)f is positive or negative, we have

H {:E—-,i' ::Illl g -——v';i.}g}.;_-usul", I,l.ril"l""

[12] e= (o 1y
—B (Lt #{ye—y/ ) ooty ¥
S RS -

The computation of the quantity 7 or L is here made with the help of the sexil-
iney angle o in the same way as in the ellipse. Finally, we bave from equeaiion
AL article 3, (umng the hyperbolio logarthms),

(4 4 1 Lr i i
c:—i—iﬁ"ﬂﬂ—ﬁ—:.—ﬁl—lﬂggﬂ—k ].l'.'I',gT

L,
= i‘f [E—'—Fl:l"_lﬁ—b'_ll-—g I'DE':'1
or, O being eliminnted by means of equation &,
1. -
L:_I:_r!“-:___ll.-l.'lfl.'rrll.'.li"r " g
T i ——— t{pe——)—2 loge.

In this equation we substitabefor ¢ its velue from 12, 12%; we then introduce
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the symbol m or M, with the svme meaning that formulas 11, 117, aticle 58 give
it and finally, for the sake of brevity, we weite

Hyomylp=s,
from which result the eguations
[15] m=(—at4—atz,
(18] H=—( L+t L (L 4atz,
which imvelve oaly one wnknown gquentity, &, sinee Z is avidently » fanetion of =
expressed by the follewing formala,

. P Aoy yfis -z —log iy {1 <z L/
8 {sfuapd

ﬂ—;—ﬂ_—-lhgi-'
tHie—1lp

=Z;

10,

In golving the equation 13 er 18% we will first consider, by itsclf, that case in
which the value of # is not great, g0 that Z can be expressed by & series proceed-
ing according to the powers of # and converging rapidly. Now we have

(14-2e)y(etoe)=e fpefpgd. .,
log (v (14 ) +ya) = — gt b L,
ani so the numerntor of Z i ¥ g ot, ..,
and the denominator, 2% - 848,

whence,
E=i—-ﬁ-l...+

In order to discover the I;!.'I"-Uf progression, we differentiate the equation
et wa) Z= (14 20)y (s o8} —log (y (1L 5) +y/s),
whence resulte, all the reductions being properly made,
Z(zteal T L BZ(L 4+ Le)y (s we) = dyfnf2s),
18
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g

(Bet2an) ] =4—(84-64) 7,
whan-ua.i:uthﬂn_mamannuuhnrﬁulﬂ &0, i= dednced

PR o $.6.8.10 4.6.8.10.13
£=*_!'.'E'+E.ﬁ.'r"_'ﬂ ek o e P | aae

Tt i evident, thevefore, that & depends upon — 2 in axaetly the same manner
62 X does upon x sbove in the ellipse ; wherefors, if we put
o 1
4= Ry

¢ also will be determined in the same manner by —s as ¥, shove, by 2, so that
we have

[M4] f=1— ﬂ'r'” -
1] +f!lf__
g']—ﬂtﬂu
B

o T

or;

&

: 1+ ate.

In this wey the valnes of { are computed for ¢ to sligle thonsandthe, from 2= 0
up to 2 = {3, which values are given in the third column of table IIL

1“1:-
By introdusing the quantity £ and putting

V= =2 ory(Z+e=%,
alan

[15] ﬁﬂ‘_—r=ﬂ:¢1‘
(164 =4,
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eguoations 13, 13% assame the form,
[16] S8 _j,

7 J *« T F
(FL 1 ¥l
e}
g so, are wholly identienl with those st which we arrived in the ellipsa {15, 15%,
wriicle 01}, Henoe, thevefore, so far sa § or I can be considered s known, g or

¥ ean be deduoced, and afterwards we shall have

[16%] = H,

M i
s
vy

. AT
[17%] #== vy A

[17) s==i—

From these we gather, thet all the operations directed above for the ellipes serve
equally for the hyperbola, up to the period when » or I shall have been dednced
from & or H; but after that, the gquantity
m
&
which, in the ellipse, ehould bécome positive, and in the parabols, 0, muost in the
hyperbola become pepative: the nature of the conie section will be defined by
this criterion, Our table will give { from # thes found, henoe will arise the cor
rected valee of & or I, with which the ecaleulndion is to be repeated wnmti] all
parts exaatly arroe,
After the troe value of # is found, ¢ might be derdved from it by means of the
formula

A M

5]
E—E,-:lrL— P

g=1-=2r4 2y (z 1+ #2),
but it iz preferabla, for subsequent uses, to mtroduce also the euxibiary angle s,
to be determined by the equation
tan2n=2y{et-ra};
hence we have

¢= tan 28 /(1 4 tan' 2 5) = ten (45" {- u).
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102,

Since g must necossarily be positive, as well in the hyperbols as in the ellpes,
the solution of equation 18 is, here also, free from. awbiguity :+ but with respect
to equation 16% we must adopt & method of reasoning somewhat diferent from
thet emplayed in the case of the ellipse. If is easily demonstrated, from the the-
ovy of equations, that, for & positive value of ¢, this equstion (if indesd it has
any poeitive real root}) Lo, with one negative, two positive roots, which will either
both be equal, that is, equal to :

v B— § = 0.20601,
or one will be greater, end the other less, than this limit. We demonstrate in
the fullowing manner, that, in our problem {sssuming that # is not o large
quantity, at least not grenter than 0.8, that we may not abendon the uge of the
third table) the greater root is always, of necessity, to be token. If in equation
13% in place of M, is substituted Fy/{L L #), we bave
Y4 l=(L4#)Z> (1427, or

S R T T

whence it ie readily infarred thed, for suck small values of 2 as we hers euppoes,
F et always be > 020601, In fact, we find, on making ihe caloulation, that
# mitst be equal to (L70858 in order that (1-k#) & moy bocome equal to this
limit: but we are far from wishing to extend our method o such great values of &, -

103.
When # sequires » greter value, excoading the linits of table IIT, the equa-
tiome 18, 15* ave always safely and conveniently eolved by trial in their un-
changed form and, in fict, for rensons similar to those which we have explained

1 It il handly be neesary 0 romask, that gue tnhle TT, gan be nsad, i the hyperbols, &0 well 2
i the ollipse, for the solutiog of thie sigastion, a2 long e & does W sxend (te Hndt. 2

2 The quuntity B evlilowtiy aanoe beecme egative, unless £ =% but to such a voloe of § would
vorrespond 8 valze of & greater thun 2,884, thue, far ezeseding the lisvits of this method.
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m ariicle 94 for the ellipse. Iu such o case, it I8 admissble to suppose the
elements of the orbil, ronghly at least, known: and then an approximate value
of # is immediately had by the formula

n il
tmﬂn_—_—-;}'{j—u =1

which readily follows from eguation @, article §9, # alsowill he had from & by
thae formmls

Le—poa@m _ sinfn
Peoaa T epa @l

and from the approximate wvelue of 2, that valoe will be dednsed with a fow
trials which exacily satisfies the equation 13,15+ These equations can also be
exhibited in thia form,

il o8 B2 pep logten (45°

w=(—gg) +20— 55 {— - M}
ik o ! | oega—hyplogtan[£5°4-4)

M=—(+ 35 +m+::;,}{ — }

and thus, # belng negleeted, the true valoe of # can be daduced,

104

It remains to determine the elements themselves from & w, or o  Putiing
gy (ee—1)=4, we shall have from equation 8, article BY,

sin flre
[18] p="S00r,
combining this formula with 12, 12, arkicle 09, we derive,

[14] ﬁr{ﬁﬂ—1]=mw=%ff !i-mjl

[18%] m?—_-_%hi—fj!l

whence the eccentrivity is conveniently and mecurately computed; o will result
from # and ' (#e— 1} by division, and g by multiplicstion, so that we have,
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Bl e e 2 ey RELE
R A T Ty
=.—E{L-|—n:}m_f.1,fn"_—ﬂ_lnh"mf.frr'_ BEet
Tt —  FFuofia "ITI‘:-?E?E"::?
_minfan oyl -h;.m ee  fyrrain® g
— T ffi—= = ﬂnf# _(’I T f}

— 5 e — FTenf. e Frrend
el = XY (5t
The third snd sixth expressions for p, which are wholly Menilcal with the form-
ulas 18, 18%, article 95, show that what is there ssid concerning the mesning
of the quantitios y, ¥, kelds good alss for the hyperbola,
From the eombinatioe of the equations &, B, article 99, is dorived

I —r)/ S =i f (0= )
by introdusing thervefore v and w, and by putiing == tan (46° 4 X, we have

[20] tan 2 ¥ iERIERS
 being henee foumd, the velues of the qusntity expressed by o in article 21, wiil
be had for both places; after thed, we hsve by equation [IL, article 21,
—n

BT = v

Te—1

b C ES T T
or; by introducing for €0, the angles Ma,

_ =M=}
977 1 a lhg.ﬁ"-)j:ﬂ:_l
[ I-:I"_m LIl

Henee will be determined the true ancmalies ¢, the differense of which com-
paeed with 27 will serve at onee for proving the caleulation,

Finally, the interval of time from the perihelion o the tme corresponding to
the firat place, is readily determined by formula XTI, article 22, to be

k ¢ 203 =11 —
a2 — hp s i),
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pad, in L6 seme menner, the interval of ttime from the perihelion to the time cor
responding to the second place,

i i e
e (2 eens (N =n)gin [(FLw) : y . ’ g e _,,:I
E ':~. e0a 2 NeosZa — hyp.log tan (45° -} A7} tan (487 )

I, therefore, the first time ia put = T'— & ¥, and, therefes, the weond = T4 &4,
we have

‘- -
(28] T=; [:'L'“'“' — log tan (45° - X)),

s 3w
whenoe the time of perihelion passare will be known ; fwally,

3&* 4 Yan 2 T e
[24] #==20 (3255 — log tan [45° 4-n)),

which equation, if it i thought proper, can be applied to the final proof of the
enleulation

1045,

To llustrate these precepts we will make an exampls from the two places
in articles 23, 34, 20, 40, compated for the same hyperholie elements  Let,
acoordingly,

¥ —r=48"13 I, or =24 & 0, logr= (03335835, log+ = 02005541,
¢ = BL4LDTES days,
Henes is found
w = 2" 45" 2BY AT, 7= 006TIR0ZS,

E-—L ar the approximate valoe of b = (.084437]1; hence, by table 11,

log y = (LDEADRLS, “::“ = (L0604 T4 54, £ = (LODTAEGRER,
to which in table IIL corresponds { = 00000082, Hence the corrected value of
A s 006443091,

log gy = 00560848, ﬁ:T — 005047456, r = 000748583,

which values require no farther correction, because ¢ is mot changed by them.
The computation of the elements is as follows : —
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loge . . . . . T.BT42399 logtang . . . . . 9.6506 1590
log{l<-a) . . . 00082889  logétanZa. ., . . BOISTI0N
logy (e tes) . . 80387804  Clegli-—e} . . . 1286375
lge2 . . . . o OB010800 logtany . . . . . G.HEG2ZRAH
logtan2s . . . 095307884 V= 377 847B0°TT
P 9* 5171178148 (it should be 579 557 @)

N 4 55 35.008

logsimf . . . . Q8110118 Clogdanys . . . 06900183
logy'er . . . o DI1TIOGSE logtan 2w , . . . BOH4BLI1E
Clogtan2n THO2E06 ClogeoaZw . . . 00020156
log§ . . 04fasgey  logsiny . .. . . 7852685
logtamy . . . . DB2B2EGB bogtem 3N . . . . 04621541
lﬂgt ______ DLADZOGTS 2N —] 16° 47467253
ogp . . . . . 03740265 ¥ o= § 4 63 127
(ther should be 0603600 sud 0,3746356) Nt 5917 219
Nepn== 18 0 20 085
logsin (F—n) . BT406274  logein(¥V+4n) 9.8528527
Clogeos { ¥ +a) . (QLOI12802 Clogoos (N e—n). . O000G58T
logeotdy . . . 04681820  logeotdw . . . . 04881829
ogtende . . . B2201005 logtand e . . . . BB2I1T943
tv= & 2572977 1 = 85781720793
= 15 50 b9 94 = 67 2 50 84

(it ahould ba 16~ 51° 0%} (Bt ehonld be 870 807}
loge . . . . . 01016184 loge . . .« . . . GLO10184
logtan2.¥ , . . 04421341 logtan2a . . . . 92397604
ClogeoaZa . . (0024530 Clogecs 2N . . . 00175143
Aaa0G084 98283020
nismber = 0.37119843 number = 0.22810284
hyplog ten(45° 4= 0.28501251  hyplog ten (45° S-n)=0.17282021

Differemes = 00B52EE1E Differences = 005556665

[Bese L
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08 .+ « - . . BOBORTER  log . . . . . . B7LE2480
flope . . . . ., 00030928  3loge . . . . . 00030828
Clogk. . . . . 17644188  Qlogh. . . . . LT76{4188
g . .. . . lApssegy  leg®. . . . . . 0:3010300
P 4956838  logf . . . . . . 17117804

= ALADTER

Thereforn, the periholion pessage ia 1897444 days distant from the time
corresponding to the firet place, and 6541282 daya from the time corresponding
to the second place. Finelly, we must attribute to the limitad sscuracy of the
tables, the small diffevences of the elements here obtained, from thess, aceording
to which, the given places had been computed.

106,

In & treatise ppon the most remarleable relations pertaining to the motion
of hesvenly bodies in conle sections, we cannot pass over in silence the elegant
expresion of the tirne by means of the megor semioxis the sum r4-r and the
chord joining the two places.  ‘This formnls appears to have been first discovered,
for the parabols, by the DMustrious Eooew, (Miscell, Berolin, T. VIL p, 20,) who
nevertheleas pubsegoently negleeted it, and did not extend it to the ellipse and
hyperboln: they are mistaken, therefore, who atteibube the formuln to the illns
trious Laswzer, alihough the merit canvot be denied this geometer, of having
independenily obtained this expresson when buried in oblivion, snd of heving
extended it to the remaining conbe sections, Although this subject is treated by
several gaometers, still the careful resder will acknowledge that the following
explanation i not superfluons.  We begin with the ellipiic motion,

We cbeerve, in the first place, that the angle 27 described about the mm
{article 88, from which we take sleo the other symbols) may be asmmed to be
less than 3607 ; for it is evident thet if this angle ia increased by 8807, the time
in ineressed by one revolution, or

"'%wzﬂixﬂﬁﬁ,ﬂﬁduyn

19
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Now, if we denote the chord by g, we shall evidently have
g =1{rcoat’ —reonvf | (#eEny —rancp,

and, therefore, by equations VIIL, IX, srticle 8,

g =aa 008 5 — 008 B 4= ga coe® g (sin £ —ain £

= 4 aaein’ g (sin® F 1 costy oo’ ) = 4 s Ein® g {1 — e c0d 7).
Wﬂ introduce the auxiliavy angle & such, that coab=roos ;5 at the same timae,
thulﬂamhugmtymrhramﬂd,w&mppmﬁtuhuhkanbamﬂn 0 and
180°, whenoe sin & will be o posiive quantity. Therefore, ne ¢ lies between the
razne limits (for if' 2 7 should amomnt to $60° or more, the motion would attain to,
or would surpass an entire revolution about the sun), it readily follows from the
preceding equation thet g=2asing en b, if the chord is considered o positive
guantity. Since, moreover, we have
rtt =2 {1l —eoongoos F) = 2a{l—oeoegeos ),

hhﬂiﬂmﬁﬂlﬂ,ﬁﬂpﬂﬁ—g:ﬂ,*+g=i,ﬂ v,

] r4r—p==2a(l—cosd)=4aa®id,

E r+rtp=2a(l—cose)=4Laun s
Finally, we have

Bt=at {2y —Zosing cos @) = o’ (29— 2 ein g cos b),

ot

[3] #t=a"{s —sine — (& —sind).

Therafore, the angles & aod & can b determined hy equations 1, 2, from
# 4+, ¢ and &7 wherefore, the time ¢ will be determined, frorn the same equa-
tions, by equation 3. If it is proferred, thi= formula can be expressed thus :

is=u!(mm'_—fr_-l-_f‘14_ﬂnm“ ol

— oo 20t be | i g oo h—l_[rli-’.'l+a}

But an wregrtpinty remaing in the determination of the angles &, by thair
cosings, which must be examined more clossly. It appensa st onos, that &
muet lie Between — 180° wnd 4~ 180°, and & between 0°and 860°: but thos
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both angles scem to admit of & double, and the resalfing time, of a quadruple,
determination. We have, however, fom equation §, scticle 88,

eonfoyfry =a ooy —ooak)=2aznd Fsinda:
now, fin §e is of pecessity o pesitive quantity, whenea we conclude, that eosf
and ein ¢ & are necessarily affected by the pame sign; and, for this reason, that
§ la to be taken between 07 and 180°, or between — 1807 and (F according az cos ff
bappens to be posifive or megstive, that is, according ss the heliveentrie motion
happens to be less or more than 150°.  Moreover, it is evident that & ranst neces
srily be 09, for 27 =180". In this mannes ¢ is completely determined. But
the determinstion of the angle & continues, of necessity, doubtful, eo thet two
values are obtained for the time, of which it is fmpossible to determine the troe
cne, wnless it s koown from some other sovproe,  Fieelly, the reason of thia
phenomenon is readily seen: for it is known that, through two given peims is
in possible to deseribe dws different ellipees, hoth of whith can huve their focus
in the same given point and, at the ssmwe time, tha same major semninxks;* bul
the motion from the fiest place to the secomd in these ellipses i manifestly por-
formed in nneqgual thnes, '

107.
Dengting by y any are whatever between — 180° and — 180°, wnd by # the
aine of the are § 7, it is known that,
br==ab i d @t rgf e f o+ et
Mﬂhﬁﬂ
deny=ay{l—ss) =i f — g —3 10— ot
and thus,

I 3

Bttt e

*® A chele being dessribed from the frb plass, 82 s ceivies, with the radivs 2 a —s, and anmber,
from the seocnd plans, with tha radins 3 o — ', It t mandfess that the other foous of the ellipaa lies fn the
intersecting of these droles, Wherefhee, sines, gonsrally speaklng, twe intesesations ure given, two dif-
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We substitate in thie series for 5, snecensdvaly

| "I-' I und l.ll_-"r—'—-; TTe,

4 F

and we multiply the vesults by u%; and thos obdain respactively, the sariea,
prtr—et g s e — o b e o (e =)
rebrrglr 7 —q)f 4- ete.
et ?"ﬂ.; (rFr 4o ey = lr ¥ ¥ -

S LT “iz.[‘*‘l""f‘l‘ l.'-':li == etn,
the sunxs of which we will denote by T, IT  Now it is easily seen, since

2 uln 4 .}=i.,Ir,--'f_—_'.'ﬁ._—'-'r

the upper or lower sigh having effect according as 2 7 is less or more than 180,
that

o (§ —sin &) =+ T,
the sipn being similarly determined. In the same mamper, if for e is teken the
smaller value, mferior to 180°, we have
ai{e —ensi=I;
but the other value, which is the complement of the former to 5607, being taken,
wa evidently have
a¥ (2 gin e} =al 860° — 7

Henes, therafora, are obtained two values for the tume 4

Ty Hpeoe o7
E--—, and 2 — —— ]
1008,

If the parabola 18 regarded &s an ellipse, of which the major axis is infinitely
great, the expression for the time, found in the preceding erticle, passes into

i+ -+t +r—ab):
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but sinee this derivation of the formala might perhape seem open to some deubts,
we will give another wot depending upon the ellipae,
P“I.;.L‘I‘.':LE', for the seke of brevity,

tan § o =@ tan § " = &, we have r = dp(ladddr=tp(l4 &dn,

: l—aa ; l & . 24 @
LOH Y = ":'""mﬂf=li-"?"”" B = ”.Em-a’_1m..

Hemes follow
roemt —remr—=§p{dd—¥8), Fainy —rane= p (¢ — a,
and thua
po=1pp(¥—ap (44 (§ 427

"i i - [l ,I'
ow 3t is veadily seen thet 8'—4- T T 18 o positive gnantity : puiting,

therefore,

V{14 4# L&) =u, we huve g =p (& — &) 9.
Moreover,

Fr=¢fp{24 -0 =p(yy 4+ {F—d5:

wherefore, we have
i cltfe e, A P iy
T g d (— e

e — :
+‘;+_F'=f1f—w‘=—él}"a

Erom the former squation is readily deduced,

P vt
+y T = b —e)
a5 # and & — & are positive quanttu-%; but since # (¥ — &) is smaller or groster
than %, acoording as
G — (N — AP =14 40 = =

ncu-gl-mu:T-"

is pogitive or negative, we must, avidently, somelude from the latter eqoation that
_% =1 ._tl_i_rﬂl_a'.lj

in which the upper or lower sign i to be adopted, nocording 4 the nngle de-
goribed about the sun is less than 180°, or more than 180°%,
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From the equation, which in article §8 follows the second equaticn, we have,
FLLOLELraT,
% = (¢ =8 (1L 60 L j (F — &) = (& — &) (nn 2 (¢ — &)
. g . il
—F |:1-|-J|— i "" — L_.:J —§ [y — L [ —-41._:} i
whenee repdily follows,
b=} (r+7+ o For+v—p),

the upper or lower eign taking effect, as 2 # is lese or more then 150,

1{#),

If. in the hyperbols, we take the symbaols &, € o, with the sane meaning & in
article 30, we have, from eguations VIIL, IX., article 21,

r R - o ol .-""_1}
FooR Y —r gy = .{J.—E—J:I{J ol A

FEn ey —pain e = $ [:r—ﬂ {{I |?i-] @y {ga—1);
and eonsequently,
p=1to -[:.-. ——Gl} 1 I::s.: (€= {1_,,-_*_-“’— 4},

Leet: e suppose that y is & quantity determined by the equation

1 .y 1
:F-I—,—,=+:|:I’. - ?_-,-}:
since this is evidently satisied by fws values, the reciprocals of each other, we

may adopt the one which is greater than 1. In this munner

o=talo—}r—1).
Moreover,
et =da(ole+ (04 F)—d)=da(r+ Hir+ 1 —1),
and thus,
rdbtdpe=p [-I-'{';r-_ i‘%}a

repr—p=a /Iy /9):
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Putting, therefore,
¥ ++¥—p
‘f%:'l:ﬂ,_—_g, .,‘}f 0y,
we necessarily have
fdf—\fil;=ﬂﬂ;
but in order to decide the guestion whether vr%-—v’% iz equal to <= 24 or — 25

it is necessagy to inguive whether 7 is greater or less than ¢: but it follows readily
from equation 8 prtiele 92, that the former case cocurs whea 2 f is Jess than
180°, and the lattar, when 27 is more than 180%, TLasily, we have, from the same
article,

G=tr+]) (=D —toge=i(or—2) —#{—7) —loger +- 1og]
=2my' (1 +mm) F 2ny'{1 4 nn) — 2 log (/{1 - mm) + m)

+2log (y(1 + wn) £ 1),
the lower signs belonging to the easo of 2/ 2> 180°.  Now, log (v (1 - wm) 4 m)
is ensily developed into the following series: —
m—}. 02— 3 st
This {3 veadily obtained from
d log (V(14-mm) - m) = e P,
Thera follows, therefore, the formula

By {1 mm]) —2log (v (1t-mm) 4m) =4 (b —F.§ w4 1. 200 — ete),

and, Llcewise, mnother precisely similay, if m is changed to . Henoes, finally, if we
pat

T'= l"l"'+""—E}'—ﬁ.%{r+f—g}*+ﬁ,*l*[,.+g_ﬂl
— el 7 — o) ote

U= (r+ v+ o) — il 7 0 oewe s (b 7 -0
—yedvealr 7+ o)t 4 eto.



152 BEELATIONS BETWEEN SEVERAL PLACGES [N OREBIT. [Boox 1,

we obiain

E=UTT,
which expressions entirely coincide with those piven in articla 107, i a is there
changed indo — o,

Finally, these series, ns well for the ellipse as the hyperbola, are eminently
suited {0 practioal nse, when a or & possesses o very great valoe, that s, where the
conic section resembles very memly the parabols. In mach & onse, the methods
proviously dieruseed (articles 85-100) might be employed for the solutien of the
probic: but as, in our judgment, they do not firnish the brevity of the solution
given above, we do not dwali upon the further explanation of this method,



FOURTH SECTION.

EFLATIONS BETWEEN SEVERAL FLACES IN HPACE

110.

Tue relations to be conmiderad in this section are independent of the natore of
the orbit, and will rest upon the single assnmption, that all points of the orbit lie
in the sume plane with the sun.  But we have thought proper to touch here upon
some of the most aimple only, and to reserve othems more compliested and gpaeind
for another hook.

The position of the plune of the orbat 28 fully determined by two places of
the hesvenly body m space, provnided thess placea do not lie in the same straight
lime with tae som.  Wherefore, sinea the place of & point in spase can be astgned
e two ways, especially, two problems presant themselvea for solution.

We will, in the firet placs, suppose the two places to be given by mesns of
haliosentrie longitudes and lstitodes, bo be denoted respectively by 4,2, 3, 3': the
distances from the sun will not enter into the ealenlntion. Then if the longitude
of the ascending wode is denoted by @, the inelination of the orbit to the ecliptic
by ¢, wo shall have,

tan # =tandi&n (A — Q),

tun ' = tandan (V' — Q).
The determination of the unknown quantities 3, tam i, in this placs, is referred
to the problem cxamined m article 78, II. We have, therefore, according to the
first solution,

tan fein ()l —Q)==tan 3,
it =—ton Foos (4 =— L
BinL{i — &)

20 {180

fam i oo (A —0) ="
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likewise, according to the third solution, we find @ by equation
. r oyt e dian g 2 =3
ten (it — 0= Fin:ﬁ,:_i_l_f,
and, somewhat move conveniently, if the angles 8, &, are given immediately, and
not by the loparithime of their tangents @ but, for determining {, recourss raust ba
had to one of the formulae

i 1-ﬁr|g P Iauﬁ"
bkt .y Sty ey £

Finally, the vneertsinty m the determination of the angla
h—Q,0r dh+—4)V—0g,

by its tengent will be decided =0 that tani may become postive or negetive,
pecording a3 the motion projected on the ecliptic is direct or retrograde: this
uncertainty, therefore, can be removed culy in the case where it mey be ap-
parent in what direstion the heavenly body has mowved in pagsing fiom the st
to the second place ; if this should be wmknown, it wonld certainly be impoasi-
ble to distinguich the ascending from the descending node,

After the angles 2.4, sre found, the arguments of the latitode v, «, will be
obtained by the formmlas,

tmlu:"-ﬁ“_i;r:ﬂ:ll . {'J_Et"

b b N

which are to he tnken in the first or second semicivele, socording aa the corre-
sponding latitedes are north or sowth. To these formulas we add the following,
one or tha other of which can, at plessore, ba used for proving the ealeulation : —

g =08 F cos (A — ), coa ' =ocoa T oo {l' — 2},

' At = i &
uma:-:—-'g-!, pn Y = —-
almx gng ?

=2 3 eos fem

git {1 == L) roes f 2oa 5
cOE i :

=1

gin (o - o) == R

¥ sin{u"-—ﬂ] —_
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111.

Let va suppose, in the second place, the two places to be given by mesns of -
their distances from three planes, cutting each other at right angles ia the sun;
let us depote thess distances, for the firss place, by & g & for the second, by
a'y iy &, and let us suppose the thind plaee to be the ecliptic itsell also the pos-
tive poles of the first and seoond planes to be situated in N, and 00° 4 . We
uhqﬂﬁmhnnhyarﬁelaﬁﬂﬁhttmmﬂﬁmﬁuﬂﬂhaingdmnmﬂh;r,f,

r=reosneos (N —R)Frenesn (N -—8)cwsi,
y=ramuood(N—10Q)cosi—rcosnan{¥—0aJ,
#==r gD WEDF
# =+ coar eoe (N — ) 4+ s o sin (N — 8 } eosd,
o = o st o cox (N — @ ) coni— ¢ cos o sin (N —2 ),
=7+ sinu aini.
Heouce it follows that
gy =y = i gin (v — u) sin (=g ) sin i,
e —ez = v s (f o) 008 (N — @ ) =in s,
gy —ys = sin {0 —w) cosi
From the eombination of the first formula with the second will be obtained F—@
andl ¢ sin (o — u) in £ hence and from the third formuln, § and r+' sin (2" —x)
will be obiained.

Einee the place to which the cofirdinates o, ¢, #, correspond, is suppesed pos-
terior in time, « must be greater then x: if, moveover, it iz known whether the
angle hetween the first and second place deseribed about the sun is less or grenter
than two right angles, s sin (& —wn)eind and o sin (-—u) most be positive
guantities in the fiest cese, negative in the second: then, accordingly, ¥ —8
iv determined withont doubt, and a¢ the same thme it is settled by the sign of
the quantity 4" — y+", whether the motion is direet or refrograde.  On the other
hamd, if the direction of the motion i keown, it will be possible to decide from
the sign of the quantity " —y &, whether w' — u is to he leken less or greater
tham 180°, Buot if the direction of the motion, and the nafure of the angle
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desoribed about the sum are altogether enknown, it 19 evident (hat we cannot dis-
tinguish betwesn the sseending and dessending node,

It iz readily perceifved that, just as cosy is the coaine of the inelination of
the plane of the orbit to the fhird plane, so sin (NF— Q) sin, aos {N-— £ sin i,
are the eosines of the mclinations of the plane of the orbit to the firet and second
plones réspectively; slso that v sin (o — o} expresses the double aves of the tri-
angle contained between the two radii veotores, and 2y’ —ga', r¢' — a0/, 0y’ —y =,
the double pres of the projections of this trisngle wpon esch of the planes.

Lastly, it 18 evident, that any other plane ¢am be the third plane, provided,
only, thet all the dimensions defined by their relations to the ecliptic, are refurred
to the third plane, whatever it may be.

112,

Let 2%, 3" #", be the colirdinntes of any third plece, and +" ite argument of
the latitade, #° itz radive vector. We will dencte the quantities »"+" sin (¥ —w'),
P gin (o' —u), r¢ gin (¥ — o), which are the double aress of the triangles be
toreen the second and third radii veetores, the fivst and third, the first and seeond,

"

respectively, by s /) #°. Accordingly, we shall bave for 2%, p", 2", expressions
gimilar to thess which we have given in the preceding article for = g, 2, and
¥, i, & 3 whones, with the asdstance of lemme L, article 75, are easly derived the
following equations : e

0 =nr—ua | a"s"

= ny —wy 3",

D= e —n 4 &%".
Let now the peosentrie longitodes of the celestial body corrasponding fo these
three places be e, o, " the peocentrie latitudes, 3, 4, #"; the distances from the
enrth projected on the esliptie, d, &, & the corresponding helfocentrio longntndes
of the sarth, L, &, £%; the latitades, B, B, B, which we Jo not pot eqnal to
(0, i order to take secount of the parsllax, and, if thought proper, to choose
any other plang, instead of the ecliptie; Instly, let D, I¥, D", be the distances of
the earth from the sun projected upon the ecliptie.  If, them, &, p, 8, are expressed
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by means of L, B, D, e, 8, &, and the cobirdinates relating to the second and third
places in o similar mammer, the preceding equations will amume the Bllowing
form : —
(1] O=n{deose Lt Peoa L) —u (& cose’ 4 0¥ eos )
(8" cor " L DY voe I,
[2] O=nr(dane+ PDen L} —a' (#gn e’ D an k)
- n" (@ dn e - O w0 L,
[3] 0=un(#tand 4 D tan B) —« (& tan & + I tan B
=+ 5" (& tan §¥ 4 I tan B).
If e B D, L B and the analogous quantities for the two remaining places, are
here regardad as Imown, and the equatioos are divided by o, or by »", fve un-
known quaniities remsin, of which, therefors, it fa possible to eliminate tweo, or to
determine, in terms of aay two, the vemaining three. In thie maomer these three
equations pave the way to several most important eonclnsions, of which we will
procesd to develop those thet are especinlly importamnt.

113.

That we may not be too mmhuppmdﬂiththﬂmgthufthéhmﬂm,m
will uee the following abbrevistions.  In the first place we denste the quantity
tan 3 gin (" — &) 4 tan #Fsin (v — ") 1 tan A7 sin (e’ ——a)
by {0.1.2}: if, in this expression, the longitude and latitude eorresponding to
any oue of the three heliocentric places of the sarth ave snbatituted for the longi-

turde and lasitude corresponding to eny geocentrie plase, we change the wumber
answering to the latter in the symbol (0. L &) for the Bomen numeral which

eorresponde to the former.  Thuos, for example, the symbeol (0. L L) exprasses the
guantity

tan # gin (L' — a") 4 tan ' &n (& — ') 4 ton B 6in (&' —a),
also the kymbol (0. 0. Z), the following,
tan § sin {«" — L) 4 tan B sin (& —a") - tan §" 6o (L — a],
We change the symbol in the eme way, if in the first expression any fma helio-
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centrio longitndes and Intitodes of the earth whatever, ave substitwied for two
geocentrie, If two longitades and laditodes entering into the sume expression are
only interchanged with esch other, the corresponding numbers should aleo be
hterchanged ; but the value is not changed from thie cause, but it only becomes
negative frora being positive, or positive from negetive. Thuy for exempla, we
have

(0.13) =— (021} ={1.2.0) =—(L0.2) = (2.0. 1} =—(2. 1.0},
All the quamtities, therefore, originating in this way nve redeced to the ninsteen
following 1 —
(0.1.2}
(0,100 {0 1LL), (0 LILY, {0.0.8) (0.1 2), (LIL2) (0.1.2) (L1.2) (IL1.2),
(LOL), (0 OWILY, (OLILY, (101, (LOIL), (LLIL) {2 0.L) {2.0.1IL),
(2.LIL},
to which i to be added the twentieth (L LIL).

Moveover, it is essily shown, that each of thess expressions multiplied by the
product of the thres cosines of the lutitudes entering into them, becomes equsl
to the sextuple volume of & pyramnid, the vertex of which i in the sun, und the
base of which is the trisngle formed between the three pointz of the celestial
sphere whish correspond to the places entering futo that expression, the radiua
of the sphere being put equal to voily.  When, therefors, thess threa places Iis in
the same great civele, the valoe of the expression should become equal to 0; end
s this elways cocurs in three heliocentrie places of the earth, when we do not
taloe aceount of the parailaxes and the latitudes srising from the pertuchntions of
the earth, thet 13, when we suppose the earth to he exactly in the plane of the
acliptic, s0 we shall wways have, on this assumption, {(L LIL) = 0, which is, in
faet, an identical equoation i’ the ecliptic i taken for the thind plane. And fur-
ther, when X, B, B", each, = {}, all thoss expressions, except the first, hecoms
much mors simple ; every one from the secomnd 10 the tenth will be made up of
two parts, but from the eleventh to the twentieth they will consist of only one
term.
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114.
By multiplying equation [I] by eine”tan B'—sin L' tan 7, equation [2]
by sos LY tan 87 — oos o tan B, equation [3] by sin { ¥ — "), and adding the
products, we get,
[4] 0=n((021L)8 4 (0.2 1L} ) —n ({1200} & 4 (L 2. 1L} 1),
and in the same manner, or more convimiently by an interchange of the places,
simply
(8] O==a{(l)1. Lyd== (0. LL)D) +-+" (& LE " & (IL LT 15"y
0] O=a’ ({100 < (L 0 Oy —a” (2.0, 008" - (TL 0.0.) D).
If, therefore, the ratio of the quantities a, ), 5 given, with the aid of equation 4,
wi can determine & from &, or f from 43 and eo likewise of the eguetions §, 6.
From the combination of the equations 4, 6, 6, arises the following,
7] 2402100 D o (1000 4 LOOID  (210) 5 4 (LLL) IF_

LI A0 LI D A L L I IF (50, 008 < (L6 o I — b

by means of which, from two distences of & heavenly body from the earth, the
third can be detwrminad.  Bot it can be shown that this equation, T, becomes
identical, and therefire anfit for the determination of one distance from the other
twra, wiren
B=R=R =),
and
tom 3 tan 8% sin { L — o) gin { L7 — 5 4 ten 87 tan 4 sin (L —a"eln (E— I
—+tan @ tan 3 sin {L" — "} sin (L' — L) = 0.
The following fogmuls, obtained ensily from equations 1, 2, 3, is free from this
INEORYENIEnnE @ —
[B] (0 L 23888 = (0L L2} D L (0.1 2) D8 L (0. LIL) Iray
- (ALIL) B8 - (0L I D - (0. 1.3y B O - (0. LIL) DI = 0,
By multiplying equation 1 by sine’tan 8 —sine” tan 3, equation 2 by
oof e tan 3 — cos e’ tan ), equation § by en (0" — e, and adding the produsts,
we got
(] b=a((tL2)d (012} 00— (LLE) P fu (IL1. 2V IF
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and in the same manner,
[10] O=n{0hO 2).0 —«" ({0.1.2) 8" 4 (0L 2} D) -} (0. 1L 2) I,
[11] 0= {010} D—a (0. TLL) D <} n® (0. 1. 2} 8" 4 (0. L. IL.} £,

By means of these eguotions the distances &, &, &%, can be derived from the
ratio between the gquantities s«',#", when it s known.  Bat thie conclusion amly
holds in gemerel, and suffers an exception when (0.L2)= (. For it can ba shown
thit in this case nothang follows from the uu_'ﬂm‘fjnng g, 0, 14, except o Decoesry
relation between the quantitics s, o', 4", and indeed the same relation from each
of the threa, Analogous restrictions coneerning the equations 4, &, 6, will readily
suggest themselves to the render.,

Finally, oIl the results here developed, are of no utility when the plane of the
orbit coingides with the ecliptin, Faor if &, 8,8 B, B B” sxe all equal to {,
equation & is identipsl, pad olso, therefore, all those which follow,

3
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INVESTIGATION OF THE OREITS OF HEAVENLY BODIES FROM GEOCENTRIC
) OBBERVATIONS,

FIRET SECTION.
DEFERMINATION OF AF ORTIT FROM THEEE OO0MPLETE OPSEEYATIONE,

114,

Sevex elements are vequired for the complete determination of the motion
of & henvenly body in its orbity the number of which, however, msy be dimip.
ished by one, if the mass of the heavenly body is either known or negleoted §
neglecting the mas con scarcely be avoided in the determbnation of an cehit
wholly unknown, where all the guantities of the onder of the perturbations must
be omitted, until the masses on which they depend become otherwise known.
Wherefore, in the present inguiry, the muss of the hady being neglected, we re
dace the number of the elements to six, and, therefore, it is evident, that as many
quantities depending on the elements, but independent of esch other, are re-
quired for the determinntion of the wnknown orbit. These guantities are neces
parily the places of the beavenly budy obwserved from the earth; sinoe each one
of whicl: furnishes two data, that Is, the longitude and latitude, or the right ascen-
sion and declination, it will certainly be the most simple to adopt Hees grocents
plaeer which will, in general, be suffictent for determining the &z unknown els-
mente  This problem is to be rogarded ss the most important in this work, and,
for this reszon, will be treated with the greatest cave in this acetion,

21 {161)
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But in the =pecial case, in which the plane of the arbit coineides with the
ecliptic, and thue both the heliocentric and geocentrie lntitudes, fom their natore,
visnish, the three vanishing geocentrie latitudes canmot any longer be eonsidered
a8 three data fndependent of each other: then, therefore, this problem would
remain indeterminate, and the three geocentrie places might be satisfied hy an
indnite number of orbita. Avcordingly, in such & cuse, four geoventrie longitudes
must, necessarily, be given, in order that the four remaining wnlmown elements
[th&hdhaﬁmufthumﬁtanﬂth&lungimdaufﬂ:ennﬂabmhgptniﬂpd}m.a.yhl_':
determined.  But although, from an indiscernible prineiple, it i not to be ex-
pected thet such & rase woyld ever actually present iteell in matuve, nevertheless,
iti i3 ensily imaginad that the problem, whick, in an orhit exectly coinelding with
the plase of the ecliptic, s shsolutely indeterminate, must, on accownt of the
limited accuracy of the chesrvations, remain nesrly mdeterminate in orbits vary
Litle inelived to the ecliptio, where the very dlightest errovs of the cbservations
are suffieiont eltogether to confoond the determination of the unknown quan-
tities, Wherefore, in order to examine this case, it will be necessary to select
aixﬂ.m:ﬁ:rrwhiuhpmpﬂﬂamwillBhwhmuﬁunmmnﬂ,hwjnﬂahrminam
unknown agfit from four oheervations, of which two are eomplete, bet the oiher
two ineomplete, the Tatitudes or declinptions being deficient.

Finally, as all our ohsetvations, en account of the imperfection of the instrg.
ments and of the senses, are only approximations to the truth, an orbit hased
only on the sx abeolotely necessary data may be still Lahle to considerablo
errors. In order to dimiish thess ne mach as possble, and fhos to reach the
greatest procision sifainable, no other method will be given #xeapt to accumulate
the greatest umber of the most perfeot observations, and to adjust the elements,
Lot 5o sa to sabiefy this or that set of ohesrvations with absolute exactness, but
%0 05 to ggree with all in the hest possible manner, For which purposs, we will
show in the thind seetion bow, according to the principles of the ealelns of
probabilities, such am agreement may be obtained, as will be, if in 1o one pluoe
perfect, et in all the places the strictest posaible.

The defermination of orbits in thi= mannes, therefore, =0 far as the heavenly
hodies move in them according to the laws of Kapuen, will be carried to the
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Righest degroe of perfertion that is desired.  Then it will be proper to undertake
the final eorrection, in which the partarbations that the other planets eanse in the
moticn, will be taken scoount of - we will Indionte brigfly in the fmrth section,
how these sy be taken nocount of, o far at least, as it shall appear consistent
with our plan.

116,

Before the determination of any orbit from geocentric observations, if' the
grontest acenracy o desived, cortain rednctions st be ppplied to the latter on
account of notation, prevession, parallax, sod abermation: these small quantities
may be negloctad in the roagher caloniation.

Observetions of planets and comets are commonly given in spparent (that
in, veferred to the apparvent position of the equater) right sscenszions and decling-
tions.  New as this position s variable on secount of nutation and precession,
wand, therefore, different for diffivent ohservations, it will be expedient, frst of &,
to introduce some fixed pleme instead of the variable plane, for which purpose,
either the equator in its mean position for some epoeh, o the ecliptic might be
pelected ¢ it is customary for the mest part o use tha latter plane, but the former
is recommended by some peculiar advantages which are not to be feapised,

When, therefore, the plane of the equator is selected, the ohservations ave in
the fisst place to be freed from mutation, and after that, the precession being
applied, they ars to be reduced to some arbitary epoch: this epemtion agroes
entively with that by which, from the obaerved plaes of o fixed star, its mean
place is derived for o given epoch, and consequently doss noet need explanation
here,  Buot if it is deeided 1o adopt the plane of the ecliptic, there are two courses
which may be pursued: namely, either the longitades and latiindes, by reesns of
the meon obliquity, can be deduced from the right mscensions snd declinations
eorreeted for nutation and precsssion, whence the longitades referred to the maan
equinex will be obtained ; or, the latitudes and lougitudes will be computed more
eomventently from the apparent right nscensions and declinations, vsing the appar-
et obliquity, and will afterwards be freed from sutstion and precession.

The places of the earth, corresponding to each of the observations are com-
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puted from the solar tables, bub they are evidently to be reforved fo the same
plane, to which the observations of the heavenly body are refevred. For which
remgon the nutatiom will be neglectad in the computation of the longitude of thae
gun ; but afterwirds this longitude, the precession being spplied, will he reduced
to the fixed epoch, and increwsed by 180 degrees; the opposite sgn will be given
to the latitnde of the sun, if, indesd, & seems worth while o0 teke account of it :
thus will be obtained the heliooentrie place of the earth, which, if the equator is
chosen for the fandsmental plane, may be changed into right ascension and decli-
netion by making use of the mean obliguity.

117.

The position of the earth, computed in this manner from the tablea ia the
place of the centre of the earth, but the obeerved place of the heavenly body
in roferred to n point on the sorface of the earth: there are thres methods of
remedying this dismrepancy,  Fither the obeervation ran be reduced to the centra
of the earth, that is freed {from parallax; or the heliocentric place of the earth
may be redaced to the place of obeervation, which is done by spplying the
parallax properly to the place of the s computed frome the tables; or, fnally,
bath positions ean be fransferred to some third point, which s most conveniently
taken in the intersection of the visusl ray with the plane of the ecliptic; the
obgarvation itsell then remains unchanged, pad we have explained, in aefiole 72,
the reduction of the place of the earth to this point.  The firet method cannot he
applied, except the distance of the heavealy body from the earth be approxi-
mistely, at lesst, known: but then it is very convenient, especially when the
chservation has been made in the meridiam, in which case the declination only is
effected by parallax, Moreover, it will be better to apply this redoetion inme-
diately to the obwerved place, before the transformations of the preceding article
are umdertaken, But if the distance from the earth s still wholly unknown,
vecourse mogt be had to the sseond or thivd method, and the former wili be em-
ployed when the equator s taken for the fundamental planse, but the third will
have the praference when all the positions are referred to the ecliptis
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118,

If the diztance of & heavenly body from the parih answering to any observe-
tion is already spproxitstely known, i may be froed from the effect of aberm.
tion in several ways, depending on the different methods given in actiele 71, .
Let # be the frue time of ohservation ; & the interval of time in which light passes
from the heavenly body to the earth, which results from multiphying 494" into the
distanee ; 7 the chserved place, 7 the same place reduced to the time 4 6 by
mizang of the divenel geccentric rotion ; I the place I freed from that part of the
ehereadion whish i commen fo the planets and fixed stars; L the tene place of
the esrth eorresponding to the time # (that is, the tzbolar place incressed by
20" 25) ; lnatly, L the true place of the earth ecorresponding to the time §—4.
These things being preomised, we shall huvs

T 1the true place of the heavenly body seen from L at the time £ — 4,
IL 7 the true place of the heavenly body seen from £ et the time &

ITL & the true place of the heavenly body seen from L at the time # — &,
By method L, therefore, the cheerved place is preserved unchanged, but the fie-
titious time {—# i substituted for the trus, the place of the earth heing com-
puted for the former ; methed I, spplies the change to the ohservation alone, bat
it requires, together with the distanee, the diurnal motion; in method IIT, the
observation undergoes a corvection, not depending on the distance ; the fickitious
time ¢ — ¢ iz subetituted for the tene, bt the place of the earth corresponding 1o
the troe time s retained. Of these methods, the first is moch the most eomven-
fent, whemever the distance is known well encugh to enable us 60 compute the
reduction of the time with sufficient aeouracy. But if the distance 1s wholly un-
Enown, neither of these methods can be Immediately applied : i the first, to be
aure, the geocentric place of the heavenly body is knewn, but the time and the
position of the esrth are wenting, both depending on the onkoown distance; in
the second, on the other hand, the latter nve given, and the former is wanting;
finally, in the third, the geocentric place of the heavenly body and the position
of the eerth are given, but the time to ke used with these is wanting.
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What, thevefore, i to e done with owr problem, if, in such & case, & solution
sxnet with resgact f0 aberration iz regoised! The simplest cowrse undoubtedly
is, to determine the orhit neglecting at firet the aberation, the effoct of which can
uever ba fmportant; the distances will thence be obtained with at least such pre-
cision that the obeecvations ean he freed from shevsation by some one of the
wethods just explained, and the determination of the orbit can be repested with
greater ascuracy.  Now, in this ease the third method will be far preferable to the
otherst for, in the first method a1l the computations depending on the position of
the earth must be commenced again from the very heginming; in the second (which
in fact is never applicable, mmless the number of ohesrvations is sufficient o obtain
[rom them the diurmel metion), i is necessary to begin anew ull the computations
depending upon the geocentriz plase of the heavenly body ; in the third, on the -
contrary, (it the first calenlation had been siready based on pgescentrie places
freed from the ahervation of the fixed stars) all the preliminary oo patations
depending wpon the position of the earth and the gancentric place of the heavenly
body, con be rotained anchanged i the new computation. But in this way it
will even be possible to include the aberration directly i the first caleulation, if
the method used for the determination of the orbit has been a arrwaged, that
thi values of the distances are obtained before it shall have betn necessary to
introduce into the computation the corrected times Then the donbla comp
faiion on account of the aberrstion will not be necessary, as will appesr more
dleardy in the further treatment of our probiem.

119,

It would not be difficalt, from the connection between the data and unknown
quantities of our problem, to reduse it statement to six equations, or sven to less,
sinee ene or another of the wokeown gquantitios uight, conveniently enough, be
eliminated : but since this conpeetion i= most complicated, thess equations wonlid
Bocome very intruetabls ; such a separation of the unknown quantitios as finally
to producs en eguation containing only one, van, penerally speaking, be regurded
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as impossible® and, therefore, still less will it he possible {o obtaln & complete
splution of the problem by direct processs alone.

But vur problem may at least be rednced, and that too in varioos ways, to the
solution of fimo equations X =1, F==10, in which only two unknown gquantities
2, 3, remuin. It i3 by no mesns necessary thet z, & should be two of the ele
ments: they may be gqnantities coanected with the elements in any manner
whatever, if, culy, the elements can be conveniently deduced Bom them when
found. Moreover, it is evidently not requisite that X, ¥, be exprossed i explicit
funetions of g it is saficient if they ave connected with them by & eystem of
equations in sueh manner that we can proceed frem given volues of o, g, to the
corresponding values of X, F.

120.

Simee, therefore, the nature of the problem does not allew of a further redue-
tiogn than to two sguations, embracing indiseriminately two unlmosm quentities,
the prineipal point will counsist, firat, in the soitable selefion of these wnlnown
quantities and arragesiest of the equations, so that hoth X and ¥ may depend
m the simplest manner upon g, and that the elements themselves may follow
most, conveniently from the values of the formér when known: and then, it wiil
be & aubject for careful considerntion, how values of the unknown goantities satie-
fying the equations may he obtained by processes not {oo laborioas,  1f this ehiould
be practicable only by blind trinls, as it were, very great and indeed almost intol-
arahle labor would be vequired, such as astronomers who kave defermined the
arhits of comets by what s culled the indirect metbod have, nevertheless, often
undertiken: at any rate, the Iabor in such & csse is very greatly lessemed, 3f, in
the firet trisls, rougher caleulitions suffice wntil approximate values of the ue
known quantities are found. But as soon as sn approximafe detarmination is
made, the solation of the problem ean be completed by safe and easy methods,
which, before we procesd further, it will be well (o explain in this place,

* Whes ibn chserrutions are su near bo sach othies, that the inservals of the thnee mey bs trentsd s
infinitely amall guantities, & sepumtion of this kind is obenioed, sud fhe whale prolilem i redoeed t the
galugicn of nn lgebeods eqastion of tks seventh or eighth degree.
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The equations X=10, F=0 will be exuefly satisfled if' for & nnd p their
troe valnes are talen ; if, on the contrary, values different from the true ones ang
stihetitnted for & and &, then X and ¥ will roquire values dilfeving from 0. The
more neardy & and g spproach their true velues, the smaller should be the result-
ing values of X and F, and when their difforences from the trne values ave very
arnadl, it will be admisdhle to wesume that the vadations o the weines of X and ¥
wre nearly proportional to the veristion of &, if y Is Dot changed, or to the veris
tion of g, if % i& not changed. Accordingly, if the true valoes of # and y are
denoted by £, 7, the velnes of X and ¥ corvespouding to the assumption that
s#=§ 4+ 4 y=12t will be expressed in the form

- Xemaht gy F=yitdy
in which the coeffictonts e, , 7, ¢ can be regavded ns constent, a8 long as L and
remnain very small.  Henmee we conclude fhat, i for three sysiems of values of
¥, y, differing but little frome the true valnes, corresponding values of X, F have
been determined, it will be possible to obtain from them correct valnes of 2, y &0
far, at least, as the above assompiion is admissible. Lot ws sapposs that,
fors=—u, y==F we have X=4A, F=F,
s=0, ="V X=AY=F,
ﬂ.'-=|:l"";,"=.ﬁ="I I=f F=F,
and we ghall have
d=e{o—0+f—) B=rla—§)+¥i—my)
A=aid =L 4§ (F—n)h B=p{g—L)+ 8 —q)
A== FA {1 ey}, By (o §) -8 —1).
Froan these we oblain, by elimineting e, #, 7, 4,

AR — 4

e Bid B — AR -[—_5’{..-1'3_— AR LA =4
v _,-i"m'F—l—fﬂ—Wﬂh_-q— d

or, in a form more eonvenient for eomputation,

ey {of ) (A= ] T4 (o ) (A B —
f=o jw:fﬂ:rfsjh?qq?qﬂgr

g OBy (A B e A B e (P e B (A B e "
T=bt J‘.E'—A'E-[-ﬂ—.l_m:jﬂﬂj'
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It i= evidemtly nﬂmiaaﬂ:la,alm,tninlarchmga in these formulas the gquantities
& 5, 4, B, with a, F, A, B, or with ¢", ¥, 47, B".

The common denominator of all these a:pnmmu,whﬂhmnjba putundar
the form (A'— 4) (B — B) — (4” — 4] [# — B), becomes

{m‘r‘—ﬁr] (o =) (B — 8] — (o' — &) {!-"—!-}}:

whenoe it appears that o, «, o, 5, ¥, & mnst be so taken as not to malke
| e
otherwise, this method would not be applicable, but wonld furnish, for the values
of & and o, fractions of which the numerators ind denominators would vanish st
the same time. It is evident also thet, if it should happen that «d— 37 =10, the
swne defeot wholly destroys the use of the method, in whatever way o, &, 4",
B, ¥, 3", may be taken. In such w case i would be mecessary to assume for the
values of X the form
e+ 8p - edd 4 Lhp o dup,

and a similar one for the values of ¥, which being done, analysis would supply
meihods, anslegoes to the preceding, of obtaming from valuss of X, F, computad
for four systems of values of &, g, true valnes of the latter.  But the somputation
in this way would be very troublesome, and, moresver, it can be shown that, in
such & cass, the determination of the orbit does not, from the nature of the ques-
tion, admit of the requizite precision: ss this dissdvantage con only be avoided
by the introduction of new and more suitable obeervations, we do not here dwell

upon the subject.

121,

When, therefore, the approximate valoss of the unknown guaotities are ob-
tainod, the true valuea cen be derived from them, in the manner jnst now ex-
pluined, with all the acouracy that is needed. First, that is, the valoes of X, ¥,
correeponding to the approximate valoes (o 5) will be computed : o they do not
viaish for these, the caloulation will be repestsd with two other values (o), &)
differing but little from the former, and afterwards with o third system (o, &)

2
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mniess X, ¥, have vanished for the second Then, the frue values will be de-
dueed by mensns of the formules of the preceding article, so far a8 the sssamption
on which these foomulas ave based, does not differ semsibly from the fruth, Tn
urdarthntwem&rhahaﬂaruﬂaﬁajudgi_ﬂfwhid;-thamhﬂaﬁmnﬂhETdm:
of X, ¥, will be repeatad with thoss correated veluos; if this caloulation shews
that the eguations X'=10, F=10, are, still, not satisfiod, ot least mueh smaller
vﬂﬁunflf;wﬂlmlﬂtthﬁmﬂmm,thmﬁumﬂmthmﬂmarhmtheaamd
therefoms, the alements of the orbit resulting feom them, will be much more exsct
than those which correspond to the firt hypotheses If we are not satisfied
with these, it will be best, omitting that hypothesis which produced the greatest
differences, to combine the other two with a fourth, and thus, by the process of
the preceding article, to oltain a fifth system of the values of o, y; in the =ame
enaer, i it shall appear worth while, we may proceed to a sixth hypothesis,
and g0 om, until the equations X =0, F=10, shall be setisfied as exactly s the
logarithmic and trigonometrical tables permit.  Bat it will very rarely be ncces
sary to procced beyend the fourth system, unless the first hypotheses were very
far from the trath.

122,

As the values of the unknown quantities to be assomed in the second and thind
hypotheses are, to & certain extent, arbitrary, provided, ouly, they do not differ
too mneh from the firet hypothesis ;| aud, moreover, a3 care i3 to be talen that the
ratio (4" —a): (¥ —#) does not tend to ad equelity with (o —a); (§—2), it is
eustomary to put o'==g, "=4b A double adventage is derived from this; for, not
only de the formulas for £, 1, beeome a litdle more simeple, but, also, & part of the
first mlmlnhmwﬂlrﬂmnmthuma in the secomd hypothesis, and another part
in the thind,

Neverthelees, there is a case in which other reasons sugwest a departore from
this costorn: for let us supposs X to have the form X' — & and ¥ the form
F'— g, and the functions X', ¥, o become such, by the nature of the problem,
that they are very litle affected by small errors in the values of , y, or that

(i () () &)
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may be very smoll guantitios, and it i= evident that the differences hetween the
values of those functions corresponding to the sysfem s=§, y =1y, and these
which result from r=a, y=4§ cén be reforred to 2 somewhat higher order
thin the differonces f—a, 51— &; but the former vohres are X' =F, ¥ —u, amd
the latter X' =g 4 A, ¥ =05+ B, whenoe it follows, that o4 4, i1 B, are
much more exact valoes of 5, g, than o & If the second hypothesis i= based
upon these, the equations X=10, F=1{, are very frequently so exastly siisfied,
that it i not neceasary to proeeed any further; but if not so, the third hypoth-
weis will be formed in the same manner from the second, by maling

=gt A =atd+ 4 V=4 F =B F,
whenoe finally, if it is still wor found saffielently securate, the fourth will be ob-
tained aecording to the precept of netlele 1240,

123.

Weo hive supposed in what poes hefore, that the spproximate values of the
unkoown quantities r, g, are abready bhad fu some way, Where, indeed, the
approximate dimensions of the whols orbit are known (dedused perhaps from
other ohservations by means of previous ealelutions, and now to be corrected by
new engs), that condition can be stisfied without difficlty, whatever menning we
may a=sign to the nokuown quantities  On the other band, it is by no means a
mﬂt&rﬂfhﬂiﬁarmmﬂ,iuthedﬂerminﬂimﬂfmurﬁtaﬁﬂwhuﬂ;uﬂmm
{which is by far the most diffieult problem,) what unknown quantities we may
uze; hut they should be judiciously selected in such s way, that the approximate
velues may be devived from the pature of the problem itselfl, Which can be done
maet satisfactorily, when the three shservations applied to the investigation of
an orbit do not embrace too great o heliocentric motion of the heavenly hody.
Ohzervadions of this kind, therefore, are alwuye to be used for the firet determing.
tion, which may be correctad afterwnnds, st plessare, by means of obsarvations
more remote from each other.  For it i readily peresived that the nearer the oh
servations empioyed are to each other, the more is the erleulation affeoted by their
menvaidable errora Henee it is inferred, thet the observations for the fiest de
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termination are not to be picked out at random, but cave is to be taken, gist, that
they be not too near sach other, but S, alao, that they be not foo distant feom
eack other; for in the first case, the caleulstion of elements satisflying the ohser-
vations would certainly be most expeditiouly perfomned, but the elements them-
selves would be entitled to Lttle confidence, snd might be eo ervoneous that they
conld not even be unsed as un approximation: in the other case, we ghould aban-
don the artifiees which sre o be made wee of for an spproximste determinetion
of the unknown guaniities, nor could we thenee obisin any other determination,
wxeapt one of the rudest kind, or whelly insufficient, without many mere hypoth-
eses, or the most tediou= trisls.  But hew to form a correct judgment conceraing
these limits of the method i better lewrned by frequent practice than by rolas:
the exumples to be given below will show, that elements possessing preat aceu-
raey can be derived from cbservations of Juno, separated from eech othes only 22
daye, and embracing s heliscenirie motion of 7° 85 and again, that our method
can also be applied, with the most perfect sueccss, to obserrations of Ceres, which
are 260 days apart, and inelude a heliccentric motion of 82° 55'; and can give,
with the uee of four hypotheses ov, rather, succesdive approximatione, elements
agracing exrellenily well with the ohservations

124,

We proveed now to the enumeration of the most suitable methods based upon
the preceding principles, the chief parts of whish huve, indeed, slready been ex-
plained in the first. book, and reguire bere only to be adapted fo our purpose.

The most simple method appesrs to be, to take for 2, . the distsnces of the
heavenly body from the earth in the fwo cbservetions, or rather the Toguithms
of these distances,or the logarithms of the distances projected upon the ecliptie
or equator.  Hence, by article 64, V, will be derived the heliocentrie places and
the distanees from the sun pertaining to those plaees; hence, ngain, by article 110,
the position of the plane of the orbit and the heliocentric longitudes in it; and
from these, the redil veetores, and the corvesponding times, according to the prob-
lem trented st length in avticles 85-104, all the rempining elemants, by which,
it is evident, these observations will be exactly represented, whatever values may



Recr, 1] THERE COMPLETE ORSERYATIONS, ' 174

buve been assigned to x,y.  If, accordingly, the geocantric place for the time of
the thivd obesrvation = computed by mesns of these elements, ita agresment or
dissgreement with the cbeerved place will determine whethar the assnmed values
are the troe owes, or whether they differ from them ; whenes, as a double com-
parison will be ohiained, one difference {in longitode or right ascension) can be
taken for X, and the other (in latitode or declinetion) for ¥. Unless, therefore,
1]1&7&111&1!-01'thmdiﬁrmrmaumnnutatma={l,th¢ﬂa?ﬂuuﬂfs,y,my
be got by the method given in 120 and the following ariicles. For the vest, it is
in itzelf sxbitrary from which of the three observations we ssb out: still, it i bet-
ter, in general. to choose the first and last, the special case of which we shall speak
directly, being exeeptod,

This method fa preferable to most of those to be explained hereaftor, o this
seeount, that it admits of the most general applieation. The case must be ax-
cepted, in which the two extreme observations embeace & heliocentric motion of
180, ar 360, or 540, ete,, degrees; for then the position of the plane of the orbit
cannot be determined, (article 110, It will be equally inconvenient to apply the
method, when the heliccentic motion between the two extremes observationa
differs very kiitle from 180° or 3607, ete, becauge an acousste determination of
the position of the orbit cannct he obtained in this ease, or mther, becpuse the
slightest changes in the sssamed velues of the unknown quantitics woeld caise
such great varindions in the position of the orbit, and, therefore, in the valuss of
X, Y, that tho veristions of the lafter could no longer be regueded s propor
tionel o these of the former. But the proper remedy ie at hand; which ia that
we ahould wot, in sach an event, start from the two extreme chservations, but from
tha first and middle, or from the middle and lsst, and, therefore, shonld teke for
A, F, ithe differences hetween calenlation and obeervation in the third or fivst
place,  But, if both the seeond place shoold be distant from the fivst, and the
third frem the second nearly 180 degrees, the disadveatage could net be removed
in this way ; but it i= better not to make uss, in the computation of the elements,
of ohservations of thia sort, from which, by the nature of the case, it i= wholly
Impaszible to obtain an seeurate determination of the postion of the orbit.

Moreover, thin method derives valus from the fact, that by it the amount of
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the variations which the eloments experiones, if the middle place changes whils
the extreme places pemain fiwed, enn be estimated without diffioalty: in this way,
Hmraﬂwe,mmajuﬂgmmtmaj‘baﬁnmedutnthadagma of precision to he
attributed (o the elements found,

125,

Waﬂﬂﬂﬂﬁvathm&mmmmw:mbﬁgnﬂgh#
change. Starting from the distances in two observations, we shall determine gll
thiahmaﬂihthamamuhafhre;wdmﬂnnt,hmwet,mpuh
trom these the geocentric place for the thied observation, but will only procesd
a2 fi s the haliocentric place in the orbit; on the other hand we will ohtain tha
same heliocantrio Place, by means of the problem treated in articles T4, 75, from
the thserved geocentric place and the position of the plane of the orbit; thess
tmdﬂmmin&ﬁunqﬁﬁﬂmntﬂﬂmamhnther[mmwmm
of z, g ehould be the assumed ones), will fornish us X aod ¥, the difference be-
tween the two values of the longitude in orbit being teken for X, and the differ-
enoe hetwasn the two values of the radive vector, or rather its logarithm, for ¥,
This wethod s eulbject to the ssme cautions we have tonehed npon in the pre-
ﬁ&ﬂhguﬁﬂlmmthmiih:beadﬂsinmaly,thntihaheﬁmmtﬁcphwhmﬁt
mnmthada&m&dﬁmﬂmgammﬁgphmmmPhwnﬂhamﬂhhw
te bo in cither of the nodes of the orbit; when that is the case, accordingly, this
wethod cannot be applied. Bat it will also be proper to avoid the ose of thia
method in the case where the place of the earth is very near either of the nodes,
ﬁmthémmﬁunthut,h:mnﬂmﬂuﬂmﬂfﬁﬁmmmdpmpﬁﬁmﬂ
variations of &, F, would be 100 much in ervor, for a reason similar to that which
we have mentioned in the preceding srticls, But here, also, may be o remedy
songht in the interchange of the mean place with one of the extremes, to which
may corvespond & plase of the earth more remote from the nedes, exeept, per-
ﬂmnmthemrth,inaﬂthrunfﬂmubmruﬂuna,:hwlﬂheinthaﬁdﬁ[yufma
modes :
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126,

The preceding method propares the way directly for the éhéd.  Tn the sama
miiner e befors, by menns of the distances of the heavenly body from the earth
in the extrame observations, the corresponding longitudes in orbit together with
the radii vectores may be determined. With the position of the plane of the
orbit, which this calenlation will have furnished, the longitude in orbit and the
rading vector will be got from the middle sbssrvation. The remaining eletnents
may be computed from these three heliocentsio places, by the problem treated in
articles BZ, 83, which proces will be independent of the times of the ohesrva-
tions. In this wuy, three mean anomalies and the diornal motion will be known,
whenee may be computed the intervala of the times between the firet and second,
and between the secomd and third ohearvationa The differences between thess
and the trpe Intervals will be token for X and ¥

This method is less advantageouns when the beliocentrie motion Ineludea a
small ave only. For in such n esse this determination of the orbit (me we have
alveady shown in article 82) depends on quantities of the third order, and does
not, therefore, admit of sufficlent exactness The alightest changes in the values
of & ¥, might couse very great chanpes in the elemants and, therefore, in the val-
ues of X, ¥} also, nor would # be allowsble to poppose the latter propertional to
the former.  Bul when the three places ambrnes s considerable haliosentsio mo-
tion, the uwse of the wethod will wodoubiedly sueoeed best, unless, indeed, it is
thmmtuhumfmmh;rﬂmt:myﬁmaqlamaﬂmthﬂpmmﬂmguﬂdm,
which are evidently in this method {oo, to bo taken into consideration,

.m‘

After the three heliveentric places have been obtained in the way we have
deseribed in the preceding article, we can go forward in the following mammer,
The remnining elements may be determined by the problem treated in articles
Bi=108, first, from the firet and second places with the corresponding intervel of
time, and, afterwards, in the same manner, from the second and thivd places and
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the eorrespending interval of time: thus two values will result for each of e
elemanta,andfmmthnirdiﬁbrmumgtwomaybahkwltplmmfmlmﬂ
- £ One sdvantoge, not to be rejected, gives great value to thi= method; it is,
that in the firsh hypotheses the remaining elements, besides the two which are
chosen for fixing X and F, can be emirely neglected, and will fnally be deter
mined in the last caleulation based on the eorrected values of 5, p, either from
thuﬁnlmhhtﬁmdane,mﬁumth&md,mwﬁuhh.geumﬂ];pmfﬂﬁhlﬁ
from the combination of the first place with the third, The choiee of thoss two
elements, which is, eommonly speaking, uwrhitrary, fornishes o greaf variety of
wolutiong; the logarithm of the semiparameter, together with the logavithm of
the semi-sxis major, may be adopted, for exemple, or the former with the escen.
trivity, ar the latéer with the ssme, or the longitade of the perihelion with any
one of these elemenis: eny one of these fomr elements might sl be combined
withthaammhiﬁmnmdymmwndhgtuthanﬂﬂdlaplmainaithermlwlw
tion, if’ an elliptical orhit should result when the formulas 27-30 of article G,
will supply the moet expeditiovs computation. But in special cases this choiee
demands some consderation; thas, for example, in orbits resembling the parafols,
the Hemi-nﬁum.q"ﬂrnrihlﬂguﬁthmwmﬂﬂhﬂlmmfhhle,i'ﬂmuuhmarneﬁm
uﬂaﬁmufthﬂu:qumﬁﬁenmuldmthamgudadupmpummmmmﬂf
= inmuhummitwuldhanmmudmmgmmtnmlmi. But we give les
ﬁmamthﬂapmmuﬂmabecmthaﬂﬂhmthud,tnbawplﬁmdinthaﬁﬂam
ingnrﬁda,hbnhpmﬁrmd,inahmﬂdlmmﬂufhurthufu explained,

128,

Iﬂtmdmtaﬂmp-anﬂrmhﬁrm,nbtﬂn&ﬂintha ERINE mAnner s in srticles
125, 126, Ly #, ¥, v the angular helivoentris motion fn orbit from the second to
th!ﬂlhﬂpluuehyﬂf;ﬂﬂmfhaﬂmtfnthaﬂdﬂhfﬂf,ﬂ'mﬁhnﬂ:ﬂtnihﬂ
second by £ £, so that we have

F=r+r;

Frign2f=n, v sin 35 =+, o' uin 27 = i

next, let
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lnsi]y; Tet the product of the constant quantity & (article 2) into the intervals of
the time from the second ohservation to the thivd, from the first to the thisd, and
from the first o the second be respectively, & ¢ 8", The double eomputation of
the elemenis I begun, just az in the preceding article, hoth from r' ™ and &%,
and from #' #, 1, 4: bat nelther computation will be continued to the determina-
tiom of the elements, but will sbop as soon ne that quantity has been obtaimed
which expresses the ratio of the elliptical sector to the tripngle, and which is de-
noted above (article 81) by ¥ or — F.  Let the value of this guentity be, m the
fivat onleulation, 5% in the second, 4. Accordingly, by means of formuls 18, arti-
ele 85, we shall bave for the semi-parameter g the two valuss: —

vr=L, and yp=1.
But we have, besides, by articls 52, a third valus,

_ dre'sin Fein f in
R e =

which three valnes wonld evidently be identiesl if trne velues could have been
taken in the begnning for z and p.  For which rosson we should have
i

57 gm’t

AR Y e faln f dn Ll
e T an’ T T e fen g v

Unlass, therofore, these equations are fully satisfled in the first calenlstion, we

can pit
X=log Ly,
F==_ﬂr+ﬁ'_i#frﬂ':::mfmf‘

Thia mathod admite of an applioation equally general with the second ex-
plained in aeticde 125, but it iz & great adventage, that in this ffth method the
first hypotheser do not require the determinetion of the slements themselves, but
sop, se it were, balf way. It sppears, also, that n this process we find that, ss it
can pe foréseen that the new hypothesis will not differ rensibly from the truth, it
will be sufficient to determine the elements either from r,#, /™, &%, alone, or from
#s#", /3 4, oz, which is hetter, from ' F, &\

) 28
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129,

The five methods thus fir explained lead, a2 once, to a8 many others which
differ from the former only in this, that the inelination of the ovbit and the lom.
gitede of the sscending node, instead of the distances from the savth, are taken
for rand g The new methods are, then, s follows; —

L From & and j, and the two exivems geocantric places, sceording to articles
74, T4, the helwcentrie longitudes in ovbit and the redii vectores are defermined,
and, from these and the corresponding times, sll the remsining elements; from
these, finally, the geocewiric place for the time of the middle olservation, tha
diffevences of which from the obseyved place in longitude and letitude will for-
nisk X and T,

The four remeinmg methods agres in this, thet all three of the helivcentric
lmjﬁdaummhﬁmdthﬂmmpﬂnﬂingrﬂﬂﬂvmmmmmpmm*hh
position of the plane of the orbit and the goocentrio places, But afterwards: —

II. The remaining elements ave determined from the two extrome places only
and the corresponding times; with these oloments the longitude in orbit and
radivy vector are computed for the time of the middle oheervation, the differances
of which quantities from the values before found, that 8, dedused fom the peo-
centric place, will produce X sad F:

1L O the remeining dbnensions of the orbit are derived from all three
helioventrin places (articles 82, 85,) into which ealoulation the times do not enter;
then the imtervals of the times are deduced, which, in sn crbit thus found, should
have eclapsed between the first rad second observasion, snd between this last
andihettdﬂ,mﬂthairdi&mnmfmmthﬂ-ma_htew&hﬂll furnish ns with
X and F:

IV. The remsining elements are computed in two ways, that is, hoth by the
combination of the. first place with the second, and by the combinstion of the
seeond with the thind, the sorresponding intervals of the times being vsed, Thesa
iwn =vetems of elements baing compared with each other, any two of the differ
encey mey be taken for X and F:

V. Or lustly, the same dochle calenlation is only continued to the values of
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the guantity denoted by g, in article 91, and then the expressions given in the
preceding article for X and ¥, are adopted,

In order thet the lust four methods may be safely wsed, the places of the earth
for oll three of the obeervaiions must not be very near the node of the orbit: on
the other hand, the wse of the fivst method only requires, that this condition may
xist in the two extreme observadons, of rather, (sinoe the middle place may be
substituted for aither of the extremes) that, of the three places of the easth,
not more than one shall lie in the vicinity of the nodea

130

The ten methods explained from article 124 forwards, rest upon the assump-
tion that approximate valnes of the distences of the heevenly body from the
earth, or of the position of the plane of the orbit, ave already known, Whem
the problam is, to correct, by means of oheervations more remote from each other,
the dimensions of an orbit, the spproximate values of which are already, by
pomE means, known, as, for instance, by a previous caleolation based on other
ghservations, this assumption will evidently be Habla to no difficulty. But it does
not 42 yet appenr from this, how the firet caleulation is ta he entered upon when
all the dimensions of the orbit are still wholly anknown: this esse of our problem
is by far the most importsnt and the most difiewlt, a¢ may be imagined from
the anslogons problem in the theory of eomets, which, as is well known, has
perplexed geometars for s lomg time, and bas given rise to many fruitless
aiteropta, In order that our problom may be considered as corvectly solved, that
is, if the solution be given im accordance with whet hea been explained in the
11%th and suheaquent articles, it is evidently requisite to satisfy the followin:
conditions: — Firef, the quantities &, g, ere to be chosen in such o manner, that
we ean find approximate valoes of them from the very nature of the problem, st
all events, na long s the heliscentric motion of the heavenly hody between the
chservations is mot too grest,  Seeondly, it is necessary that, for small changes in
the guantitiez o, g, there be not too grent eorvesponding changes in the quantities
to be derived from them, lest the errors sceidentally infroduced in the assaroed
velues of the former, prevent the latter from being considered as approximate.
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Tﬂ'ﬂ‘ﬁrﬂbﬂhﬂﬂmﬁemqnﬁ'ﬂﬂ]ﬂtﬂmmhfﬁﬂﬂhmplﬁﬂnhm
tities @, 3, to X, T, successively, be not too complicated,

These eonditions will furnish the eriterion by which to judge of the excellence
of any method : this will show itself more plainly by frequent applications. Tha
method whieh we are now prepered to explain, end which, in & MeEAsre, 8 i he
regurded a3 the most important part of this work, eatisfies these conditions so thas
it seems to loave nothing further to he desired, Before entering npon the ex-
p]amﬁmnfﬂﬁainth&ﬁ]rmmmtmﬂtaﬂmprmﬁm,mwiﬂprﬁnﬁmneﬂﬂﬂpm-
Limirary considerationg, and we will illastrate and open, as it were, the way to it,
which might, perhapa, otherwise, ssem more chscure and loss ohvious,

131.

It ia shown in article 114, thet if the ratio between the quantities denoted
thers, and in neticle 128 by a0, 0" were lnown, the distances of the heavenly
body from the earth could be determined by means of very simple formulas
Now, therefors, if

#oo#

>
should ba taken for 2, g,

8 v

¥
{thauymbnh!,#’,ﬂ",hainghkmiuthamnaﬂigniﬁmﬁmuinﬁ.rﬁdalﬂﬂ}im;
medintely present themselves a3 approximste valuse of thess quantities in that
case where the haﬁmﬁnmuﬁmhmﬂaﬂbmﬁmahmmgrmi:
henoe, necordingly, seems to flow an obvigus solution of our problem, If two dis
hnmuﬂnmthamﬁmabta&mﬂﬁums,r,mﬂaﬂarth&tﬂpmmdagmaﬂﬂy
to pome one of the five methods of articles 124128 In fact, the symbels o, n”
heing also taken with the meaning of article 128, and, sanlogously, the quotient
arising from the division of the sector contained between the two radii vectores
Wmﬂm&mwuhm%mh@mwf,wmm

a__ @ L i
?_'T'%’ Fr
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and it readily appears, that if # # ", are regarded as small quantities of the first
ordes, § — 1, 4" — 1, " — 1 are, genevally specking, quantitiee of the second
order, and, tharefore,

L

7
the approximate values of &y, differ from the true omes only by quantities
of the second order. Newverthelass, upon a nearer examination of the sub
jeaf, this method iz found to be wholly unsoitable; the reason of this we
will e-:-:phiu in & fow words, 1t is readily percelved that the gquantity (0. 1.2},
by which the distances in the formuolas 8, 10, 11, of article 114 have been mulé-
plied, is at least of the third erder, whils, for example, in equation 9 the goan-
titiea (L L2} (L1 2), (IL. 1.2}, are, on the contrary, of the first order; henee,
it readily follows, that an error of the scoomd order in the walues of the quanti-
fies %_., ‘: produces an eror of the order rere i the values of the digtances
Wherefore, secording to the common mode of speaking, the distanees woald be
affected by o finile error even when the imtervals of the times were infinitely
sraall, wnd consequently it woold not be admossble to consdsr either these dis
tances or the pemaining quantities to be derived from them even as approximade;
amdl the mathed would be opposed to the secomd condition of the preceding

prdioli,

132,
Putting, for the ske of brevity,
L12) = (LLV D=} (0LO.2YD="t¢ (OIL2\ D" =--4
80 that the equation 10, article 114, may bacoma

¥

ad —= 5 - :.'5- S %,

the coefficients ¢ and J will, indeed, be of the first order, but it can be essily

shown thet the differemca ¢ —d i3 to be veforved fo the eecond osder. Then it
follows, thot the value of the quantity
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resulting from the spproximate asswmption that n:n"=4:0" i affected by an
arror of the foarth order only, and even of the fifih only when the middle Is dis-
tent frorn the extreme observations by equal intorvale.  For this erpor is
L'E'-|—||'|5"'_.-rn-:-£ I:i'_r 7 —l {7 —m
8 EE i ™ L T a
whare the demomingtor is of the seeomd owler, and one factor of the numerator
i Ell'rl::ti—i'} of the fourth, the other -rf"— T of tha spcond, of, i1 that E:.:-E'-L']E-] rasn,
of the third order. The former equation, therefore, being exhibited in this form,
ad’ :5—i.—{ﬂ+"!’f.' o

mefept o
it is evident that the defoct of the method explained in the preceding erticls doas
not prise from the fuct that the quantities »,4" have been assumed proportional to

&, &", but that, d addiion fo fde, v’ waa put proportionsl to &, For, indeed, in this

way, meboad of the fetor —+-—, the less exact value P58 — 1 18 Trtroduced,
w 5

from which the froe walue
ﬁ.l'-"'

1+ E:I-:I-"'rr'r (u., na r I.'p:h.'l?
differs by & quantity of the second order, (ariicle 128),

133

Sinee the cosines of the sngles £, 7, £", 83 aleo the quantities », 0" differ from
unity by & difference of the second order, it is evident, that if instead of
i - m

m

the approximate value
14 o

T apd?
is introduced, an error of the fourth order is committed. If accordin gly, in place

of the equation, article 114, the following i ntrodused,

g ef-an . B
o =3+ L= (1t 575),

an error of the second erder will show itzc!f in the valus of the distance & when
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the extrems observations are equidistant from the middle; or of the first order in
other coses.  But this new form of that equation ia not snited to the deferming-
tion of &, beannse It involves the guantities », », »*, =1l anknown.

Now, generally speaking, the quantities '_.T',, differ feom unity by a quaniity
of the first order, end in the same manper alse the produoot :: it in readily
parceived that m the epeciel case frequently mentioned, ithis produet differs
from nnity by a quantity of the seqomd order only, And even when the arbit
of the ellipse i# elightly eceentric, so that ’rl-: eocentricity may be regarded os #
quantity of the first onder, the diffaronce of - —_.;. cen be referred to an order one
flagres higher. It is roanifest, therefors, that this ermor remzine of the same order
a2 before if, in omr aguetion, ,“:,_:; 18 substituted for iﬂ, whenes is obtuined the

following form,

In fact, this equation still contains the unknown quantity », which, it is evident
nevertheless, can ke eliminated, singe it depends only on & and known quantitiea
If pow the equation ebould be afterwards properly srranged, it would secend to
the eighth degreea,

134.

From the preceding it will ba understoed why, in our method, we are shout
to take for =, g, mpentivelv the guantities

- —P and é{ﬂ-'_i—-llr"zﬂ.

Por, s the st place, it i3 evident that i P and @ are regarded es kmown quanti-
ties, " can be determined from them by meens of the equation

o=f=d P 4
a8 = b+ T (L +5a),
end afterwards 4,87, by equations 4, & article 114, sinee wa have
Wil i 11- Fa 4]
:-—i'.:r—ﬁ(1+ s Z=rrp(l+ih).

By ke gecond place, it is manifest that = T’ 84" are, in the firet hypothesis, the
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obvious approximate values of the quantities P, g, of which the trua walues are
precisely

ﬂ% rf‘tﬂ'ﬂfﬂfﬂ!”

from which hypothesis will remult ervovs of the fivst order in the dotermination of
&, and therefore of &, &% or of the second order in the gpecinl case severs] times
mentioned.  Although we may rely with safety upon these conclusions, yenerally
spealting, yet in a particular case they cam lose their fores, as when the guantity
(0. 1. 2}, which in general is of the third onder, happens to he equal o wero, or a0
rmall that it must b referved to s kigher order, This oconrs when the geocentria
path in the celestinl sphere has a point of contrary flaxwre near the middle place.
Liustly, it appesre to be required, for the use of our method, that the heliocentria
motion between the thres chservations be not too great: but this restriction, by
the nature of the very complicated problem, cannot be avoided in any way;
neither is it to be regarded as & disadvantage, gince it will always be desired 1o
hegin at the ewrliest possible moment the first determingtion of the unknown
orbit of a new heavenly body., Besides, the restriction ftself can be taken in a
suliciently broad sense, as the example to be given below will show,

135,

The praceding dismosions have been introduced, in order thet the principles
om which our method reeis, and its true foree, ms I wore, may be more clearly
seen: the practical trestment, however, will present the method in an entively
different form which, after very numerous applications, we can recommend sg
the most convenient of many teied by wa Sinee in determining an wnknown
orhit from three ohesrvations the whole subject may always be reduced to
certain: hypotheses, or rather successive approximations, it will be regorded ax a
greet advaniage to have sueceaded in ap ssrenging the caleulstion, as, at the
beginning, to separate from these hypotheses as many as posible of the compu-
tations which depend, not on P and @, but only on a combinstion of the known
quantitica  Then, evidently, these preliminary processss, common to esch hypoth-
aais, can be gone through once for alf, snd the hypotheses themselves are reduced
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te the fewest posmible details. Tt will be of egually grest importance, if it
should not be necessry to proceed in every hypothesis as far es the elements,
but if their computation might be reserved for the last hypothesis, In both
these respects, our methed, which we are now about o explain, seems to leave
nothing to he desired,

136.

Wa asa, in the firet place, o connest by preat eiveles thres helicentrie places
of the earth in the celestial sphere, 4, 4, 4" (figure 4), with thres geocentric
places of the heavenly body, B, &, 8" and {hen to eompute the positions of these
great civcles with respect to the ecliptic (iff we adopt the ecliptic as the funde-
mental plane), and the places of the points B, B, B, in these circles.

Lot e, ) " be three geooentrin longitndes of the heaverly body, 8, & 3% lat
ftudes; 4.7, ", heliocentric longitodes of the earth, the latitudes of which we put
equel to zera, (artlelas 117, T2} Let, morsover, 4,1 ¢" be the inclinations to the
ecliptic of the great circles drawn from 4, 4', 4", to B, &, B", vespectively; and,
in order to follow o fixed rule in the determivaiion of these inclinations, we shall
always messare them from that part of the ecliptic which liea in the direction
of the order of the signs from the polnts 4, &, A", so0 that their magnitndes will
be counted from 0 to 560% or, whick amounds to the spne thing, from 0 ta 1300
north, and from 0 to — 180° south. We dencte the sros A8, A'F, 4"H", which
may always bo taken between § and 180% by &4, 8% Thus we bave for the de-
termination of y and & the formulas,

[1] tany= 2

[2] tend="000=0

aoay

T which, if desirable for confirming the caleulation, can be added the following,
sind = 207, 000 == 008  eos [« — D).

We hna,aﬁ&mﬂy,mﬁra];rwﬂngnmﬂrmﬂufm determining ¢, 4, 7", 4% Now,

ifﬂtluumnHmuﬂ=ﬂ,¢—1=ﬂnr]ﬂﬂ“,ﬁhmt-ﬁ,i“hhmmlyhnd;ahnﬂd
24
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ba in opposition or conjunction end in the ecliptio st the sane time, 3 would be
indeterminate, Dut we assume that this is not the case in either of the thres
chaervations,

If the equator is adopted as the fundamental plene, instend of the ecliptia,
then, for determining the positions of the three great circles with reepect to the
equator, will be reguired the right assensions of their intersections with the eque-
tor, besides the inelinaftions: and it will be necessary to compute, in addition to
the distances of the peints B, B, B", from thess intersections, the distances of the
points A, 4, A" also from the same ftersections.  Bince these depend on the
problem disenased in article 110, we do not stop here to obtain the formules

137,

The seeemd step will be the detarmination of the positions of these three grest
circles relatively to ench other, which depend on their imelinstions and the places
of {heir muinal inferseetiona  If wo wish to bring these to depend upon clear
and general conceptioms, without smbiguity, =0 88 not to be obliged to nee
special fguree for different individusl casas, it will be necessary to premiss some
preliminary explanations  Fialy, in every great circle two opposite direstions
are t0 be distingaished in some way, which will be done if we regard one of them
ge direet v positive, and the oiher as retvograde or negative. This heing wholly
arbitrary in itself, we shall alwaye, for the eake of establishing a uniform rule, con-
wider the directions from A, A, A" towards B, B, B as positive; thus, for example,
if' the interseetion of the firsé civele with the second is represented by a positive
distance from the point 4, it will he understood that it ia to be taken from 4
towards I (s JF in onr figura); but if it should be negative, then the distanes
i+ to be taken on the other dde of 4  And seewndly, the two hemispheres, into
which every great ofrele divides the whole sphere, are to be distingnished by suit-
able denominations; aceordingly, we shall eall that the s hemisphere, which,
te one walking on the inner surfsce of the sphere, in the positive direction along
the great cirele, iz on the right hand ; the other, the fafmir.  The superior hemi-
sphere will be analogous to the northern hemisphere in regard to the ecliptic or
equator, the inferior to the southersn.
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These definitions being correctly understeod, it will b possible conveniently
to distingoish dodh indersections of the two great circles from each other,  Tn foet,
in ome the first civele tends from the inferior 1o the superior hemisphere of the
second, or, which is the same thing, the second from the euperior to the inforior
hemisphare of the first; in the other intersection the opposite takes place.

It is, inddeed, wholly arbitrary in itself which intersections we shall select for
our problem; but, thet we may procsed hare also acoording to an invarinble rule,
we shall always adopt these (I, I¥, ¥, figore 4) where the thind eivele 4”5 passes
“into the supedor hemisphere of the second 4'F, the third mio thet of the firs
AEB, and the second into that of the firet, respoctively. The places of these inter
pections will be determined by their distances from the points 4" and 4% 4 and
A" A sod A, whick we shall simply denata by A0, A"D, A, "D, AD", X' 5",

Which being premised, the mutual inclmations of the civvles will he the angles
which are contained, af the points of intersection 22, IV, 1", between thoss parts
of the circles entting each other that lie in the positive direction; we shall
dencta thees nelinations, talen always between 0 and 1807, by g ¢, v The de-
termination of thess nine unknown gquantities from those that are lmown, evi-
dently rests vpon the problem disoussed by us in article 55, We have, conse-
quéntly, the following equations: —

[8] sink e sin & (4D 4"D) = sin § ('—F)sn £ (5" )

[£] =indeonsd (AL - A"D) = cos d (I"—ain 4 {y"—3",

[5] eosdasin § (LD — 4"D)y=gin § (7' — ) cos § {57 L o),

[8] coedtcos § (A0 —A"D)=ooa i (I"—jooag (" — )
H{ LD 4"D) and sin § ¢ are made known by equations § and 4, § (40— 4D
and cos § & by the remaining two; henee 470 A"D and . The ambiguity in the
determmation of the ares 4 (4D A"IN, §{A'D— 4“1, by means of the tan-
gents, is removed by the condition that sin § & cos § &, most be positive, and the
agresment between gin § & cos ¢ &, will gerve to verify the whole caloulation,

The determinstion of the quantities AT, A"D, ¢, A D", AD°, &" s effected in
precigely the sama mammer, and it will not be worth while to transeribe here the
eight equations used m this calewlation, sinee, In fuct, they readily sppear if we
ehange
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AD|A"D e VFP—7 | ¥
foe AL (4D | & | i lr
or for A" | 4D7 & —114 ¥

respectively,

A new verifieation of the whole ealenlation thus far can be obtained from the
mittual reletion between the sides und angles of the spherieal triangle formed by
joining the three points B, BV, 1Y, from which reaqlt the equitions, tree in pen-
ara],whnﬁamrmn*rbethepuﬁﬁmcithmpaintu,

alt (AL — AT el (DALY i (A0 — 4

Fin £ - #in g T gin, 8" Z
Finally, #' the equator is salected for the fondaments] plane instead of the edip-
tin, the mmpnhﬁmmﬂargamwuhmga,mptth&tithmmytu sub-
uﬁtutaﬁ:rﬁahalhuanirlephuunfthauﬁhd,.d’,d”thma points of the equa.
tor where it is ent by the circles AB, A8, A"B"; consequently, the right ascen-
gions of these intersections wre to be taken fnstead of 27, I, and also insfead of

A, th&diﬁnnuﬂfthepoiniﬂﬁnmtha spcond infersaetion, eto

133,

The #iird step consists in this, that the two extrens geocentrie places of the
hewvenly body, that is, the points &, B, are to be joied by a grent cirele, nd
the interseation of this with the great sircle 4B is to be detormined. Tt 5* be
thinintarmhn,mdﬂ’—ﬂimdhmuaﬂ'ﬂmthapniniﬂ’; let o* be its longitude,
and 3% its latitnde, We have, consequently, for the resson that &, 5% B* lia in
the enme great circls, the welllmnwn equation,

ﬂ=ta.nﬁaiu[u'—u*}—-hnﬂ'ain{ﬂ”-—m}+tanﬂ"ﬁhfd:“'-—u:},
hich, by the eubstitution of tan ' sin (% — 7} for tan ¥, takes the following
form : —
U =vos (o — ) {tmﬁein{u"—f]—tnuﬂ"’ﬁn{a—f}}

— st (¥ — ) (423 § 08 (6" 1) -+ tan 3" sin (0" ) — tan 5" 08 (& — 7).

Wharefore, sinea tan (e — 7} = coa g’ tan {#' — 6 we shall have,

_ ten S (o e £ — bin A7 glin fu — F
!nn[d”—u}_m L S T oy p—" ey 08 (& — '} ) ~=aim =z}
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Thence are derived the following formulas, better suited to numerical caleolations,
Putting,

[7] ton f sin (o — ') — tan §" sin (& —2) = §,

[E] tan § tos (e — 1) — tan §" 008 (& ==7") == T"sin ¢,

[¥] sin (¢ w—a)= T cosd,
we shall have (article 14, 11}

[10] taa (&' — )=y,

The unoertainty in the determination of the are (¢ —o) by means of the
tangeut arises from the fact that the great circles 4'F, BB, cut ench other in
fivs points ; we shull alweys adopt for B* the Intersection neazest the point 5, so
that o may alweys full between the limits of — 90° and + 0%, by which meana
the uneertainty is removed,

For the most part, then, the velue of the are o [which depends npon the
etirvature of the geocentric motion) will be quite o small quantity, snd even, gen-
erally speaking, of the second order, if the intervals of the fimes are regarded
as of the first order,

Tt will readily sppest, from the remark in the preceding srticle, what are the
modifications to be applied to the eomputaiion, if the equator should be chosem
as the fomdasmental plane instesd of the ecliptic. It s, morecver, manifest thut
the place of the polnt B% will remain indeterminate, if the elrclox BB, #'8"
should be wholly cofucident; this cass, in which the fonr points &, B, B, B lie in
the sume great eirele, we exelude from our investigmtion. It is proper in the
selection of obesrvaiions fo avoid that ecase, also, where the locus of these four
puintadﬁbtﬂhutﬁﬁhﬁnmnmtﬂhﬂh;hrthmthaphﬂaﬂfﬁapniut.&"',
which ia of great importance in the aubsequent operations, would b too much
affected by the slightest ervors of obsevvation, snd could not be determined with
the requisite precision. In the ssme manner the point 5% evidently, remaing
indetermeinate when the points B, B” coincideyf in which case the position of the

t Or when they aze eppostta to encl othery bat we do oot epesk of this swse, beeanse our peelbod fa
oot exterded to ehaervations, embonoiig 40 grvat am inperval
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circle BB" itwell would become indeterminate. Wherefore we axclude this opse,
alen, just as, for rensons similer to the preceding, thoss observatioms will bhe
aveided in whiek the fivst nnd lset geocentrin places fall in points of the sphere
near to each other. - :

139

Let €, €7, €7, be three helioventric places of the heavenly hody i the celestial
sphere, which will be (article 64, IIL) in the great civeles A B, 4%, A"H, vespen-
tively, and, indeed, between 4 and &, 4' and &, 4" and 5 ; moreover, the phinks
€, &, €% will Tie in the same great circle, that is, in the circle which the plane
of the orbit projects on the eslestisl sphere,

We will demote by # ', ", thres distances of the heavenly body from the s ;
by ¢ ¢3¢ its distances from the earth; by B, K, K%, the distances of the earth
from the sun.  Moreover, we put the rre 00, 007, 00" equal to 24 277, 2%,
reapectively, and

P am B = e e 2 <o, sln B4 ="
Consequantly we heva
S=ff AC OB =4, A0+ OB =¥, AT e (R =

also,
sind  snd0 als OB
P I R
En¥ A0 sin (R
T e
sin & sin £707_ vin 075"
Gl e R

Hmeitiuaﬂdﬂnf,tbat,mmnuthspmiﬁmufth&phhﬂﬂ*,ﬂ“mhm
the quantities r,#,#", g, ¢, ¢" can be determined. We shall now show how the
former may be derived from the quantities

" L

;=.P,E-I:£|-:——-1:Ir"'={!,

from which, us we have before saild, our method started.
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140,

We fivst remark, that if I were any poini whatever of the preat civele 00707,
and the distances of the points § ", & from the peint N were counted in the
direction from ' to ", so that in geeeral

N — NC =2, NO"—=N0=2f, NO'—NC=3f",
o shall hava '
L 0 = sin 2 Fsin N7 —ain 2 F sin X" L gin 2 1 sin KO

Wﬁwﬂmwu@w.ﬂhhhﬂnhtﬁahﬁm&ﬂhﬂﬂftﬁa wrent ciroles
BER", 00", as in the ascending node of the former on the latter. Let us
denote by &, £, £, T, T, T, respeatively, the distances of the peints & 7, 0%
O, I, 1 feom the great civela B B*E", faken positively on one side, and nega-
tivaly on the other. Then ain §, sin @', ein ", will evidenily he proportional to
gin AL gin N¢F, sin N0, whenes aquation I is extpressed in the following form:—

O==wgin 2 f#inG —pindf sin ¢ -4-zin 3" sin §";
or multiplying by ##%7,
IL 0 =nrgin § —n'r gin @ = "r" sin &,
Tt i evident, moraover, that dn & is to sin T, a2 the ene of the distanas of the
point € from B i to that of I¥ from B, both distances being messured in the
same divection. 'We have, tharefore,

—unfi—=
in precisely the sme way, ars obtained,

—inf =

aln T sln OF

p—

sin [ A TF—- 8"
ain T eln 07 H* #in TF sin OV B

—ain = fdin A — g} A (AT —F Fa)’

; A0 Daln OB sinT din (U5
— i & = T = D — T

Dividing, therefore, equation IL by #"ain &", there resnlts,
e T 08 in (A0 — ain OTBY  din (AY— 0%
O g A T — " DB (4 DT 1y T
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If now we designate the are "B by g, substitute for v, 7, 7" their values in
the preceding article, sd, for the sake of brevity, put

(11 Rmhin{..l."ﬂ‘ i
.R‘a!n-!"ah{.l'.ﬂuﬂ o
[12] E"dll'nhl[fﬂ—-ﬂ'—[—uj_i‘
out-equation will become
IOL ﬂ=ml——-§ﬂ'$—|—n’

The coeficlent # may be computed by the following formuls, which is easily
derived from the equations just introduced ; e

B i ¥ I
[18] @ X B i = -

For verifying the computation, it will be expedient to use both the formulas 12
and 18, When sin (47" —& o) is geester than sin (4'D—& o), the latter
formula Is lesa effected by the mnawoidable errors of the tables than the forner,
and &0 will be preferred to it if some emsll discrepancy to be explained in this
way should resolt in the valees of #; on the other hand, the former formmls ia
most to be relied vpan, when sin (A'D" —3&' 4 o) iz less than sin (40 —4&" 4 o);
8 uitable mesn hetween both values will be sdopted, if preforred. The follow-
ing formulas can be made to answer for examining the ealenlation; their not very
diffioult derivation we suppress for the sake of brevity.

can {0} B "= d.nr—ﬂ gl (I'—1

st B ) )
Haind  Demfeos [

d=wrn ain ¥ gin (42 — B sin f?

in which (article 188, equation 10,} U expresses the quotient

& _ Tamir-ky)
S (F =) T el —u !

141.
From P=2, and equation IIL of tho precsding article, we have

(nJ-#") ;44:::5-{“’ o
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thewes, and from
S gin &7

FillLx

¢=2("FtY _ 1)/ and y'=
iz ohtzined,

y i sin 2t .F':t1 s g
ums—|—2—f,ﬂi-:|#,.....ﬁ P 0 {#—a), on

i gint = i oy | e . A
Eﬂlliil'."ﬁ._{-a P_a—'i.'ﬂﬁ-l'.l)El.l.'l |IE—I:|::I—H|.11I'.| 203 LE — I:I'.:I.

Putting, therafore, for the ske of brevity,

1
I-H:] I R g e

and introducing the auxiliary sngle o such that

fan mw — —h ;'ir'ﬂ. —_—
b P ——toed,
wi have the equation
IV, ¢ @ sin e S0t e = BN {5 — 9 -0,

frorn which we mnst get the unkmown gqoantity =0 That the engle @ may be
eompiated more conveniently, it will be expedient to presant the preceding for
mulz for tan @ thus;—

T (|- g} tam g

Plo—1)+(5—0)

‘Whence, putting,

A |
Tl

[‘ﬂ] _E|H.1I-:| -—ﬂ,
——1
2= 4T

we ghiall have for the determinafion of w the very simple formula,
tam @ = Ei;—i_ﬂ.

-4
We congider as the fourth sbep the compulation of the quantities a, &, e 4, ¢,
25
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by means of the formulas 11-16, depending oo given queniities aleme. The
quantities §, o, &, will not themselves be required, only their logarithms,

There is o spocial casa in which these precepts require gome change.  That
is, when the great circle BA” colncides with 4”87, sl thus the points B, B*
with ¥, I3, reepectively, the quantities ¢, 3 would scquire infinite valuss. Put
ting, in this case,

Rsindsin (LT — ¢ 40}
TFaET (AT — g e
in place of aguation IIL we ehall have
e
whence, making .
tam o == aFEaE
— FiT—wema)’

the sene equation IV. is obtained,
In the ewme manner, in the special caze when ¢ =0, ¢ beoomes infinite, and
o — 0, on pecount of which the factor ¢ sinw, in equation 1V, =eoms to be inde-
terminate ; nevertheless, it is in reality determinate, and its value is
. o
BRI -1y (P AY
aa o little attentlon will show, In this case, therefors, mn = becomes

e OB (b} (Pl
SR
142

Equation IV, which heing develiped rises to the eighth degree, is solved by
trinl very expeditiovsly in ita wnehanged form, But, from the theory of equa-
tions, it eam be easily shown, (which, for the ks of brevity, we shall dispense
with explaining more {ully) that this sguation admits of two or four solutions by
mesns 0f real values hﬁhﬂﬁammuue,mwluﬁnfﬁn:wiﬂbepuﬁﬁm;
amdl the other negntive walue must be rgjected, becauss, by the natore of the
problem, it i imposdhble for # to become negutive. In the latter case, mmong the
values of sing one will be positive, and the remaining three negutive, —when,
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aecerdingly, i will pot be doubtiul which must be adopied,— or three positive
with one negetive; in this case, from among the positive valoes those, if there are
pay, are 0 he rejested which give s greater than &, since, by ancthor essentisl
condition of the problem, ¢ and, therefore, sin {8’ —a), must be a positive quantity.

When the obeervations are distant from each other by modesate intervals of
tirme, the last cese will moat frequently ocour, in which three positive values of
gin = satisly the equatiom. Among these solutions, besides that which = trae,
some one will be foumd making # differ Bat little feom &, either in exeess or
in defect; this 1= to be accounted for as follows  The analytical treatment of
our problem is based upon the eondition, sitaply, that the three places of the heav-
enly body in space must Bl in right lines, the pedtions of which are determinad
hv the abeolute places of the earth, and the obsarved places of the body,  Now,
from, the very nature of the case, these places must, in fiaet, fall in those parts of
the right lines whenes the lght descends to the earth, But the anelyiicsl equa-
tions do net recognize this restriction, and every syetem of places, harmonizing of
eowse with the laws of Kerrzs, is embraced, whether they lie n these right lines
on this #ide of the earth, or on that, or, in fine, whether they coincide with the
earth itaelf Now, this last case will undonbtadly satisly onr problem, singe the
earth moves in accordanocs with thess Imwa  Thenes it iz manifest, that the equa-
tions moxzt include the solation in which the poins € &%, & coincide with A, 4', 4%
{0 long ns we neglect the very small variations in the elliptical places of the earth
prodoeed by the perturbations and the parallex). Fquation 1V, therefore, must
always admit tha solution g == &', if true values snswering to the plwees of the
earth are adopted for P end @ 5o Tong as valunes not differing much from thess
are assigned to those quantities {which is always an admissible suppoeition, when
the intervals of the times are moderate), among the solations of equation IV,
pome one will necessarily be found which approaches very nendy to the value
&=

For the most part, indesd, in that case where equation IV. admits of three
solutions by reans of positive values of sne the third of these (besddes the tene
one, and that of which we have just spoken) makes the value of = greatar than

&, nnd thas Is only analytieally possible, but physically Smpossible; o that it can-
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not then be doubtful which is to be adopted. Bt yot it certainly can happen,
that the equation may milmit of two distinet and proper solutions, and thus that
our problem may be stisfied by two whelly different orbits, But in euch en
event, the true orbit is ewsily distinguished from the filse s soon as it #s possibla
to bring t0 the test other and more remots observations,

143,

As epom o the angls # is got, »/ is immedintely had by means of the equation
¢y =Emd
Further, from the equations P =" aad TI, we obbain,
W (Pefa) B sin &
®  Bsm(r—g) !
w1 oW
W P'a
Hm,inar&erﬁatmmrﬁntﬂmhrmﬂaqmmﬂmgﬁawhmhthapuﬂ-
tions of the points ¢ ¢, wre determined from the position of the point ) in such
nmmnarthatthﬂlrgﬁmrﬂiruthmﬂmnammtdmmmﬂgmuimy_
immediptely bo apparent, we remask, thet the sine of the distance of the point
" from the great eirohs ('8 (taken positively in the superior hemisphere, negs.
tively in the infarior} is equal to the produet of sin #” fnto the sine of the distancs
of the point & from I, messured in the positive direstion, and therefore to
— el ¢ sin O = — sin " ein (s + D" — &)
i the same manmer, the sine of the distance of the point ¢ from the same great
cirele is — sina’sin ("IF.  Buot, evidently, those sines ave as sin €0" to sin 00, or
u?m;,nruu“'r“hffr' Putting, therefore, 0 = (", we have

Y. r""m.nﬁ""_;:-r %mgl-—]—d’ﬂ“ — &)
Precisely in the same way, putting OIF = {, is obtained
VL rﬁmi—-ﬂraﬁ sin (2 -+ A'D— &),

VIL (i AL —AD)=r"P D din (i 4+ A'D— 4'D),
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By combining equations V. and VI with the following taken from article 15%,
VIIL ¥ i {57 — A EF 4 ) = E" sind”,

X roin (§ — AL 4 &) = Rsind,
the guantities {, % r, v, will be thence derived by the method of artiele 78,
Thet this ealeulation may be more conveniently effected, it will not be wnaccept-
able to produce here the formuolas themsalves, Lot ua put

Mgin
M Har—5—*
T ain &

(8] mmm—F—"

[19] E;fi e

2] ="
Thnmmputn.tmn of thesa, or rether of their logarithms, yet independent of P
and ¢, is to be regarded as the £%h and last oep in the, as it were, preliminary
oparations, and is conveniently performed &t the sme time with the computation
of &, &, themselves, or with the fourth step, where & becomes equal to %,

Muking, then,
av Hne

o o (2 b 4D — ) =,

w'' g & )

?.mﬂﬂ[#+.l‘iﬂu—ﬂ=f,

k(lp—li=g

=11 =4,
we derive £ and » from rein § == p, reos £ = g3 also, £ and + from »" sin [ =p",
and " ooe (¥ =4", No ambignity can ocour in determining ¢ and {7, hecanse r
and #* must, necessarily, ha positive quantities  The complete computation ean,
ift desired, he verified by equation YIL

There are two cases, nevertheless, where another covrse must be pursued.

That iz when the point IF coineides with B, or i opposite to it in the spherg,
or when A —& =10 or 180°, equations VL and IX. must necesenrily be iden-
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tiead, and we should have x — o, Lp—1==1, and g, therefore, indeterminate,
In this case, £ and # will be determined, in the manner we hve ehown, but
then { and » must be obtsined by the combination of equation VIL with VTLor
IX, We dispense with transceibing here the formuolas therneelves, to be found
i avticle 78; we observe, merely, that in the case where A0 — s in fact
naithﬁr=umr=lﬂﬂ',bwtiq.n¢mrthelﬁu,nmmﬂmitiapm&hmhle
to follow fhe esme method, since the former method does not then admit of the
requisite precision. And, in fict, the combination of equation VIL with VL or IX.
will be chosen aceordlag as sin (A D" — AD¥) is greater or less than sin {4 I —d),

In the ssme monser, in the enss in which the point 7, or the ene opposite fo
it, either coineides with B or is Tittle vernoved from it, the determination of
and " by the preceding method would be aither mmpossible or unsafe, In this
enst, accordingly, £ and » will be determined by that method, but " and « by
the combination of egnetion VIL either with V, or with VIIL, according aa sin
(AL — A"DF} s groster or less than sin (470X — 87,

There is no reason to fear that. 7 will coincide af the aame fws with the points
B, B, or with the opposite points, or be very near thew ; for the case in which
X! coincides with B, or is but little remote from it, we excluded above, in article
188, from our discussion, :

144,
'Ihnrmt:nd{”b&ingfhund,thapmiﬁmﬂih&puinh £ 0, will be given,
and it will be possible fo determine the distance 00"= 2/ from £, & and o,
Lot 1 ", be the Inclinations of the great circles A8, 45" to the great oingle O
(which in figure 4 will be the wngles 07C0 anl 180° — GC"D, respmotively),
and we shall have the following equations, entirely snalogous to the e nutions
8-6i, article 137 : —
Bin £ gin § (4" < o) = sin § ¢ sin ¢ (54 07,
!]Jlf’mi[ﬁ”—l—ﬂjzmil'ﬁn”f—f},
maj"ﬁni{u"u—nj=ainil'mui{|';+ﬂ
mif-mall:ﬂ'—#]=muh’mi[§'—f‘}
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The two former will give § («" <) and sin ¢, the two latter § (" —u} and eou '
from sin #” and coa /' we shall have /7 It will be proper to nepgloet in the frst
hypotheses the angles § {15} and § (¢ —u«), which will be used in the last
hypothesis anly for determining the position of the plane of the crbit
In the same way, exactly, £ can be derived from & (0 and €5 also "

from ", CL and "5; bt the following formulas sre used much mors con
veniently for this purposs ; -—

ﬁnﬂf=ruinﬂf".%,

3 =r"sin2 .,

in which the logerithms of the guantities &, 4 are alresdy given hy the pre-
ceding ealoulstions  Fivally, the whole caloulation finds a new verifieation in
this, that we reast have
Ar4+-2/"=2r;

i by chamce any difference shows itself, it will not certainly be of any fmper-
tance, it all the processes have been performed as aceurately as possible. Nover
theless, nocasionally, the ealenlstion belng conducted throughout with seven
places of decimald, it may amount to some tenths of a second, which, if it eppear
worth while, we may with the utmest facllity =o distribute between 2 Fand 2 7
that the logrsithms of the sines may be equally either inerensed or diminished,
by which means the equation

rum 3 u*

will be satisfied with all the precision that the tables admit. When £ and 77 differ &
little, it will be sufficient o distribate that differcace equally between 27 and 2%

145.

After the positions of the heavenly body in the orhit have been determined in
this menner, the double ealoulation of the elements will be commenced, both by
ithe combinstion of the serond place with the thind, sad the combinntion of the
first with the second, together with the corresponding intervals of the times
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Before this is undertaken, of course, the intervals of the times themsclves require
somme eorrection, if it 12 decided {0 toks acecount of the aberration agresably to the
third method of artiels 118, In this tase, evideutly, for the troe times ave to be
substituted fetitiows ones anterior to the former, respectively, Ly 4938 493
483¢” seoonds.  For computing the distances g, ¢, ¢”, we have the formulas: —
s Ren (A X — rm{dﬂ" by
By B :

s _E'uu{d"—s} LY i_‘l

¥ sin — 7 win { A7 LY -
f=w%=—%j'

But, if the obeervations ehould at the beginning have been freed fiom
aberyntion by the first or second method of article 118, this celoulation mey be
omitted ; =0 that it will not be necessary to deduce the values of the distanses g,
¥ ¢, unless, perhaps, for the sake of proving that those valnes, upom which the
computation of the aberration wes based, were sufficiently exact, Finelly, it i=
apparent that all this calenintion is alss to he omitted whenever it is thought
preferable to neglect the abarration wltogether,

146,

The calorlation of the elements— on the one hand from #, ", 27 and the
eorrected interval of the time between the second and third observations, the
produst of whieh moltiplied by the quantity &, {avticle 1,) we denota by & and
on the other hand from v+, 27" and the imterval of time between the first and
eeoond obaervations, the produoct of which by & will be aqual to ¢” — i3 to he car-
ried, agreeably fo the method explained in artieles 35-105, enly as far ae the
quantiy there denofed by g, the value of which in the fisst of thess combinations
we shall eall 7, in the latter ", Lot then

i Fria"

=L irm ey = O
and it is evident, that if the values of the quantities P, &, vpon which the whole
ealoulation hitherto is based, were true, we should bave in the reslt P'= P,
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& =0¢. And conversely it in realily perceived, that if in the yesult Pz P,
¢ = ¢, the deuble ealenlation of the elements from both combinations would, if
completed, furmish nombers entively equal, by which, therefore, all thres ohserva-
tions will be exnctly representad, and thus the problem whelly stisfied. But
when the result s not P =P, (=1, let *—F, ¢ — { he taken for X and T,
if, imdead, # and § were taken for £ and p; i will be sl more comvenient to put

log P=wlog Q=p log P —log P=X,log ¢ —log g=TF.
Then the calenlation must be repeated with other values of &, g,

147,

Properly, indeed, hore also, a5 in the ten methods hefore given, # wonld be
erbitrary what new velues we sssume for # and ¥ in the second hypothesis, if
ouly they are not inconsistent with the genernl conditions devaloped sbove: but
vet, sinee it manifestly s to be considered o great advantage to be able to st out
from more secnrate velges, in this method we should act with bat little prodence
il we were to adopt the second valuea rashly, as it were, sines it may essily be
perceived, from the very nature of the mabjeat, that if the first valuss of P and ¥
m%ﬂﬁﬁﬁ@m?mﬂﬂ’ﬁm&ﬂﬂuwﬂdwmnﬂhm
exrot Valoes, supposing the heliocentrie motion to be moderaie, Wherafore, we
shall always adopt P and @ themselves for the second velues of P and @, or
log I, log  for the second values of # end g, if log P, log @ are supposed to
dexote the firet valaes :

Huw,hthiauemnﬂhypoﬂ:esia,whmnﬂthapmﬁnﬁmrywnﬂ: exhibited
in the formulae 1-20 is 0 be retained without alterntion, the ealonlation will he
nndertaken anew in precisely the =same manner. Thit is, first, the sngle w
will be determined ; after thet &+, "2, %7, 1w £ o, £, £, 1 From the dif
ference, more or less considerable, between the new values of these quantities
aud the first, & jndgment will ensily be formed whether or not i is worth while
tnwmput&mawﬂmmﬁmafthaﬁmmmaummtm‘ahmﬂm;iutha
letter case, the mtervele of the times, and therefors the quantities ¢ and &, will
vemain the same as hefore,  Finally, 5, 4 are devived from £ &, ¢, £7, 1, ¢ and

28
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the imtervals of the times; and henes new values of P and ¢, which cormtnonly
diffor much leas from those funlshed by the first hypothesis, than the latter from
tie criginal valnes themselves of P and ¢ The seeond values of X md F owill,
ther-&ﬁjm,bammhnmﬂarthanthaﬂnt}andthemmi#ﬂman. &, will be
edopted as the thimd velues of £, @, and with these the computation will be
resamed apew. In this manner, then, as from the second hypothess more exact
numbsars had resolted than from the first, a0 from the third more exact numbers
will sgin result than from the second, aed the third values of P, ¢ can be taken
4z the fourth of P, @ and thus the caleulntion bo repeated until an hypothesis
i# arrived al i which X and ¥ may be regarded us vanishing; but when the
third hypothesis appears to be insufficlent, it will be prefernable to dednoe the Tal-
ues of P, @, assumed in the fourth hypothesis from the fivst three, in aceordancs
with the method explained i articles 120, 121, by which wesne s more rapid
approximation will be obtained, and it will rarely be requisite to go forwerd to
the fifth hypothesis,

145,

When the elements to he daﬁvaﬂﬁumthathmahamhmmmy&t
wholly noknown (to which ease our me.thl:-l:l 15 eapecinlly adapted), in the first
hypathesis, as we have alrondy ohserved, 7+ @4 are to be taken for spproxcimate
values of F and ¢, where & and & sye derived for the present from the intervals
of the times not correctad.  If the ratio of these to the corroeted intervals is
expressod by p 2 1 and p”: 1, respectively, we shall have in the first hypothesis,

K=Tlogs —logu"+logy —logq” |

¥=logu + log p" — log 5 —log 1" 4 Conup. log cow £ Comp. log cos #*

=+ Comp. log oo /- & log ' — logr e — log ",
The legnrithms of the quantities g, 6, are of no lmportance in respect to the re-
maining tevma; gy and log ", which are both positive, in X cancel each other
in eome measure, whence X possesos s emall valoe, aometimes positive, somes
times nogative; on the other hand, in F some compensition of the positive terms
Corng. lug eoe f; Conp. Tog cos /%, Comp. bog cos #* arises also from the negative
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terms bog ¥, log +", but less complete, for the former preatly exceed the latter. In
ga_naru],itianutpmih’lebndet&rmineanrthiugmnnamingth&ﬁgnﬂﬂﬂgg.

© Now, a3 often a5 the heliocenteie motion betwesn the obesrvotions is small, it
will rrely be necessary to procesd to the fourth hypothesis; most frequently the
third, aften the second, will afford sufficient precision, and we may sometimes be
saflefied with the pumbers mesalting frow even the fint hypothesis  Ttowill be
advantagenus always to have o repard to the greater or less degrea of precision
belonging to the observations;  would be an ungrateful tagk to aim at a pre-
clsion in the caleslation » humdred ov o thousand times greater than that which
the observations themselves allow. In thess matters, however, the judgment i=
sharpened move by frequent practical exercice than by roles, and the eilful
readily sequive o certain faculty of deciding where it s expedient to stop.

148,

Lasily, the elements themselves will ba computed in the final hypothesz,
etther from 7« ¢, or from 7, # ¢, coreying one or the other of the ealeulmtions
throwgh to the end, which in the previons hypothesss it had only heen requisits
to eontinue as far sx v, 7”3 if it shoold be thought proper to finish both, the
agreement of the resulting numbers will furnish a new verification of the whole
work, It fs best, pevertheless, s goon ga £ 7, 77, are got, to obtain the elements
feom the single combinetion of the first place with the thivd, that i from fe, 7,
and the interval of the time, and finally, for the better confirmation of the com-
putation, to deterning the middle place in the orbit by meaus of the elements
fomnd,

In this way, therefore, the dimensions of the conlz esction wre made kmown,
that is the eccentrcity, the semiaxis mejor or the sembparameter, the place
of the perihelion with respeet to the heliocentdin places € &7, ¢, the maan
motion, and the mean snomaly for the erbiteary epoeh if' the orbit is elliptical, or
the time of perihelion passage if the orbit is hyperholie or pacabolic, It only
remaing therefore, to determine the positions of the heliocentrie places in the
orbit with respect to the asoending node, the position of this node with refarenee
to the equingetisl peint, and the inelipstion of the orbit to the ecliptic (o the
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equator).  All this may be effected by the solution of a single spherical tri
angle. Lot @ be the lungitude of the ascending noda; ¢ the melination of the
orhit; o and ¢ the arguments of the Latitude in the first and third cheervations;
Inatly, Dok J— @ = d I — @ =—7" Calling, in figure 4, @ the sscending node,
thﬂﬂdmdthatﬁmglaﬂdﬂwiuhadﬂ'—g,g,ﬁ,and the angles opposite to
them, respestively, & 180° — 7, m.  We shall Lave, then, '

m‘.uiiaini[g—i—.ﬁ}zainl{d.ﬂ"—f}aini{r-]-ﬂ}

Sin #ieos & (g k) =008 § (AL — ) eln & {7 — )

00d § {ain § (g — B} = sin § (AD'— {)oos 4 (7 - u)

c0s #f008 § {7 — k) = cos § {4 — [)eos § {3 — ).
Thamﬁnt&quaﬁum'wﬂlgiﬁi{g—!—k}lﬁndini:;thammniningtwui(g—ﬁ}
i cos §4; fmmgwﬂlhalmmthaplmaufthapﬂﬁhe]innnithmgudtnﬂ:e
aseending node, frorn & the place of the node in the ecliptic; finally, 7 will be-
cenie Imown, the eine and the cosine mutually verifying esch other. We can
arrive af the same object by the help of the trisngle 8.4"¢", in which it is only
necessary o change in the preceding fovmulas the symbels &by Ay L, ypw into 5%,
oy, A% 0 ¢ 0" That still another verifieation may be provided for the whole
worl, it will not be unserviceable to perform the ealoulation in both wape;
when, i uay very dight discrepuncies should show themselves hetween the valzes
of & 2, sad the lomgitede of the perihelion in the orbit, it will be proper i fake
mean values. These differences parely amount to 001 or 2, providaed all the
computations have heen carefully made with seven places of dacimals

When the equator is taken 6 the fandamental plane instead of the ealiptin,

itwiﬂmnkanndiﬁmmainthammpntnﬁm,mﬂthuinplmuftha points
4, 4" the intersections of the equador with the great cireles AR, "8 are to be
adopted,
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150.

We proceed now to the illustration of this method by eome exumples fully
explained, which will show, in the plamest manner, how generlly it applies, and
how conveniently and expeditionsly it leads to the desived rusult®

The new planet Juso will funish s the @ example, for whish purposs we
select the fullowing observations made st Greenwich sud communionted to ws by
the distingunizhed Maismryse

|- Mewn Time, Grommmioi App. Hight Amommion, |App. Deolisstlen §.

180, (er. 5 L0 518 8 [ BETT 0" 8FMn i 40 &
17 0 5@ W a4 45 4 B 47 25
i 27 % 1§ A o1 was | 10 2@

From tha solar tables for the same times = found

Langliuda o iha Bun Dinfazen frors | Lateds of A o
foam Apg, Bquin, | S T Rrh 1tk Ao, ""Emmﬁ‘

Def, & | 152° 08 SOV7E LIF.ah | DDBSRE00 | —(FA0 | 237 07 50%458
17 | 2d 2k 21 .54 I3 .01 | 0358248 | L0749 sl 20
BF 314 In &2 2] 15 60 | (CBE2EIA0 | —=0 15 [

We will condoet the caloulation as if the orhit were wholly unknown: for
which reson, it will not be percitbed to free the pleces of Juno from parsllax,
but it will be necessary to transfer the laster to the places of the enrth, Accord
ingly we frst reduee the observed places from the equator to the acliptio, the
apperent obliquity bemg employed, whenoe results,

* It is tncorreat to eall ana methed meore or less exnot {han anothes.  That merhod alone can he oo
sidersd to have eolved the problem, by which any degres of precision whataver b, st lossi, nbiainable.
Whetifore, one method sxcels another In this reepect only, that the sm=e degres of recisn g bo
renched Ly one ieart qaickly, and with less labor, then by die ofhes
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p. Laagttads af Fae| Afg. Lesiimie of Sam.

Ot & 5" W 51027 — 4% 54 1709
1T A58 5L — & 1 5525
ar | AF1 B4 5167 =7 17 hE.T0

We join diveetly to this caleulation the determination of the longitade and
latitude of the zenith of the pluce of obeervation fn the three obssrvations: the
right ascemsion, in fact, agrees with the right ascension of Juue {because the
observations have been made in the meridian) but the declination is equal to the
altitude of the pole, 517 28" 89", Thus we get

|]'.u.5.-:ﬂ' Hin Tiedth. | Lab of ihe Selih,

ﬂil O 2 46° o8
7 25 B3 a7 24
r| i 1 7 o8

Now the fietitions places of the earth in the plane of the ecliptic, from which
the heavenly body would appesr in the same manner as from the troe places of
the observations, will be determined aeording 4o the precepts given fn article 72,
In this way, putting the mesn parallax of the sun equal to 86, there reanlts,

Eﬂmlmnl'lmpaul Reduiticn of Distanse. | Redesilon of Tis,

Oet, & — .80 | G006 — L0
17 — BT 51 LLEUL RG] -0 1%
v i 2 DRSS -0

The reduction of the time iz added, only that it may be seen that it iz whally
imsenshle,

After (is, oll the longitndes, both of the planet and of the earth, are to be
rednced to the mean vernal equinox for soma epoch, for which we shall adopt
the beginning of the year 1805; the nutation being subtracted the precossion is
to be added, which, fur the three observations, Is respectively 11787, 107283, 8786,
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a0 that — 5768 is to be wdded for the first nhaarmmn,uﬁ"ﬂﬂﬂﬂrﬂmaemnl
— %74 for the third,

Lastly the longitades and latitades of Juno are to be freed from the aberen
tion of the fixed stars; thus it i found by wellknown rules, thet we romat sub-
tenet from the longitudes respectivaly 18712, 17411, 14".82, but add to the lati
tudes (.58, 1718, 175, by which sddition the absolute values are dirafuished,

sines south latitudes are considered as nagative,

151,

All thees reductions being properly applied, we have the comeet data of the

problem as follows: —

Times of the oheervations redused
to the mevidgian of Pards . | Och 6458044} 17421886 ZT.803077
Longitudes of Juno, &, @y & . | 354" 4 81760 | S52° 34732712 | B51° M4 30701
Latimndes, 8, 58" . . . . . —4 5% 51 06 | —6 21 63 .07 | —T 17 &0 95
Longitndes of the earth, § &) " 12 25 27 .76 | 24 1940 00 34 16 P .65
Logs of the distances, K, &), K” 0. 9090824 ERHROOTY 90BGHGTE
- Henece the caloulations of articles 186, 137, produoce the following numbers,
WY o el e 0 Lgg® Y 8786 | 191758 0743 | 10" 417 0737
LR . o pew mmowuen @ 18 23 59 .20 42 19 24 93 | 48 11 42 .06
logavithme of the snes , . PA4991005 DTaR1106 HEERRTEL
AD 4 ADF . .. .. 252 0 26 44 ) 2165 12 20 .82 | 209 48 T 4F
A'D A A . . . . . |24 5115 52|33 27 0.90 (221 15 BT BT
R WS R A P 2 19 &84 .00 ¥ 12 a7 .70 4 Db 44 19
logarithms of the snes . . . B.G083880 00005915 B.9841440
lIogands ., ., . . . . . - BT0O520R0
logeoed e . . . . . . . D.902138T i
Moveover, kegording to article 133, we have

Iogtem§ . . . . B8412404n loptan 8 . . . . G1074080n

logsin (w"—F) . 073323008 logen{e—7) . . B.A69IG151as

logcos{a® —1) . 00247004 log cos (e—I"7 . . D03D31ED
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Hemos

log (tun 8 cos {&” — ") — ton 87 cos (o — ")) = log Tein{ B.ATRB51D

logain{e"—ea)==log Pood . . . . . . . . .+ BT2510

Heanoe § = 145° 52 57°.78 lﬂ-g LR R L 2EB2A0LES
f4-y =157 30 68 11 logain (=49} . . . . BIS254d1n

Lnatly _

log (tan 3 sin (& — ) — tan 8% sin (e — ) -—hg.ﬁ" « « B8.2085319n

og ain{e4" . o o 0 0 o v o o BAHEE1 240

“m hs m {F_u} 4 4 -+ L3 L] Ll 4 L] 4 L3 L3 L3 gl'fgi?lgﬁ

& — o= 51* 54" 11".81, and therefors o = 0° 253" 1312,
Acoording to article 140 we have

A =" = 191" 15 18".85 logsin 200485625 log cos BAU1GAE] &
ALY —d& = 1% 48 B0 B2 £ 8 Q47542 % DOBSERL «

AN =& = 198 59 88 17 & & DE0E060T 6
AD e o = M0 10 14 83 & & GRRTAD0O R
AR —i =191 19 A2 .2Y & & DI0ISARE g
Al —4& 4+ o= 188 17 446 .06 * & BIEZTISn
Himen follow, .
loga . . . S6LOHET, @ = - (3543500
logd . . . 08615533

Formuole 13 would give log b = 98013531, but we have preferred the former
valus, beonawe gin (45— & 10} in greatdr than sin (£'D" — &' 4 0).
Again, by article 141 we have,
3log Raind ., . . 91786252
g2 . .+ » . . 05010800
lbgsine . . . . . T.B205601

TEMOZ1AS and therefore log ¢ = 28007847

]'],Ei LI e iﬂﬂlﬂﬁﬂi
logopae . . . . . GBOBOB0L

98613682
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Wi ﬂllz 07267135, Hence are derived
d = — 13625062, loge.=3.3028610
Finally, by means of ftemuolas, srticle 148, are obtained,

log# . . . . 00913834
bog*" . . . . 0041205Ta
logd . . . . 048644804
logd” . . . . (16028324
152,

The prelimingry esloolations being despatched in this way, we pas to the
first hypothesia. The interval of time (not corrected) beiween the second and
third observations is U.971192 days, between the firet and second is 11563241
The logerithme of thess numbers are WHST4T], and 1077468, whenee

log & = 92343255, log &' = 0.8134303,

We will put, therefore, for the feef Sypothesis,

$=1|:|-EP= 0791018

» = log ) = 8.54 77088
Hence we have P= L1078, P40 ==10041806, P 4 4=—0,1827248;
loge. . . . 853920618+«
log (P--a) . 01814000
Clog {2+ d) 75804830
logtanw . . Q8729881 whenee w = 15°16'51%80, w+ o=+ 13°40' 5".0L
log @ . . . BO4TTHES
loge . . . 26B0784Y
logsme . . S8612147
log Gesinm ,  (LGPITHES
The equation

e ain wsin' == sin {2 — 13°40" 57.01)
s found after a fow trials to be satisfied by the valoe »= 1485 4".00. whence
we have logsine =24016744, log 7 =10.3251340. That equation admiis of three
other solutions besddes this, namely,
27



The thivd must be rejected becauss &in# 15 negative; the second becatse
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F— 52° 2'28*
g= 157 27 89
g=108 4 1%

[Baox IL

L

i

greater than & ; the fest onawers to an approximation fo the orbit of the earth

of which we hawve spoken in article 148,

g AP —
sl AP — &' =g+ 185 54 52 B4

Further, we have, acconiing to article 143,

Iy & Fnd

[
log{ P +-a)

& = i
Clog e (F=—0) .

SAG45501
0. 1914900
OA10345TH

T

log =
log 2 .

w
log

0.6667029

» DOTe1018

aETG01E

Hence we have log p = BO2TOTE6 0, log p" = 0.0223459 0, and then

whenaoe pesult

L =209"17 31°.28
=110 10 HE &R

log g = 0.2080077 &, log ¢" = 0.2580086 4,

lowge #r = (LGB D0O1TE
log#™ = 08218819

Leatly, by means of article 144, we obtain

=
log sin f* 8.1218761
logr . 03300178
ClogT . 9.3382971
logsin 2 f B7851940
7= 8 27 4508

(" ) = 2057 18 1058
g —u)=—5§ 14 2.2

3 48 14 46
log =in 2 1
log -
E;lng_'é—_ :
logr sin 2 7
e

81218781
0.5212810
24123080

88556500

£ & 43728
The sum 242 differs in thiz caze from 2 f* enly by 0M.01.

#-f= 1097 4T 1751 = 214" 22" G741 ; log sin — 27516730
203 22 37 B4; log sin — SO005025 n
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a1

Now, in order thet the times may be corrected for sbersation, it {s nocessary to
compute the distances g, ¢, ¢” by the formalas of article 145, and afterwards to
multiply them by the time 405, or 0006708, The following is the calenlation,

boge . . . . OEBOOZ  Togs . . . OBZELS loge” . . . . 082128
logsin {AF—C) 825608 Jogen (&' —g) G45354 logsin [ 4" 2F <™ 9.61384
Cllogsind . . 060080 COlogeind | 027180 O logeind” . |, 016484
logg . . . 006688 loge’ . . . O0BOBE  loge¥. . . . 0.00078
logeonst, . . T.75033 7.75683 775643
log of reduction 782821 785718 T.85600
reduction = QOBGEES (LOCHETE OO0T1TY
Cimeerntione. Cmacbed free, Interwala, Lawrar b=,
L Cot, BAB1HHE
1L 17418011 114963025 LOTTE400
TIL 07365408 - B.OTOERT 0898 TE30

The ecorvected logarithns of the quantitiea 8, 4", sre consaquently 923481563 and
83134233 By commencing now the determination of the elements from £, ',
7y & we obtain log g = 00002285, snd i the same manner from £, 7, ¥, &we
get log " = 0.0008191.  We need not edd here this caloulstion explained at

length in section IIL of the first hook,
Finally we have, by article 148,

legd” . . . . BS184223 Dlogd . . . . (08502080
Qlogd . .. . 07650847 C.logrr* - - BB4ET7003
logw . . . . DODOEZES logad™ . . . ., BBAT7E7E
Cilog " QOMUEEDD  Cilogne® . . . G.0804524
log 2 . . . . 00790164 Clogeoss . . . 00002022

Clogeosf . . . O.000057H

i log cos 7 - QO0eETeT

g . . . . . BF4TS08L

The first hypothesis, therefore, resilts in X = — 00000884, ¥ = — 0.0001607.
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153
In the seeond Rypothesss we sball assign to P, @, the very valuss, which in the
tirst we have found for P, ¢, We shall put, therefure,
# = log P = 0.0780164
= log @ = B.E475081
Since the ealoulation is to be comducted in precisely the mame mosner as
the first hypothesie, it will be sufficient to set down here its principal results :——

B ooowo.o. . LPIFSETIS | 0 L . . . . 210" 9498
ade . .., 13985125 | ogr. . . . .  OSBOTETE
log gesine . . (LEOSOSSH | logs . . . . 0.8222980
g .« L e . MEBIL000 ) d{v"Few). . . 205 2215 58
logr'. . . . . O3ZGO0IE | F(«"—w). . . —B314 4.7
g™ . ... 0geTs1es | 2F . . . .. T4 2

iy Nrcy ioew © 6090 0GR
g . o o ODEBBO2Y | e 0y pae g9
E .00 . . . . 208 16 85 .16

It would hardly be worth while to compute anew the reductions of the times
on agoount of aberration, for they scarcaly differ 1° from these which we have
got m the first hypothasis

The further caleulations farnish Tog g = 00002270, logx" =L0003173, whenee
are derived

log P = 0.0790187 X = 00000003
log ¢ = B5478110 F = - 00000120

From this it appears how much more exaet the sseomd hypothesis is then the
first,

154,

hmwmm;mmamwwmmmﬁﬂ:emw
sir, in which we shall sgain ehoose the values of /¥, ¢, obtained in the second
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brpothesis, as the volwes of P, §. Putiing, therefors,
=] lﬂg-P = BOTROLGT
pe=log § = EA4T6110

the following are found to be the priveipal vesulls of the caleulation :—

T o -1 T 1 1 98
ote . . .. 1838351.51 | ogr. . . . . (L3BOTGL0
log Gesine . . 05989542 | loge” . . . . 0.3323289
£ .. o. . 1431050 | F0tw). . . 205 2214 57
logric s & & (LBZBYSTE | d(W'—w). . . —3 14 4.78
L 1 LTI 3 I R

afef 2F . . . .. B20 D39
bgr « « » o DSERBAT | g 4 55334
i . .« . 202 16 38 41

All these numbers differ so little from those which the second hypothesis far-
nished, that we may safely conclude thet the third hypothesis requires no farther
eorrection*  We may, thermfore, proceed to the determination of the elements
from 277, r, #", &, which we dispense with transeribing herve, sinoe it hos leeady
been given in detail in the exsmple of article 97, Nothing, therefore, remiins
bot i0 compute the position of the plane of the orbit by the method of article
149, and 10 transfer the epoch to the bepinning of the year 1805, This computa-
tion is to be based wpon the following numbsers: —

A —F= PB551°41

{7 4u)=1202 18 1% 855"

t{y—uy=—=4 18 5 405
whenca we obtain

§ g4 k)= 198"485'14".62

Hg—k=—4 8724 41

i = & 3322 0o

=I5 dha calonlsiion shonbd e srned doroorgh hﬂm.wufuthbptmﬂthm
we shimid obenin X =0, snd J==l= 00000003, which velor mus ba regasded sz eaokhing, and,
iz faat, it hondly exeesds the unpertainty alweys remaining in dhe Inst docimal place.
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We have, therafore, § = 201° 20" 80".08, and 0 Q= — 4 = I51° T 4878 ; fur
ther, 5 = 102" § 50”21, and hence, since the true anomaly for the flvst ohserve-
tiom is found, in article 97, to he BLOPHS 20784, the distance of prerihelion from
the secending node i the erbit, 241° 10°20.57, the longitude of the perihelion
62718 0730, lastly, the melination of the orhit, 13° #4410, If we prefer to
proceed to the smne caleulstion from the thisd plzce, we have,
A0 — "= 84718 35"25
Hy oy =196 24 54 .08
Hy'—u"j=—5 43 14 81
Thenee are derived
#g7 A= 211°24'82°45
" —A)=—11 43 48 48
i = g 43 22 05
and hence the longitnde of the sscending node, I — §* = 171* 7 48°.79, the lon-
pitude of the perihelion 52°18° .80, the inclinstion of the orbit 18° & 44710,
just the eame ss before,

The interval of time from the last ohservation to the beginning of the year
1805 fs 4614102 days; the mean heliooentrie motion emresponding to which i=
GAZOAG6 =147 48 16786 hence the epoch of the mesn ancmaly at the begin- .
ning of the year 1805 for the mevidian of Paris is 349° 84 18°58, and the epoch
of the mean longitnde, 417 52 21768,

155,

Thet & may be move clearly menifest what 18 the acrnracy of the elements
Just found, we will compute from them the middle place. For October 17.415011
the mean anomaly ie fonnd to be 382° 28’ 54".77, hence the troe i $15° 1 25°02
and log #", 08250877, (see the examples of articlos 13, 14}; this true anomaly
ought to be equal to the trae anomaly in the fisst observation increased by the
engle 2 7 or to the frae aromaly in the third observation diminished by the
sugle 2 f; thit Is, equal to 515° 1" 22795; end the logurithm of the radius vector
uhuuldhaMEﬂﬂ'BTﬂ:thadiﬂ’hmmmmdmmuqm If the caleulstion
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for the middle obeervation ia confinged to the geocentrie place, the resulis dift
for from obaservetion ouly by » few handredthe of & second, (article 63 ;) thess
differences are sheorbed, pe it were, in the wmavoidable errovs arfsing from the
want of striet aceurey in the tables,

We bhave worked oui the preceding exarople with the utmost precision, to
sheow how ensily the most exact solution possible can be obtained by our method.
In actual practice it will ravely be vpecesary to adhere serupulovsly to this
type. It will gemerally be sufficient to ase six places of decimals threvghout;
and in our exnmple the eecond hypothesis would have given resalts not less acene
rate than the third, snd even the first wonld have been entively safisfaciory. We
imagine that it will not be anaceeptable o our resders to have a comparison of
the elements derived from the third hypothesis with those which would resalt
frows the use of the second or fizst hypothesis for the same obgect, We exhibit
the three systems of elements in the following table: —

| From hypotkeoeie TIE From Rypetieele [ From hypoohesis I,

w of migan g TRE | 41782 N4GE | H1950TTATAD | 40T 18 RT.AN
dnily metion. . . B TaE0 FR4T0RS ARATAKG

1T S e 5218 980 | FE1A G 6| 3241 951
410 187 | 141158 04| 14 24 27 .40

of wembaxls mefar o | OABPESAD | D.4meSt | DA22RBHM
Ascending s . . .| 171 TAA T | 171 T A4 18 | 191 © &8 56
Inclinstion of the arkit . | 13 64440 | 18 64519 | 13 4 47 40

By computing the heliccentric place in crbit for the middie observation from
the second eystem of elements, the error of the logarithm of the radius veetor is
foond equal to zero, the error of the longitude in orbig 0903 ; and in compui-
ing the ssme place by the system derived from the first hypothesis, the evvor of
the logerithm of the radine vectar iz GO000002, the ervor of the lopgitude in
orbit, 1°81, And by eontinging the ealeulution to the geocintrie place we have,
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From hypatbests IL | Fium hypethenin 1

Geocenizin lonpitade | 253% 84 99795 | 352° 34" 19747
Broal o « o . 0,14 2.8
Crecdanirie hiitndn | & 21 858 & 91 4d AT
Error o e {1 0 D

156,
We shall take the semd example from Pallas, the following obeervations of
which, made at Milan, we toke frowm vox Zaow's Mowsfliche Curreipondanz, Vol
XIV, p. 80,

Hasn Thea, Milap, Agrz Right Aseomalon, | App. Deciisafien 8.
THOG, Mor, G504% 14 40 T4 m 816 5T 18 BT
Dise, & 01 &1 27 8 B d48.B g hE 44 5
1904, Jan. 15 B 50 ¢ 67 14 11.1 99 95 .1

We will, here take the equator as the fandarmental plane instead of the
ecliptie, and we will make the computation as if the orbit were still wholly un-
kunown, Inthsﬂmtplm&watakaﬁﬂmthatablmnfthamthfnllwmgdnu
for the given dates; —

mﬂm Hun 'ﬂ:.uuﬂ:m Iﬂmﬂ
Now, & Bos* 10" 761 PRl il i 1
e & 2 24 4% .50 hR4GT 88 G Ly 1
Jas, 15 L R bl 4 ka1 a8 — i 15

We reduce the longitades of the sun, the precessions 477,59, +8"88 —2°11,
haing added, to the bagiuning of the year 1806, and thense we afterwards derive
the right ascemsions and declinations, nsing the maga nb]iqudyﬂﬂ*ﬂ'?’ﬁs”.ﬁﬂ and
taking aceount of the latitudes. Tn this way we find
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Jnunmmum Einel of the Sun 8,

Fov. 8 T 4R 705 157 48 404
D 6 29 bR 2e i E ]
o, 15 & 8 §ial 21 E 12 0B

These places ave referred to the centra of the earth, und are, therefove, to be
reduced by applying the parallax to the place of observation, since the places of
-the planet eennot be freed from pamllax. The right asconsions of the zenith to
be used in this ealenlation agree with the vight sscensions of the planet {because
the ohservations heve been made in the meridian}), and the declination will be
tiroughont the altitude of the pola, 45° 2%, Hence are derived the following

Hlpes wez. of the Baris, Dol of gl Enrtl X | Log of dixd, froen 15 So.

Moy, & 4017 45" 28701 15 49" LRF.50 NLOBARGTS
Dis. £ kO 4 4% =g R R

: Jon 15 17 2 446,00 16178 RIS

Tho observed places of Pallas are to be freed feom nutation and the aberra-
tion of the fixed stars, and afterwards to be reduced, by applying the precesdon,
to the beginping of the year 1800, On these accounts it will be necessary to
apply the following corrections to the observed places: —

Dtarreriian I, Dierreailys JL ﬂhﬂm'm:"_"

Bight ara, | Doginetion | Bightaes. | Inchzsion, | Bight e, | Toealinetion,

foz | iew | va| e vl oo
— 1818 | — el — - 1.08 ] —15. 7.76

i Precemion || 643 | .62l 255 | 4080 | — 151 | — o8
Binss — 4608 | ~=12.05 | —82 .84 | — 4.488 —m.lfi+ﬁ.ﬂ




218 DETEAMINATION OF AN ORBIT FROM

[Boor 1T,

Henee we have ﬂlﬁﬁl]lﬂ'!‘]ngﬂﬁﬂﬂﬂff'n]lﬁhrﬂmhﬂlnfthﬂﬂmnpu-
tadion 1 — '

Bz Tions, Pesta Rigkl detbmdm. Drecilmtion.

Mow, 5574074 TEF EHY 1334 =8 1¥ 2Ah
BEAT S 788 ki — 4% 3 48 80
Tefdiddd 718 40 .23 =33 1 248

157,

Now In the first place we will determine the postions of the great circles
drawn from the heliocentrie places of the earth to the geocentric places of the
planet. We take the apmbols 9, o, N, for ihe intersections of these circles
with the equator, or, if' you please, for their ascending nodes and we denote thae
distances of the points B, B, B from the former points by o, &, 4" Tn the
greater port of the work it will be necessary to substitute the symbaols 9, 91, 5",
for A, A, A", and also o, A, 4" for 4.8, 87, but the careful reader will readily
understand when it e necessary to rotain A4, A, A7 &, &, &7, even If we fiil to
advise him,

The ealeulation being made, we find
Right sscensona of the
poimts ¥, ¥, A . . | | 238°54°57"00 | 2BR* W ETOL | 2767 407 257AY
o8 o A 51171574 .0 80 1 3.9 | 131 59 58 .08
AA£,47 . oL .- | 215 G840 97 | 212 53 48 96 [Eﬂﬂ ¢ 12 06
S B 56 26 34 .19 55 26 81.79 69 10 57 84
woup ue . .. 23 5i 52 .18 50 18 3 .25 29 B 44 33
A0, WL, 58 & 28 .35 31 60 21 .14 22 20 4 9
T o 47 1 54.50 20 B4 57 .17 42 38 41.17
logarithms of the NE643525 D.OOODARS DEZN1010
logem&e'. . . . . DE4TEETL
logeozd e’ . . . . B.8510614 |
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The right asconsion of the point %' is vsed in the ealenlation of article 138
imgtead of . In this meaner sre found

]ﬂg Tﬂiﬂ# L Eﬂﬂ-ﬁﬂﬂﬂ

: log Poosf . . . . . 928481824
Hence § =180 2°48".85, log T'= 02002527 ; moreover, f4- ¥ = 270° §'52".02,

Iﬂg E 4 4 % K = m m g|ull|}lﬁﬁﬂ i

log Pein (¢ . . . 02847050

whenes ' — o = 208" 155784, and o = 4 50’ 537,32,

In the formulas of srticle 140 sin &, sin &, sin 6" must be retained inctesd of
a4 avd 2, and also in the formulas of article 142, For theee caleulations we
have

WD —4" =171°50 818  logsin 9.1533306 log cos 90955750
oo —d = 174 1% 13 08 g & EOU5£T2D € & GORTEAZ0R
WD =17® BL18 80 ¢ ® DOOITETE
WD — A 40 =175 62 56 40 “ & §AGR1520
o ¥ — A =174 0 54 .05 € & G0755844
ND'—a 4o =174 18 11 27T € @ BOSRTOTH

Hence we deduce

logz = 08211360, log b = (LOBI2057
log =™ = 0LET12762, log ¥ = Q10691

loga = (.1099088, o= - 12879790
log & = 01810404,
log? = 00711814,

whenee we have log 6 = 01810402, We shall adopt log b= 01810408 the
meen hetween thess two nearly eqoal values. Lasily we have

log ¢ = 10450285

o = = 044800005

log o = B2T0ZEH4

wita which the preliminery calouintions nre completed.
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The interval of fime between the second and thind obrervations iz 30.874400
tdaye, between the first and second 3000361 : henes we have
log 4 = RBIETET, log & == §.T2555485.
We put, therefore, for the firet Aypoffsis
x=log P — DABR2TTA
¥ =log ¢ = L5180
The chief results of the calonlation pre as fullows: —
o= 230" & 46".72
log @eemn m = 0OZE3028
Thence the tre value of 5 &2 21° 11°24%.50, and of log s, 0.8509579. The thres
remaining values of & satiafying equation IV, article 141, are, in this instanes,

= G3"41'12"
= 101 12 b8
g==108 B4 T

ﬂ].-eﬂ:‘a‘hﬂfwﬂchhhberegﬂrdﬂumappnzﬁmﬂﬁmmthambﬂuftham
the devistion of which, howevey, i hare much greater than in the preceding
exumple, on geeonnt of the too great iuterval of time. The following numbers
vesult from the subseqguent mlenlation : —

Bia waiiy e THOCIE 948

B« « « . . 196 5T H0.78
Wipn i R Q.a84T022
log/”™ . . . . - OB3GETHE
$lo"4-u) . . . 260 47 50 AT
Bo'—w) . . . —48 88 5.33
8 . . . . . 228240 35
8 A e [ BT
g/ . . . .. 227 005

We shall distribute the difference between 2" and 2 742 77, which iu this case
is ("53¢, between 2 f and 2 7% in such & manner 84 to meke 2= 15" & 40,08,
and 27" = §° 26’ 50”00

The times are wow to ba corrected for sherrution, for which purposs we are to
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put in the formulas of article 145,

AD mf o= U — A p =, ' — " =WD— " 8 ",
We have, therefore,
logs . . . . 036ET0  logr . . . 038004 Tog' . . . . 053557
logein (ADF—{) 70462  logein (&' —&) 070088  logsin(A"0—(")0.84290
Clogsind ., . 007018 Clogeind . 002431  Clogeind” . . 002052
logoonst. . . T.76633 logeomst. . . 775833  logeonst 776858

2 RIS 7041560 7AG%42
%"f} 0009225 0008749 0009193
Henee follow,

Ohasrvatizon Crerastd Broba, Telberads, Logartms,

L Nov. 5564858

1L 401 AGB2ER 504301434 1.&8809785

1oL T8.540252 39 878068 LA008EE

whenece are derived the corrected logarithme of the quantities 4, & respectively
BEIAZT0E and BT250509.  Beginning, then, the csloulation of the elementa
from ¢, ¢, 3£, & we get log n = 0.0031%2], just as from » ¢ 2/, 8" we obinin
log " = 0.0017800, Henee is obtained

log & = 0.8007512 log @ = 95712684,

and, therefore,
X= - 00014754 F= - (0008574
The chief resalts of the sesud Appothesis, in which we put
2 = log P = 9807512
y=log G= 85712364

are the following:—
mds ... . BFF 0BT | L. . . .. . 185718759700
log fesine . . DOSTEOTL | & . . . . . 188 32 40 .63
EF. oo 2112600 | bogr ... 03650642
g, . . .. 08507110 | loge” . . . . 0.3360708
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P R) . L L 267 B0UTE | 24 . . L . . 2208 Ee0
P —e). . .—4330 400 | 2F . . . . . 13 1548
LB L L. . 08014 38

The difference 0734, between 277 and 274 27" is to be so distribated, as o
make 2 /=13 1'54"45, 2" =9 30/ 14”24,

If it i= thought worth while to recompute here the corrections of the times,
there will be found for the first observation, 0.009169, for the seeond, 0005742,
for the third, 0008280, and thus the corrected times, November 5568003, Novem-
ber 38446308, November T6.840250, Hence we have

logé . . . . . . 08362708 | logy". . . . . . 00017418
gt . . . . . . 07255584 | YopP. . ., , . 95007268
logs . . . . . . OOOBITHD | e, . . . . . 85710503

Accordingly, the results from the sscond hypothesis are
A =—0000024L, F=— 0002371,
Finally, in the fhid Apothess, in which we pot
r= log P = 0.3007268
y=log @ = 05710538
the chief results of the calenlstion are se follows: — :
m+:r....ﬂl2l‘ﬁ‘l".ﬁﬂilugr"‘..++ 08380538

log Gesine DOFTORST | 4(w'—-w). . . 267 & 55 .00
Fooowowow s . 21 1R 280 | F(e"—wh. . .—4B 80 4 .19
loge’ . L . L 03507181 | B . . . . . 22 32 787
Fvv v v o 1050005408 2F . . . . . 13 157.42
B e v v 0 0 J198B24d B | 247, L . . . B 810 .83
L 0.3630046()

Thadiﬂ‘armmﬂ“.&ﬂwﬂlbah&mﬂhtrﬂ:uhﬂ.inmhammrutﬂmka
3f=18" I"87".20, 2/ = 0" 30" 10" 470

* This somewhat inereased diferenes, nearly equal is ofl the hypotheses, has arisen chisfly from
Ilﬂ,lﬂﬁhﬂh&mwmliﬂihrahﬂmmdeMmﬂﬁahﬁhnflm
grial by evernl oniis i
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Sinoce the differences of all these nmmbers from those which the second
hypothesis furnished are very small, it may be safely concluded that the thied
hypothesis requires no further eorrection, and, therefore, that & new hypothesis
wonld be superflucus.  Whevefore, it will now be proper to proceed to the calou-
lation of the elements from 207 & », o7 and ginee the processes eomprised in
this eadoulation have been most fully explained above, it will be sufficient to add
here the vesulting elements, for the benefit of those who may wish to perform the
eomiputation themeelves: —

Right ascengion of the pseending node on the equator . . . . 158" 407 58708
Inclipation of the orbit io the equator . . . . . . . . . 11 42 48 .18
Distance of the perihelion from the sseending nede . . . . . 825 14 58 92
Moan anomuly for the epoch 1806 . . . . . . . . . . . 885 & 13 06
Mean delly (didereali motion . & v & 4 4 0 4 4 0 . . i T
Angle of eocentsieity, @ . . 4 . . 4 4 4 e 4w 4. . 14 0 8.8
Lognsithm of the semiaxizmajor . . & & & & « & + & . 04422452
158,

The two preceding examples have not vet furnished cceasion for using the
method of article 120 for the encesssive hypotheses converged s=o rapidly that
we might have stopped at the second, and the thind senroely differed by o sensible
amount from the trath.  We shall always enjoy thia advantage, and be sble to do
withomt the fourth hypothesis, whon the heliocentric motion is not graat and the
three radii vectorss mre not too unequal, partievlsrly if, in sddition to this, the
Intervals of the times differ from each other but Htte,  Bat the forther the eon-
ditions of the problem depart from these, the more will the first assamed valtes
of P and @ differ feom the correct omes, and the less wmpidly will the sobeequent
wvalueg converge to the truth. In soch 4 casze the first three hypotheses are to
be eompletad in the manner showvn in the two preceding examples, (with thia
differemee only, that the elements themselves aze nok to be computed in the third
hypothess, but, exactly as i the st and second hypotheses, the quantities 5, v,
P, &, X, F}; but then, the lasi values of P, & are no longer 1o be taken as
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the new values of the quantities P, § in the new hypothesis, but thess are to
be derived from the combination of the first three hypotheses, agreealily to the
method of artiele 120, Tt will then very sarely be requiste to procesd to the
fifth hypothesis aocording to the precepts of mtiele 121, We will now expluin
these caleulations farther by an example, from whish it will appear how far our
method extends

DETEEMIMATION OF AN ORBIT FROM

158.

For the third exmmple we select the following observations of Ceres, the st
of which hes been made by Oneens, at Bremen, the second by Hamomo, at Got-
timgen, and the thivd by Brssic, st Liienthsl,

Bwen Hros of aes of ahereywilon, Bigka Aszerndarn. Horth deellmative,
1804, Bept. &'184 8% 54 BE® 55" 30~ 98 21* 3¢
1808, Jam, 17 10 &8 51 L a8 40 b 3 =B
1606, May 2010 22 48 BRI T g 2 dh

As the methods by which the parellax and aberration are taken sccount of,
whanthadirhmaa&umthamrthmrﬁgmﬂnduwhuﬂyunknmhamth'mdy
been suffioiently explained in the two preceding exammples, we shall disperss
with this unnecessary incresse of lsbor in this third example, and with that
olgect will talke the approximate distances from vox Zacw’s Monafoke Coree
spotidhens, Vol XL, p. 284, in order to fres the observations from the effects of
parallax and aberration.  The following table ehowa these distances, fogether
with the reductions derived from them: —

Distence of Ceves from the earth . . . 290 1608 2064
Time in which the light reaches the earth Sgm 40 1= as Q4
Beduocod thne of observation . . . . . 12%4G= 5 | 10 48=28 | OFRgr 5o
Sidereni fime in degrees . , . , . .| 855 5F 9750 | 210741
Parallax in right ascension . ., . . .| 1780 | 40728 | —14G7
Parellax fn declination . . . ., . . .| —208 — 1) — .0
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Avcordingly, the deta of the problem, after being freed from parallax and
aberradion, and after the times have been reduced to the meridian of Paris, are as
follows : —

Timrs of the cbeervotions. Higst Assenefim, Deetireitoz.

1800, Sepl. 5, 120109 14 | O5FSY 2ANI0 | 289 81797708
1808, Jan 17,00 16 % | 101 16 4085 | &0 21 2430
1806, May 20, 9 858 18 | 191 08 BT | 28 2 4704

From these right ascensions end declinations have been deduced the longi.
tudes and latitudes, nsing for the obliquity of the ecliptic 22° 21 55".00, 25° 27
547,50, 95° 97 58797 ; the longitudas bave been afturwards freed from nutation,
whish was for the respoctive times - 17°.81, 4 1788, 4 1800, and next re
duced to the beginning of the year 1806, by spplying the precesdon | 15798,
— 27430, — 15"88. Lastly, the places of the sun for the roduged times have
been tuken from the tables, in which the nutation has been omitted in the longi-
tndes, but the precession has boen added in the pame way ss to the longitudes of
Ceres, The latitnde of the sun hes been wholly neglected, Tn this manner have
resulied the following numbers to be osed in the calonlation ; —

Times, 1805, Eapbmhar 551836 18942711 035,20818
a.ohe”. . . 05° 3% 15756 P9 4% BU8Y | 118" 5 2R".85
a8, . L . .| —050854.08 | Y1826 80 | 47 38 40 480
A T O B42 54 66 00 | 117 1243 .25 | 241 B& 50 7L
log &, log ®,log B . | 00081514 08050561 00058074

The preliminary computations explained in articles 13!1—14;0 fornish the fal-
lowing: —

wmrh . o . . . . | BOETEE RSO0 | 158°5I1MAD | 1T0° 4R 44779
ooy mahe 112 57 9 .88 12 48 89 .21 123 82 54 .15
ADAD AR . L 0L 15 8241 40 | 252 421904 | 1B6 2 22 48
Ap, A0, D ., | 188 45 4 80 B 26 41 .00 | 358 557 .00
P 29 18 .21 | 170 8240.08 | 156 8 25.95

29
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o= 62" 4".08 lng ¢ = 08588244
log 4 — 01840198 , ¢ == — 1.E2T8240 log » = 01611012
log 3 = 00040087 Iogx = 4770819 n
log ¢ = 2.00GETIE log & = 0.9184090
4 =117.50878 log " =9.7920127 n

The interval of time between the first and sscond observations is 135.01875
days, between the seormd and third, 12597102 henee

log 8= 0.3858520, log ¢ = 0.8624086, log = = 0.0285548, Jog 88" = 05982680
We now exhibit in the following table the principel results of the fimst three

bypotheses: —
I 11 1L
log P =z G O2EA546 00256968 00256275
log @=y 0.6982588 07360790 0.7481055
wto THE 157628 Te14 477130 14 457041
log Qe i i LI1546850 » 11973028 1L20GE32T =
@ T 550018 T2 AR AT T 218 800
Tog# 04114726 04126371 04182107
£ 160 1048 .74 | 160 20 7.82 | 140 22 ¢ 42
44 262 6 1.08 | 262 12 18 98 | 262 14 19 40
log r 04328084 04281778 04284341
Tog #” DAGD4T1Z 0L40T1975 0A0G4BTT
Hu"{-w) | 262 65925 92 | 262 57 4.83 | 252 57 81.1%7
Pin"—.; | 2TR 28 A0 05 | 273 2001506 | 278 99 19 .58
&y 82 54 2R 40 G2 49 58 50 62 &8 57 .06
oF 31 & a0 08 81 15 59 .00 51 1% 15 .85
a7 81 25 68 48 | 81 35 57 .52 51 35 45 .83
log # 0.0202496 (0203158 00203454
Tng ©" 00211074 00212499 00212751
Tog P’ MO25A0AS 00256275 00256280
log & 0. 7350140 07481055 0.7502587
X — DOO0RETS — D000 e QOG0T
¥ - (LOL0TR04 - 00090884 - (L0621 258
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If we designate the three valoes of X by 4, 4, 4"; the thres values of ¥ hy
B, I, B; the quotivnts erising from the division of the quantitios 4B — A"F,
AE — AB", AB' — A'B, by the sum of these quantities, by £ ¥, &", respectively,
5o that we have E4+-F 4-1"=1; and, tinally, the values of log P and log £ in the
third hypothesis, by M and X, {which would become new valnes of r and pif it
should be expedient to derive the fourth hypothesis from the thisd, as the third
hid been derived from the seeond): it is easily sscartamed from the formulss of
article 121, thet the corvected value of # is M— & (A’ - 4") — ¥.4", and the cor-
rected value of gy, N—E (& 4+ B} — &5 The calealation being made, the
former becomes 0O25GR3L, the latter, 0.7560014% TUpon these eorrected values
we oonstrnct the fordd fgpsifesss, the chief vesults of which are the following: —

w—a . . . . TLAAE2HT | loge™ .. . . . {LE0H2085
log Qrsine . L20042884 n | ${v 4w}, . . 262957 38"78
Foooovoa o+ T 212736 | $(z"—e). . . 278 2020.78
cleges v ive 04183817 | 230 . . . . . 62 85 16 .64
Pl w man™g 160 22 45 .88 B serem o BS540
7 ¢ v ... L 28315 5.00 g . . . . . 31381830
logr-. . . . . (4282792

The difference between 27 and 2 ¢ 27" proves to be 0700, which we shall
distribute in such & manner as to make 27 = 3119 1"47, 27" = 41" 55" 15".17.
If now the clements ere determined from the two extrems places, the following
valoes resnlt; —

Troe anomaly for the fivat place . . o . . . . . 288 75375
Trae anomaly for the third place . . . . . . . . 352 2 56 .39
Mean naomaly for the first place . . . . . . ., . 257 41 85 .65
Mean anomaly for the thind place . . . . . < « . BBE 1522 49
Mean daily sideresl motion . . . . . . z TOH".6T55
Mean anomsly for the hsgmnmgu-ftharmlﬂﬂﬂ - 822 85 62 .51
Angle of eccentricity, ¢ . . . . . . . . . . . 487578
Logavithm of the semiaxia major , . . . . . . . 04424681

by computing from these elements the heliceentric place for the time of the
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middle observation, the mean anomaly is found o ba 828° 19 25752, the logs-
rithm of the rading vector, 04182825, the true wnomaly, 3907 48" 54" 87 this last
should differ from the trae avomaly for the first place by the guantity 2 7, or
from the troe snomaly for the third place by the quantity 27, snd should, there-
fore, be B20° £5" 54702, wa elso the logarithm of the radius vector, 04182817 :
the difference (".00 @n the trae anomaly, snd of alght wits in the loguerthm, is
to be considered ss of no conseqguance.

If the fonsth hypothesls showld be conducted to the emnd in the same way na
the three preceding, we would have X =10, ¥ = (.00001A3, whenee the follew-
ing eorrected values of » sod g would be obtained, .

= log P= 002566331, (the smme u8'in the fourth hypothesis,)
If the Afth bypothesis should be wonstructed on thess values, the slution would
reach the utmost precigon the tables allow: bui the reslting elanents would
not differ sensibiy from thrse which the fourth hypothesis hae farnished,

Neibing remains now, to obtain the complete slements, exoept that the posi-
tion of the plane of the orbit should be computed. By the precepts of article
14% we have ot

From s ik prca. Froen, the £hive pikes.
Feoooov i e e BFUI S, BT 0T
Bov v w e ww . 261856 6.4 AL . .. 181 D 1.6
f. . . .+ . . .. 1035738802 16 27 33 00
B i Sh ot b ot de R B0 B8 40 10
Distance of the perthelion
mmmmmma} 66 2 447 65 9 4 .52
Longitude of the perihelion 145 0 58 .58 146 0 52 62

The mean being taken, we shall put i = 10° 87 88701, § = B0° 55" £0"08, the
longitude of the perihelion = 146° (¥ 53”57, Lestly, the mean longitude for
the beginning of the year 1804 will be 1058° 36" 46”08,
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160,

In the exposition of the method to which the preceding investigations have
been devoted, we bave come upon ceriain special cases to which it did not apply,
it lesst wot in the form in which it bes been exhibited by ua  We have seen
thet thia defact ccours jdred, when any one of the theee geocentric placss eolncides
either with the corresponding heliocentrie plave of the earth, or with the oppo-
site point (the last case can evidently only happen whon the heavesly body
passes between the sun end earth): seond when the finst goocentric place of the
heavenly body coincides with the third; third, when all three of the geocentsic
places together with the second heliocentric place of the sarth are sitzated in the
same grent aircle.

In the Srst case the position of ene of the grest circles AR, 45, A"B", and in
the second and third the place of the point B% will remain indeterminate, In
thess cases, therefore, the methods before explained, by menns of which we have
ehown how to determine the heliocentric from the geocentrie places, if the quan-
titiea P, @, are regarded as known, lose their efficecy: but an essentinl distinetion
I here to be noted, which ia, that in the first cnse the defect will be attributable
to the method alone, but in the second and third cases to the nature of the prob-
lem; in the first opse, accordingly, thet determination ean undoobtedly be effocted
i the method ia eoitably alfered, but in the second and third it will be sbarlutely
impessible, and the heliccentrie places will remain indetorminate. It will oot be
uninteresting to develop these relations in e few words: but it wonld be out of
Place to go throogh all that belongs to this subject, the more =0, becanss i all
these special cases the exset determination of the orbit ia impossible whers it
would be greatly affocted by the emallest evrors of observation, The seme defect
vfﬂﬂua:htwhmthanbmrvuﬁummmhla,mﬂapﬂ}'mdwﬂ,hmnmdj,
oy one of thess eases; for which reasom, i selecting observations this s to he
racollected, nod properly guarded against, that wo place be chosen where the
h&amﬂyhudyinstthameﬁm&inthﬁvimﬁuiiyufih&md&uminfnppmiﬁm
or conjunction, nar sueh chearvations as where the heavenly body has senrdy re-
tm&ﬂiﬂthﬂhﬂt&th&gﬂmﬂﬂaphmaﬂh&ﬁlﬂ-uhmﬁmmnﬂnﬂﬁmh
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aawhere the great cirele drawn from the middle heliocentrie place of the earth to
the middle geoventrie place of the heavenly body makes a very acate ‘eugle with
the direction of the geocentric motion, and nearly passes through the first and
third places,

161,

We will make three subdivisions of the fiest sase,

L Ifthapumt..ﬁ‘miumﬂaamthdmﬁthﬂmuppmtapuint.#wﬂlbeaqmrl
to zero, or to 180°; . ¢, ¢ and the poists I, D%, will be indeterminete ; on the
other hand, ¥, 7", & and the points B, B¥ will be determinate; the point & will
cecessarily eoincide with A, By a course of rensoning similar to that purszed in
article 140, the following equation will be essily obtained ; —

) B sin =
0= S R D Ty —

1t will be proper, therefore, to apply in this place all which has been explained in
articles 141, 143, if, only, we pot a =10, and } ix determined by aguation 12,
arficle 141, and the goantities 2, #, i{,?-,'nﬂlhammpntedmthanmammar
o5 before. Now a3 soom ns ¢ and the position of the peint € have besome
known, it will be possible to assign the position of the rent sircle 07, ite inter
eoction with the great circle "B, thet is the peint ¢, and hense the nres OC,
GO 07, or 877, 87 3¢, Lastly, from thess will be had

n'¥ 5in 2 o Em

re= o=y 1“"'r WEE ;

IL Emrﬂ:.hgﬂh&ﬂjutmdmb&.nppﬁadtuthnmahwhiehﬂ”
coincides with A" or with the opposite pofnt, if, only, all thet refers to the first
place is exchanged with what relates to the third plice,

LI But it is necessary to treat a little differently the cuse in whirk & coin-
cidles with A" o with the opposite paint. There the point € will coincide with
A'; yye, ¢ and the points D, D%, B, will be indeterminnte: on the other hand,
the intersection of the great virela BB with the ecliptio the longitade of which

fOlgre geoeeslly, with the groae efrole 447 bot for the eke of brevity we are now consldesing
thnt cfae only whers the ecliptis & taken a9 the fondnmental plans.
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may be put equal to '+ m, may be detevmined. By reasonings analogous to
those which have been developed i articls 140, will ba obtained the equetion
__ Rsin fuin (1 =) din ot
“*"Fmr.ﬁ{aﬂ—ﬂ+“”rmﬁ+“"
Lat ue designate the- cocfficient of 4, which agrees with a, article 140, by the
smne symbol o, and the cosfficient of o'+ by 3: & may be here also determained

by the formuls
=)
We have, therefora,
0 = an -+ g4’ 40,
which equation combined with thess,
Pt 0ma(H i)
pro<inees

E{Pij-::] P g=0,

whenee we shall be shle to get #, unless, indeed, we should have # =0, {n which
ense nothing else would follow from it exoept PP = & Further, althongh we
might not have § = O (when we ehould have the thind case to be consdered in
the following article), still § will always be a very small quantity, and thorefore
L will necessanly differ but little from —a: heneo it =2 evident that the deter
minetion of the coefficient

+1

T

is very uneertain, and thet #/, thevefore, i not determinsble with any cecurany.
Moreowar, we shall have

W Pte =¥ __  PLles

after this, the following aquations will be easily developed in the same manner o

in articls 143,
rain =SV gy oLy,
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rain = — YT gy (1,
rm{;_iﬂ'}=r”.?i—:$inl:r“d"ﬂ}r

from the combination of which with equations VITL and IX. of article 148, the
quaartities v, £, 7%, £ can be determined. The remaining processes of the ealoula-
tion will agree with these previously described,

162

In the sseond ease, where B” coincides with B, I¥ will also coincide with them
ar with the opposite point.  Accordingly, we shall have A2 — & and A4"I¥ — &~
either equal to 0 or 180°: whenee, from the equations of article 143, we obtain

m'e 5 min ' Ben

& T Limesn A D—#)"

uy Fin. o S8 ain &

V=t arntrar—=n

R ein & sin ¢ ein (s AD"— &)= PR éin &"eim e sin (5 - A'D— ),

Henog it s evident +hat # is determinable by P alone, independently of @, {un-
Jess it should happen that 4'D" = A'D, or = A'D + 180", when we should have
thuﬂﬂrdm}::beingﬁuunﬂ,r’wﬂlnlmhtmm,mﬂhmm,hymmuf
the values of the gusntities

A
S e 8l 5 and 5

and, Inetly, fiom this also
¢=2(%4+5—1)r

Bividently, therefore, P and @ cannot be considered as dats :':udepaudanlt of ench
uther,huttha}-niﬂaiﬂmrmppljrlﬁpgladuhm ouly, or Intonsietent data. The
positions of the points £, €7 will in this case remain srbifrary, if’ they are only
taken in the ssme great cirole as
Inmaﬁdmsa,whmﬂ’,ﬂ,ﬂ,ﬂﬂﬁainthanmagraunhcla,ﬂmd,ﬂ‘*wﬂl
coingide with the points B, B, respactively, or with the opposite points: hence ia
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obtained from the combination of equutions VII, VIIL, IX, article 143,
P Elhﬂl;lnl""= K mim (¥
B sl 1 s (1 — 1)
In thi= oase, therefire, the value of P iv had fom the data of the problem, and,
therefora, tlha- positions of the peints € €7, 0, will remain {ndeterminste,

163,

Tha method which we have fully explained from article 136 forwasda, i prioe
cipally svited to the first determinztion of & wholly mnknown orbit: still it is em-
- ployed with equally great success, where the object is the correction of an orbit
already approxiroately known hy means of thres observations however distant
from each other.  But in such & case it will be convenient to change some things.
When, for example, the ebservations smbrace a very great helinoentric motion, it
will no longer be admissible to consider % and #¢” as approximate values of the
quaatities P, @: but much more exact valnes will be obtained from the very
nearly known eclements  Accordingly, the helicoentrle places W ombit for the
three times of observation will be compated roughly by mesns of these eloments,
whemn,dtnuﬁugihe-iz.-u.em&muﬁubyu,f,u",tbamﬂﬁveutﬂmbynﬂr",tha
semi-parameter by p, the following epproximate values will result;—

Pt g 4Ptdri (=)
TG = YT T peefi—w

With these, therefore, the firt hypothesis will b eonstructed, and with them, a
littls changed at pleasure, the second and third: it would be of mo wlvantage
ta adopt P and ¢ for the new values, sinee we are no longor at Liberty to Bl
pose that these velucs come out more exact. For this resson wll three of the
hypothesss can be most convendemtly despatched a? 2he seme diie: the fourth will
then Le formed sccarding to the precepts of artice 120, Finally, we shall not
abject, if any person thinks that some one of the ten methods axplained in srt
ales lﬂd—lﬁ‘iia,ifnutmum,ntlamtahmaqwﬂyupﬁdiﬂuus,anﬂpmﬁum
e it
an



SECOND BECTION,

DETERMINATION OF AN ORBIT FROM FOUL OBSERVATIONS, OF WHICH TWO
ORLY AHE COMPLETE.

164,

We have alresdy, in the beginning of the second book {article 115), stated
that the use of the problem treated at length in the preceding section is fim-
ited to those orbits of which the inclination i neither nothing, nor very small,
and that the determination of orbits dlightly inclined must necesarily be based
on four observations, But four complete ohservations, since they are equivalent
to eight equations, and the number of the unkuown quantities amounts only to
six, would render the problern more than determinate; on which account it will
be necessary to set azide from two observations the letitudes (or declinations),
that the remsining dmtn mey be exnctly saiisfied. Thus = problem avisea to
which this section will he devoted: but the solution we ghall here give will ex-
tend not only to orbits slightly inclined, but ean be epplisd slso with equal me-
a3 to orbits, of any inclination however great. Here also, ne in the problem of
the preceding seetion, it is pocessary to soparate the aase, in which the spproxi-
mate dimensionz of the orbif are already Enown, from the first determination
of a wholly unknown orbit: we will begin with the former,

16,

The simplest method of sdjusting & known erbit to satisiy four observations
appeara fo be this. Let = g, be the approximate distances of the heavenly bhody
{rorn the earth m two complete cheervations: by means of theee the correspond.
ing heliogentric placas may be compoted, and hence the cloments; nfter this,

{Fad)
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from these elements the geocentrio lengitudes or ripht ascensions for ihe tws
remainiog observetions may be computed.  If these happen to agree with the
ob=ervatious, the elanents will reguire no forther correction: but if not, the
differences X, F, will be noted, and the ssme enleulation will be repeated twice,
the values of @, y being o little changed. Thus will he obtained three systems
of values of the quantities =, g, snl of the differences X, ¥, whence, according
to the precepls of article 1240, will be obtained the corrected values of the guon-
tities 2, p. to which will comrespond the valnes X =10, F={. Fron a smiler
calenlation based on this fourth system elements will be found, by which &0 four
ohservations will be eorrectly reprosanted,

If 2t iz in your power to choose, It will be hest to retain those oheervations
complete from which the situation of the orbit can be determined with the great-
est pracision, therefore the two extreme obeervations, when they embrace a helio-
centric motion of 90° or less.  But if they do not possess equal accuracy, vou
will set nside the latitudes or declinations of those you may suspeci to be the
leas pocurate.

; 166,

Huch places will necessarily be used for the first datermination of an entirely
unknown trbit from four observations, as incinde o heliocentric motion ot too
great; for otherwine we should be without the aids for forming conveniently the
first approximation. The method which we shall give directly admits of such
axtensive spplication, that obsarvations comprehending a heliosentrie moticn of
MF or 407 may be ueed without hesitation, provided, only, the distances from the
mm are not too nneqoal: where thers i3 6 cholee, it will be best to dake the
intervals of the times between the firet snd second, the secomd and thisd, the
third and fourth but little removed from eguality. But it will not be e DBy
te b very particulir in regard to this, as the annexed example will show, in
which the intervala of the tines are 48, 55, awd 5% days, ol the heliscentric
motien more than 507

Moreaver, gur soluton requires that the second and third chservations be
eomplete, and, therefore, the lntitndes or declinations in the extreme obstrvations
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are neglentad, Wﬂhﬂw.indﬁed,uhnwuuhumﬂut,ﬁ:rthamkaufmumy,ith
generally better that the elements be adapted to two extreme womplate observe.
tions, and to the longitudes or right ascensions of the intermediate owes; never
theless, we shall not regret having lost this sdventage in the first determination
of the orbit, hecauss the mest rapid approximation is by far the most important,
and the loss, which affects chiefiy the longitude of the pode end the inelina
tion of the orhit, and bardly, in & sensible degree, the other elements, cam after

We will, for the sake of brevity, 20 arrange the explanation of the method,
re to refer all the places to the ecliptic, and, therefore, wa will suppose four long-
tudes and two Jatitades to be given: but yet, as wa take it aceount the latitade
of the earth in our formulas, they can esslly be transferred to the casa in which
ﬂ:aequutm-hhkmmthafmﬂumanmplme,pmviﬂedthatﬁghtnmﬁmmd
diclingtions are substituted in the place of longitndas and latitodes,

Emﬂy,allthatwahwamtaﬂiuthapumﬂingmﬂﬁmw{thmpm to nute-
tion, precession, aud parallax, and also aberration, spplies as well hore: unloss,
thevefore, the approximate distances from the earth are otherwise known, so that
mﬂthulil.,uﬁnkllﬂ,mbumplmd,thanhmnﬁﬂphnuwiﬂinmbagimﬁng
be freed from the abereation of the fixed sturs only, and the times will be cor
rectad aa soon as the spproximate determination of the distances is obtained in
the course of the ealoulation, s will appesr more clensly fu the sequel.

m{-

Wepreﬁmthee:phnm&nndthamluﬁnnwﬂhaﬁtﬁfthapﬂnﬁpdm
bole. We will maka
fy £, €, 4", the times of the four abservations,
%ﬂr,ﬂ”sﬂm',th-agmmtﬂqlmgimdu of the haavenly body,
ﬁ: F';ﬁ”;ﬂ'wythﬁirluﬁtu.dea,
w0 the distances from the sun,
% & ¢ ¢, the distances from the earth,
& &y I I, the heliocentric longitades of the sarth,
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B, B, B', B", the heliocentria latitudes of the earth,
&, B, B", ", the distances of the earth from the s,
(i 01% {n12), {n 23}, (n02), (n18), the duplicats areas of the trisngles which
are eontained betwean the sua and the fipst and seeomd places of the heavenly
body, the second and third, the thivd end fourth, the fird and third, the secowd
and fourth respectively; (o 010 (5 12} {y 28) the guotients avising from the
division of the areas 4 (n 0L} # {n 12}, § (% 23}, by the arene of the correspend-
ing eectors ;

= 12

s (= 12)
Pe %__M%, =

¢=("N5rB 1) ¢ =(E5ED 1),

v, ', v7, ¢, the longitudes of the heavenly body in orbit reckoned from an srbi-
trary poimt. Lastly, for the second and third obsecvations, we will denote the
heliocentrie places of the esrth in the celestial sphere by A, 47, the geocentric
plaees of the heavenly body by &, 8%, and iis heliccentric places by 7, £
These things being nnderstood, the fst step will consist, exnotly as i the

problem of the preceding eectlon (article 136), in the determination of the posi-
tions of the great civcles A"C°8, A"0VE", the inclinations of which to the eclip-
tic we denote by ¥, ¥": the determination of the ares A'B == A"B" =4 will be
counected at the same time with this esleulation. Henoe we shall evidently have

¢ =y (¢ + 2R vost -+ B'E)

=y (0" 4 2R cosd” - KR,
urb}rputthgq'{-ﬂ"mf::',f’—[—ﬂ’mlﬂ"=:ﬂ.ﬁ}lﬁlf=ﬂﬂ"ﬁﬂﬁ=ﬂﬂ,

¥ =\ (&7 + )
P (2 ).
163,

By combining equations 1 snd 2, article 112, the following equations in sym-
bols of the present diseussion are produesd : —
= {112} B cos B sin ({ — e} — (n 02) (¢’ cos f sin (o — o) < 7 003 B'sin ({—e))
4 (n 01) (¢" cos #” sin {o” — e} -} K" cos B" sin (1" — 1),
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O=(n23) (¢ cos ' ein {@"—a') 4 K& 008 B sin (o — 7))
— (13} (p" cos 2" sin (& — &) | BY cos B ein {a™— "))
4 (®12) B oo B sin (6™ = ™).
These equations, by putting

Em.ﬂ'ﬂ.{-’-"—;}_ sa
e — & o' =7,

¥ oo B sln { o™ —

I oom 2 wdn (™

£ pos B e (I°—
i (g — B w8 =,

Loen: Bei il —g &
cos Femin —ay

B” oo B d (" 1) _ poo
208 e —

ooz 8" ain (o — e}
oo & ain (o —a _F‘r"

gin { " —
i =
and all the reductions heing properly made, are transformed into the following: -~
AU ol X Gl oL
iy 0 =4+ x| AP,
{='='+ﬂ'='li
e e
(2 -y

or, by putting besides,
'_’H_1F="rl W14 P)=d,
— AP =, W (1 P =4,

into these,
I f=a'+1+””'$” :
s o)t
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I d=dt- il el s

.
i (@ -ty

With the aid of these twe sguations z° snd 2" can be determined from o, ¥, ¢, &,

gL B, d, @ IE indeed,  or # should be eliminated from them, we should

obtaln an equation of & very high order: but still the valoes of the unknown

quantities o, 2%, will ba dedoeed quickly encugh from these equstions by indi-

rect methods without any change of form. CGenerally approximate veloes of

the unknown quantities resalt if, at fost, ¢ and ¢ are neglected ; thoa:—
l.-=-" d“l_ ﬂﬂ’J

o e o 1 il
P Y

But as eoon as the spproximeste value of either unknown quantity s obtained,
veloes axnctly satisfying the egunticns will be very essily fownd. Let, for ex-
ample, £ be an approximste valus of «, which being substituted in equation 1,
there ‘resulis " =§"; i the swms mammer from 2" =" being eubetituted in
equation 1L, we may bhave & = X'; the sume processes may be repeated by sub-
stitoting for & in L, snother value £ <4+, which may give ¢ =E£" 4+ #"; this
value being substituted m IL, may give s’ = X'+ &', Thereupon the corractad
valne of 2" will be :

F+1!—_£!-l"=£ﬂ":rfj
and the corrested value of 2,
v+ EpIs

If it is thought woerth whils, the same processes will be repeated with the cor
regted value of # and another ona elightly changed, wntil values of 7, 2 satisfy-
ing the equationa I, IT. exaetly, shall have been found. Besides, means will not
be wanting even to the mederately vemsed soalvat of ebridging the caloalation
In thess operations the ireationsl quantities (v - a'a ), (27" 4" )7, are
comveniently caleulated by introducing the ares &, 2%, of which the tengents are
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. a*
respectively 5,. i Whenee vome
&
V& )=

V) ===
These auxiliary ares, which must be taken batween 0° and 180°, in order that
¥, "y Iy corne out postiive will, pianifestly, be identical with the avee O°F, 078",
whenee it ia evident that in this way not only » and #7, but aleo the situation of
the points (7, £, ave known.

This determination of the quantities &', " reqoirves o, o*, ¥, I°, &, &, &, &, ,
¢" to be known, the first four of which quantitics are, fn fuct, had from the duta
of the problem, but the four following depemd on P, F¥. Now the gueatities
P, F', @, ¢, cannct yet be exactly determined; bt yet, since

Fei" {v]
m. pr=f=t %,

= E;
IV, P=m l::]_! ¥
o I
V. Q"=iﬁ'|:f—*”r-ﬂﬁ(,m;;'ﬂ}m“p"—r}m'}l?—"}ﬂ'i{*’—ﬂ’

e . 1
VL =i =) () o e e e =T = T = § =7

the approximate values are immediately at hand,
1
Q= RE (I — {1 —2), " = bRE{— ) " — 1),

on which the first caloulation will be hased,

168,

The caloulation of the preceding erticle being completed, it will be necessary
first to determine the are (", Which may be most conveniently done, i) as
in article 187, the interseotion 0 of the great circles 4", 4" €"E", and theis
mutual inclingtion & shull have been previously determined: after this,will be
fovnd from &, CD=¢ -|- B'D, sod "D=# 1+ D, by the same formulas
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which we have given in article 44, not only "¢" =o"—/, but also the angles
('y ") ué which the grent circles 4B, 475", cut the great cirde €5,

Atter the arg ¢7 =" has been found, o' —u, and r will be obtained from a
eombination of the equations

r&in ¢ — ) ="——F—ﬁ"':',_'r]',

R e o
1+F'

and in the seme mammer, #™ aad ™ — ¢ from & combination of these:—
" gin {7 — ) = LELE=Y),

winqw—w+f_f}=1%’i'%_:7jﬂ.
5

All the mumbers found in this manner would be accurate if we could set out in
the beginning from true valuea of P, &, 7", ¢": und then the pesition of the
plane of the ovbit might be determined in the swme mstner eain artiele 148,
either from A"} o snd 7', or from 4°C7 o and 7'; and the dimensions of the
orbiz either from #, " &, #", sl ¢"— ¢, or, which is more exact, from », o™, 4,
¥, ¢ =  But in the firet caloulation we will pass by sll theee things, and will
- direct our ettention chiefly to obiaining the most approximate values of F, 7,
&, ", We shall reech thiz end, if by the method explained in 8% and the fol-
lowing articles,

from », #, o — v, £ —¢ we obtain ( 017

I T T Y T (112}

¢ P —d = (g 28),
We shall subetitute these guantitics, and also the values of r, v/, #™, cos § (v'—1),
ete, in formulas IIT-VL, whence the walmes of P, &, P, ¢ will result mnch
more exact than thoes on which the first hypothesia had been constructed.  With
thees, accordingly, the second hypothesis will be formed, which, if #t i carried to
a conelusiom exactly in the same manner az the fest, will furnish much more
exact values of P, f, P, ¢, amd thus lead to the third hypothesis, These
processes will continue to be repeated, until the values of P, @, P, " seem to

a1
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require zo forther correction, how to judge correctly of which, frequent practice
will in time show. When the heliccentrie motion iz anall, the fint hypothesis
gemerally supplies those values with sufficient acenracy: but f the motion in.
slades & grester are, If; moreover, the intervals of the thmwes are very mmequal,
hypotheses seversl titnes repsated will be wanfed; but in such o case the first

hypotheses do not demand great precisensea of caleulntion. Finally, in the last
hypothesis, the elements themselves will he determined us we have just indieated.

170,
1t will be necessary in the fivst hypothesis to make use of the times 4, #, ¥, ¢,
waeorrected, becouse the distances from the earth conmot yet be computed: s
aoon, however, as the appromimate velues of the guantities #, 5 have hecome
kmown, we ghall be able to determine alw those distances approximutely. Bat
yet, since the formulas for ¢ and o™ come out here a littla more eomplicated, i
. will be well to pot off the computation of the correction of the times until the
vilues of the distances have hecome covrect encagh to render a repetition of the
work unnecessary.  On which aceount it will be expedient to base this operation
on those values of the quantities 2/, %, to which the last hypothesis but ona leads,
s0 that the last hypothesis may start with corrected valies of the times and of
the guantities P, P, &, &, mfnllnrwmgmthﬁﬂ:rmuluﬁnbaﬂmpln:ml
for this purpose : —
VIL ¢' =o' — B cond,
YIL f=:"’-—fﬂ-ﬂi-ﬂ",.
IE. pooaf=—RcoaB oopla—I)
eos 8" cos (o' —e) 4 B cos B cos (' —a
_[ﬁ-_;.‘?;}('f # cos (o' —a) + (F—e))
— 5 (¢ cos " eos (0" — &) k- B con B o0 (1" — 1)),

X penf= —,,E:mﬂ'-i——'l"F—{ ¢ sin §' 4 K =in
Flil'l-m,l ®
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XL ¢"oos f" = — B coe B eos (& —")
1458
e a® —
+F{1+m$fWPMEW &) B o8 B con (o — 1))
._:;l(q’muﬁ'm{ﬂm—ﬂ+fﬂﬂfm{ﬂ—r})j

XIL p"’in,ﬁ‘“n—ﬂ"dnﬂ”’+P—:Eli;rﬂW“.ﬁnﬂ“+ B gin B7)

— (¢ din f 4 R sin B,

The formulae IX-XIL are derived without diffieuliy from equations 1,2, 8, article
112, if, merely, the symbels there used are properly converted into those wa hers
employ. The formules will evidently come out moch move simple if &, B, B
vanigh, Not only g, but als § will follow from the combination of the formalas
IX. and X sud, in the same manper, beaides #, slso 3 from XL and XIL: the
values of these, compared with the observed latitudes {mot entering into the
calenlntion), if they have heen given, will show with what degree of aceurmcy
the extreme latitudes may be represented by elements adapted to the six remaine
ing dats.

171

A suitable example for the illastmtion of this mvestigation is taken from Fasla,
which, of ell the most vecently disoovered planets, hos the least inclination to
the eeliptic® We ecloct the following observetions made ad Bremen, Paris,
Lilicmthal, and Milan, by the iustricus astronomers Ouuzns, Boovass, Brsser, and
Oz : —

* Newerthaless this imelination je etill grear saovgh to ndmis of & suSiciontly sofy and norrate deter
mization of the orbit based cpon thros obaervatiosa: o Sved the fest elessents which had been decived
in this way froem shaetvicions aaly 19 doys distast from each cther (see voN Zaow's Monoticks Cir-
respoindens, Vol, XV p 8548}, approsch oeorls do thoss which were beve daduced foom Qe ohaervs-
Hons, remored from sack cther 162 dags,
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: Merm pmn of placs af dhsrratiae Higkt Aszension, Dt o,
1847, Mlarsh B0, 18% 35 17 A8EE 52T 4078 117 58" 270N,
May 17, 8 16 & 178 2§ 42.3 11 5D 46 .5
July 1L,10 50 18 | 189 48 7.F TEERTES A
Bapt. &, T ¥ 16 212 8 5.4 & B2 17 08,
We find for the eame times from the tables of the sun,
|
tasa of the Bun
R | S | g | Uit | s
Blarih 50 &° 91" 615 TiE | OAGPEME | 4 38 | 9F 77 006D
May 17 5% 0 20 0 1462 1 10119780 | — .88 49 53
July 11 106 &£ 48 .8 IEd | 10160708 | —0.4A 44,19
Bapt. 3 6% & 47 TAT | E00GV43L | 0,32 | 23 37 49 .95

The observed places of the planets have, the apparent obliquity of the eclip-
tie being wied, been converted into longitodes snd latitndes, been freed from
nutﬂiunmﬂahmaﬁmnfihuﬁndmm,md,lnﬂmr&&nmd,thepm
being subteacted, to the beginning of the year 1807; the fictitious places of the
earth have then been derived from the places of the sun by the precepts of stk

cle 72 {in order to take aecomnt of the parallax}, and the longitudes transferred
to the same epoch by subtiacting the nutation and precession; Snally, the times
have been counted from the beginning of the vear and reduced to the meridian
of Peris.  In this menner have been obiained the following numbera: —

L

A L
A L
L S
log B, &, B, "

S9.506162 |
1787 43 33787
13 27 ¢ .16
180 21 88 71
2.980T050

Henee we deducs

¥ = 168" 32 4184,
¥"=178 5 15 .65,

157544502
174* 1' 30708
10 8 7 &0
235 A6 0 6B
00051578

& = §2°28' 4788
8= 100 45 1.40, loga”= H0904830,

192410502
1877 45" 42723
6 47 25 .51
288 86 20 .32
0.0071730

261.248103
215547 15788
4 20 21 83
45 U 15 6D
OOE06Z5

l-l:ls o == DB528104,
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¥ =—1100%440, z' =-—1.083504, log ) = 00728800, logy = D0.T130702a
P o= 2052038, #'== | 6522008, logh"= 007885180 logu" == 2.8357061
A= I7TIT8lY60, A'D= B¥F24° 11784, e=U0" § 5748
FD=—0 6153838, F'D=-—11 20 49 .58.
These preliminary calculations comploted, we eater vpon the #rsl Kypaihews
From the intervala of the fimes we obtain
log & (' — #) = 0.0153688
log & (' —¢') = 05765859
Jog & (¢ —#") == D.0054851,
and hencs the first approximate values
log P = 0L0B117, log {1 4 £} = 053265, log ¢ = Q.BR08T
log Y= 007107,  log{l-+P")=028881, log "= 0.67097,
hence, further,
¢ =—T68301, logd’ =0.04666n
F=-4+32771, logd"= 012053
With these valoee the following solution of equations L, TL, i obinined, sfter
fowr trials: —
2 =204858, £ =23"381T", log# = 034051
#=T190746, =27 2 0,  logr'=(34104
From &, & and & we get
=t —=17 7 §:
hases & —oy 1y o™ — 0", ", will be determineble by the following equations:—
log ropin (¢ —v) = 974042,  log r gin (0 — o =} 177 T 5" = 007500
hogs™ gn o —mpTy== 084729,  logr"sn(p™—o"+ 1T T 6= 010733
whenoe we darive
¥ — 0 =147 14' 33", log » = 035865
v—p"= 18 48 33, logs™ = (.8388T.
Lastly, is found
log (01} = D.00426, log(n12)==0.00599, log(n28) = 000711,
swil hence the eorrected valuss of P, P", &, ¢,
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log = 005044, log @ = 0.00374,
log P'== 997210,  log "= 0.00581,

upon which the sesed hypathesiz will be constrocted. T]:Leprmmpq.lmmlunfﬂm
are as follows: —

¢ = — TATEL0, logd" = DOLETER n

= + 231061, logd” = 0.126054

# = Z05I08, & = 23° 47 54", log v = (L346747,

"= 104290, #" =97 19 25, logr" = 0.330378

O = — = 17" § "

Y —e= 14°21'B6", log » = 0.354887

¢t =18 50 44, log"= 0.384504

log (n 01) = 0.004568, log({n 12} = 0006102, log {n 23} = 0.0UT2R0.

Henee result newly corrected valnes of 2, P7, {7, §",

log & = (069426, log ¢ = U604740D
log P = 9.072244, log ' = D078,

from which, if we proceed to the dind hypathers, the following numbers result: —

¢ =—T.67515, log & = 00457290

" = - 231076, log &%= 0126083

2 = 203205, & =28 4 14", log »' = (348653

2 = 104235, & =27 12 49, I.ogf“'—'l}ﬂ:!ﬂﬂ'r-ﬁ

== =17 & &~

¥ —v= 14" 217 40", log r = 0.854523

PPt =18 51 7, logs™— 0834990

log {n01) = 0.004383, log (» 12} = 0008108, log fx 28) = 0007290,

T now the distences from the enrth are computed according to the precepts of
the preceding urticle, thers appears:—

¢ = La64a, ¢ = 21810

log ¢ cos & = (,09876 log g™ eos 4™ = 0.42848
log ¢ sin § = 244352 log o™ #in 3% = B.30005
=12 38" 40 A = 4% 2 gy

hog ¢ = 0.10909 log ¢ = 042887,



Mer. 2. OF WHICH TWO ONLYT ARE COMPLETE 247

Herce wre fommd
Qurpeetioss of I Timite, Corpetded Tlizks.
L [ECT I BO.40T8aT
I OO080E] lag.adah681
ITL 0012185 192407387
IV, 0015346 251272758

whence will result newly eorrected values of the quantities 2, P7, §, §",

log P = (L0545, logr § = QA04TRE,
log 2= 0072258,  log ¢" = DGUTHAT.
My,ﬁﬁaﬁmw&ﬁmdﬁmmmmmmﬂmw
numbers are obbadned i —
¢ =—TAT3L18, logd =0.045728
ﬂ”=+ﬂﬂ]ﬂ??ﬂg log o= 0156084
o = 2032478, & =23"48'18"7, log s = (.3464588
o= L2281, =127 12 51 .7, log+" = 0.530253
P =170 B 5L, 4 ()= 6 TR0V, § (W) = 49 S5 28%5
¥ — o =14 21 51 .8, Jog r = 0.354503
r—p"=18 BL 0 .5, logr"= (534263

These numbers differ eo Litle from those which the third hypothesis farnished,
that we may wow safely proceed to the determination of the clements, In
the first place we get out the position of the plane of the orbit. The ineline-
ton of the orbit 7° 8 14%8 i found hy the precepts of article 148 from o/, o,
and 4¢" =§ —#, also the longitude of the ascending node 103" 167 3772, the
argmment of the latitude in the second observation 04° 3¢ 4740, and, there
fore, the lengitude in orbit 1977 62 42%1; in the ssme manver, from 3%, o, and
A" = "=, are derived the helinution of the orbit = 7° & 14”3, the longi-
tude of the nscending node 108° 18 575, the argument of the latitade in the
third ohservation 111° 44’977, and therefore the longitude in crbit 216° 047732,
Hence the longitade in orhit for the fist observation will be 185 50 5072, for
the fourth 235" 5164”7, If now the dimensions of the orbit sre determined
from & —§ v, o, g0l ¢ 5 = 50° 21’ 65, wa shall have,
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Troe snomaly for the fisst plaes . . . . . . . 298735 43"7
True anomaly for the fourth place . . . , . . 848 54 50 .2
Heonee the longitude of the peribelion . . . . . 240 57 8 .5
Mean anomaly for the first place . . . . . . . 3502 §3 32 4
Mean anomaly for the fourth place . . . . . , 848 8225 2
Mean duily sidereal motion . . . . ., , ., . . OTH".7218
‘Mean snomaly for the beginning of the vear 1807 . 278 18 39 3
Mean longitude for the same epoch . , . . . . 168 10 45 .6
Angle of eccontsicity ¢ . . . . . + + s« . b 2081
Logarithm of the sembaxis major . . , , . ., 0572808

If the geocentric places of the planet are computed from these elements
for the corrected times 4, ¢, &7, ¢, the four longitudes ngree with w, ¢, &, o™, and
the fwo intermedizte latitodes with &, 8% to the tenth of a second; bat the
extreme latifudes come out 12° 20 48"7 und 4° 20 4071, The firmer in error
22°4 in defect, the latier 18”5 in excoss. But vet, if the inclination of the
orbit is only nereased &, and the longitude of the nede is diminished 4' 407, the
other elements romaining the same, the errors distributed among all the latitudes
will he reduger 40 a fow seconds, end the longitudes will only be affected by the
amndlest @xrors, which will themselves be almost veduced to nothing, if, in addition,
2" taken from the epoch of the longitude.



THIRD BECTION.

THE DETEEMINATION OF AN OQREIT SATISFYING AS NEARLY A3 POSSIBLE ANY
FNUMBER OF ODSERVATIONS WHATEVERL

172,

Ir the astronomical obsorvations end othar quantities, en which the computa-
tion of orbits is based, were absclutely correst, the elements also, whethor dedueed
from three or four observations, would be strictly accurate (so far indeed as the
mﬁmhmppmdmhkaphmuwﬂ;anWﬂnEMthahmnfEmm],mﬂ,
therefure, i other observations were used, they might be sonfirmed, bt not cor-
rected. Euﬁﬁnwnllﬂnrmuuamenhmﬁnhmmﬁmmnnﬁjng more than
npprﬂ:imnﬂummthatmth,thammmmnmmufaﬂcﬂcﬂaﬁmnrﬁaﬁng
upnntham,mdthnhighmtajmofaﬂmputﬁhmmadamnm&mhg COnLDe e
phenomena must be to approximate, as nearly us practicable, to the truth, But
this ¢an be acoompliched in no other way than By a suitable combination of
mare ohservations then the number absolutely requisite for the determisation of
the umnlmown quentitiee.  This problem esn only be properly wndertaken when
an approximate knowledge of the orbit has been elready atteined, which is after-
waeds to be corrected #0 as to satisfy all the chservations in the most acourgte
manner possthle .

Rthmmnuﬂjbawﬂrthwhﬂemdmntthahighmm,hhmﬂm
finel correction is o be given to the orbit to be determined. But ss long as it
appears probable that new cheervations will give dse to new sorrections, &t will
hamnvanimtnmhxmmurlm.mthammybe;ﬁummmpmiﬁm
Hﬁiﬁuwﬁalmﬂhﬂ&ampﬁﬂmmhmﬂmbbﬂmﬁiﬂmﬂ_
We will endeavor to meet both tases,

a2 (#45)
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174

In the Gret place, it @ of the greatest importance, that the several positions of
the hewvenly body on which it is proposed to bese the orbii, should not he
taken from single observations, but, if poesible, from several so eombined that the
accidental errors might, a8 far 88 may ba, mutvally destroy each other, Obser
vutions, for example, sach as are distant from ewch other by an interval of & fow
duys, — or by eo much, e some cases, as an imterval of Bfteen or twenty days —
are nok to be used i the euleulation as =0 many different positions, but it would
be better 4o derive from them s single place, which would he, #s it were, & mean
ameng all, sdriiting, thevefore, moch greater accuracy than eingle obserentions
considered separstely. This process Is hesed on the following pringiples,

The geocentrie places of & heavenly body compuied from approximate ele
ments ought to differ vary Lifle from the troe places, and the dilferences between
the former and latter should change very slowly, so that for an interval of a
few days they com be veparded me nearly comstant, or, at lesst, the changes may
be regarded ae proportional to the times, T, sccordingly, the observations should
be regarded as free from all error, the differences batwssn the observed places
corresponding to the times & 7, 2%, £, and those which have been computed from
the elements, that iz the differonces between the observed and the computed
longitudes and Intitudes, or right sscensions and declinations, would be gquanti-
ties either sensibly equal, or, at lenst, vniformly and very slowly inoreasing or de-
crensing.  Let, for example, the observed right ascensions e, o, &, «™, ste,, cor
respind to those tumes, and let a0, o 48, o' =48 ™ L 8", sto, be the
compated ones; then the difforences &, &, &% &%, ete. will Qdiffer from the true
deviations of the elements s far only as the observations themselves are ermone-
ona: if} therelore, these devistions can be regerded as constant for all these ob.
sorvations, the quantities &, &, 8, 8, et will formish as many different determs-
nationg of the sme quantity, for the correct valae of which it will be proper to
inke the arithmetien]l mean betwaen those determinations, s¢ far, of course, as
there is no reason for preforring one to the other.  But if it sooms that the same
degres of accuraay cannot be witributed to the seversl obeervations, let us assume
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that the degree of scevmacy in each may be considered proportionsl to the nume
bers & €, &7, €7 ele. vespectively, that i, that errors reciprocally proportional 4o
these numbers could have beem made in the chservations with equal feeility;
then, aecordieg to the prineiples to be proposwded below, the most probable
mean valoe will ne longer be the simple arithmetical menn, but

i
un:ti:ﬂ-:-‘.::.r_[-_l-'g"{”ﬂ

Putéing now this mean valie equel to 4, we can assame for the e right ascen-
mote, @ < d—d, o — A a8 A, @ 8, respectively, and then
it will be arbitescy, which we use in the calealation. But il either the oheerva.
tions are distant from each other by foo great an intervel of thne, or if anffi-
ciently approximate alements of the orbit wre not yet known, s that it would
net be ndmisdble to regard their devintions as sonstant for all the ohservations, it
will readily be percaived, that no other difference arises from slis exeept that the
mean devistion thus found cannot be vegarded s common to all the observa-
tiome, bak is to e referred to some mbermediste tine, which must be derived from
the individuel times in (he swme manner a3 o from the corresponding deviations,
and therefore genarally to the time '

iﬂlﬂ%;‘;#m

0 e i b Bhe

Consequently, i we desire the greatest aceurasy, it will be necessary to comnpibe
the geocentrie place from the elements for the seme time, and afterwards to free
it from “the mean error ., in ovder that the most sccurate position mey be oh-
tained, Bat i will in general he sbundanély safficient if the mesn error is
referred to the ohservation neavest to the mean time. What we have eaid here
of right sscenzions, applies equally to declinations, or, if it is desired, to longitsdes
el latitudes: howsver, it will always be hetter 0 compere the right ascensions
and declmations eomputed from the elements immedintely with thoss observed
for thus we not enly gain & rowch more expeditions caleulation, eapeainlly i we
malce use of the methods explained in articles 55-60, but this method has the
additional advantage, thet the incomplete ohservations can alan be mads use of ;
e beddes ift every thing should be veferred to longitudes and latitedes, there
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would be cause to fonr lest an obeervation made correetly in right ascension,
but badly In declinafion {or the opposite), should be vithated in reapect to both
longitude and Intitede, and thus hecome wholly useless  The degroe of precision
to be assigned. to the mean found as shove will be, pecording to the principles to
be explained hereafler,
Viee e dd e 4 6" o ate);

Ao thit four or wine equally exect abservations are required, if' the mean is fo
posscss o double or triple aecuracy.

174,

T the erbit of & heavenly body has been determined according to the methods
given in the preceding seotions from theee or four geocentrio posttions, each one
of which has been daﬁvaimrﬁngtutheprmpnﬂfthamdhgnﬂch,
frumagmn:tmanynhm'mﬁnm,thaturhiﬁwi]lhﬂda.mum,auitwem,amnng
all these observations; and in the differences hetween the ohserved and computed
places there will remain ne trace of any law, which it would be possible to re-
move or sensibly diminish by o correction of the elements, Now,when the while
number of observations does not embrace too great an interval of time, the best
agreement of the elements with all the ohservations can be obtained, ¥ only
three or four normal positions are judiciously sslected. How mmch advantage
we shall derive from this method in determining the orbite of new planets or
somets, the eheervations of which do not yet embrace n period of mere than
one year, will depend on the nature of the ease.  When, socordingly, the orbit
to be determined is inclined at & considersble angle to the ecliptie, it will be
in general based upon three obsorvations, which we shell toke as remote from
etch other he posdble: but if in this way we should meet with any one of the
cased exeluded above {articles 180-162), or if the nelination of the orbit shonld
seem too small, we shall prefer the detenmination from four positions, whieh, alss,
wa shall take as remote ne possible from ench other,

Buot when we have a Jomger seriay of ohservations, embracing several vears,
more normel postions can he derived from them ; on which aceount, we should
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not insure the greatest aceursey, if we were to select three or four positions enly
for the determination of the orbit, and neglect all the rest  Bug in such a cass,
If it is proposed fo aim at the greatest precision, we shall teke care to eollact
and employ the greatest possible number of sccurate places. Then, of coarss,
more date will exist than are required for the determination of the unknown
quantities: but gll these date will be leble to errors, however small, so that it
will geamerally be impossible to satisfy all perfectly, Fow as no resson exists,
why, from among those data, we should consider any six s abeolutely exset, hut
Kince we must asanne, rather, upon the principles of probadility, that preafer or
less errors ere equally possible in ell, promiscvously ; sinee, moresver, generally
speaking, small errors oftener oeour than large ones; it is evident, that an orbit
whigh, while it satisfies precisaly the six dats, devistes more or less from the
others, muat be regarded ae less consistent with the prineiples of the caleulus of
probabilities, than ene which, st the same time that it differs a Hitle from those
#ix duta, presents eo much the better an agreement with the rest.  The investiga
tion of an orbit having, strictly spesking, the mesdman probability, will depend
upstt & knowledge of the law according to which the probebility of arrors de-
creased as the erors incresse m megnitude: but that depends spon so many
vague and doubtful eonsiderations — physiclogieal meludad — which eanpot be
subjected to calenlnation, thet it i= ecarcely, andd indesd le=e then searcely, posible
to assign properly & low of this kind in sny case of practical astronomy, Neves
thelees, an investigation of the connection between this Ivw end the wmost proh.
ahle arbit, which we will mndertake in its ntmost generility, iz not to be regarded
as by any nieens & bareen speculation,

174,

To this end lot us leave our epecial problem, snd enter npon a very geneml
distussion and one of the most fraitful in every application of the caledlee to
outural philosophy. Let F, 7, P, ete. be functions of the unlmown quantities
e g 7o 8y wtey g the number of those funetions, v the number of the sithnown
yuantities; and et vs suppose that the valoes of the functions found by direct
obeervation are F=10, F'= 1M, V' =M" sic. Generally speaking, the
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determination of the unkrown quantities will comstitote & problem, indetermi-
nate, determinate, or more then determinate, aecording a8 p<lv, p=v¥ or
w>r2 Wa shall comfine ovrselves here to the last cagg, in which, evidently, an
exact vepresentation of all the cheervations would only be possibie when they
were all absolutely free from ervor, .&nﬂine-&thinmnn:rt,iulhen?.tmuf
things, happen, every syetem of voioes of the mkoown quaniities g, g r, 2 ete,
must be regnrded as possible, which gives the values of the funefions F— M,
V'— 3, ¥ — M", elo, within the limits of the possible errors of obsorvation
this, however, is not fo be understosd to inply that each one of these ryatems
would possess an equal degree of probability,

Lat ns suppose, in the drst place, the state of things in all the obeervations to
have been soch, that there s no rewson why we should suspect one to be less
exnet than another, or that we are hound to regard arrers of the same magnitude
as equally probable in oIl Aceordingly, the probalility to be nssigned to esch
ErmrjwﬂlbaE:prem&dbynhmﬁunﬂfﬂwhiﬁhwam&mnmhjg:i Now
althongh we cannot precisely assign the form of this function, we can at least
affirm that il value should be a maximum for 4 =1, ennal, generally, for equal
opposite values of 4, and should vanish, if] for o is taken the greatest ecror, or a
value greater than the groatest error: g .4, therefore, would appropristely be re-
fﬂﬁﬂtﬂthanhﬂﬂfﬂimﬁnmufumﬁmmiﬁ“mdeﬁakammhﬁituﬁa
any analytical function in the place of it for practical purposes, this most e of
muhaﬁnrmthu.t'rtm_ymwe:gatu:amnnbnthaidea,u}'mpﬁuﬁnalij,mit were,
from o =1, so that beyond this limit it can he regarded as actaally vanishing.
Moreovar, the prohebility that an error lies between the livnits A and o |- 4 o
diffeving from each other by the infinitely small diference 4 4, will be B
by pdd.4; hence the probability gonerally, that the error Hes between 7 and

* T, £ the third wuse, theo funtions ¥ P 77 shonid be of auch & nasiere that g 41— of them,
oF e, might b rogarded ns fanetions of the memadeder, the probiem woald S0 be mose than doberie
mﬂmwmmmmuhuhmmm‘:hmpy::mthe-qnmﬂﬂqsp,@.r.:.:h:x:ﬂ:m
i b say, it would be fmpossibls to determine the valgss of the latter, even if the values af the funp-
tona Fy ¥, 7, st ebonld]l be gives with absolute emetnoss : Dot we akall sxolids chis cesr From caap
disgassiog.
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I¥, will be given by the integral S 4.4 extended fiom 4 =0 to 4= IF.
This integral taken from the grestest negstive value of o to the greatest postive
value, or more generally from f =-—o 0 J = ~+ = must nereasarily be equal
to unitv. Supposing, therefore, say determinate system of the values of the
fuaantities g, g, #, & #to, the probability that chservation woeuld give for ¥ the
value M, will be expressed by ¢ (M — ), substituting in F for p, g, #, 5 ete,
their values; I the same menner ¢ (M —F), @ {M"—=F"}, eto. will experess the
probabilities thet observation would give the valoes MY, MY, eto of the fune-
tioms P, ¥, ete.  Wherefors, dnee we aro anthorized to regard all the obsrva-
tions a2 events independent of ench other, the product

F(H—T) ¢ (H'—F) ¢ {(H—F} ete, =8
will expres the expectation or probebility that all those values will result fo-
gother from obssrvation,

176.

MNow in the same manner se, when any detarminate velues whatever of the
wnknown quantities being taken, & determinnte probability corvespends, previ-
ous to ohservation, to any system of values of the fanctions F, ¥, 77, et so,
Iversely, sfter deterningde valoes of the fanetions have vesulted from obsarva-
tiom, & determinate probability will belong to every aystem of values of the un-
fmown quantities, from which the walues of the functions could possibly have
rasulted : for, evidently, those systems will be regardad a= the more probable in
which the greater expectotion bod existed of the event which aetuilly oceurred.
- The estimafion of this probability rests upon the following theorens : —

F, wsgr hygpthests Y beiig snacle, the prodability of any deferiaiiate event E s b, end
i, aiother Agpotheris H' beg made exofuding the former and equalfy prodable in deelf, the
prvbabiy of the some evend i W' o then T sy, when the event T haw actvally ccourred, thal
the grobadbifty thot T wus the true Rypothosia, fo fo fhe proboblily thet B s he drne
Turptheaiz, ae b éo B,

For demonstrating which let us suppose that, by a classifieation of all the ob-
eumstances on which i4 depends whether, with Hor B or some other hypothess,
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the event E or some other event, should occwr, o system of the Mifferent cases ia
formed, esch one of which cnses is to be congdered as equally prebable in ftsld
(that is, wa long as it is uncertain whether the event E, or some other, will ceear),
unl that these cases be so distributed,

i e T ] T P
m I B
n & dilferunt from &
' A i3
#* m difazenit fromn &
w Abffesent from & end A =
#" different fom H and 57 dilferent frim &

Then we ghall have

A=t =%

=atw 1T
moreover, before the event was kuown the probability of the hypothesis K was
g 8

nl-|—ﬂ—|—|ﬂ'-|_i-_=-’+m"+:."’
but after the event is known, when the cuses n, &, &7 disappear from the number
of the possthle onses, the probubility of the same hypothesis will be

ﬂ "
m .
in the same way the prebability of the hypothesis I before and after the event,
respectively, will be expressed by

o Lt < w
LY IR e e e e e
since, therefore, the ssme probability is assumed for the hypotheses I and &
before the event s known, we shall have
= r=u +a
whenoe the truth of the theorem is veadily nforred,

Now, ro far ae we suppose that no other datn exist for the detevininetion of
the unkaown quantitics besides the obeervations F==J3 V"= Jf, "= I,
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eti, wnl, therefore, that all systems of valoes of thess snknown guantities wers
equally prohable previons to the observations, the probability, evidently, of any
determinate system sohssquent o the obssrvations will be proportional to 2.
This is {0 be understood to mean thet the probsbility that the values of the wo
lenown quantities lie hetween the infinitely near limits p wird po-dp, gand gdg,
v and r4-dr, & and ¢4 ds, ete. respeotively, is expressed by

_ L2dpdgdeds........, eta,
whara the guantity ) will be a constant quantity indepandent of gy gy 7y & et
and, mﬂaed,I will, evidently, be the value of the integral of the order »,

SLdpdgdrds........, elo,

for ench of the variables g, g, v, & ete, extended from the valoe — w0 to the
valug - oo,

177.

Now it readily follows from this, that the moet probable systemn of vakues of
the quaniitiea p, ¢, r, 5, ete. 38 that in which £2 acquires the maximum value, and,
therefore, i to be derived from the ¥ &qun&-nm

dﬂ HSE D! :T—-n?m
Mﬂmﬁmbrwﬁms
Ve M=o, V— M v, ¥'— M"==¢", ete, and du—gfa*
ssstme the following form s — .
a. w d-*
Egr’:r+dfgﬁ:-'-|- g:’u""'—|—a1;u.—ﬂ,
’:Fu-|-d'_rP +d.r 'ﬂﬁr+'m'_'

e+ ey 4 e o=,

Hence, accordingly, & completely determinate solution of the problem ean be
obtained by elimination, a8 soon as the nature of the funetion ¢ iz nown,  Since
33



265 DETERMINATION OF AN ORBIT FROM | [Boax 1II.

this caonot be defined o pried, we will, approaching the evhject from enother
point of view, Iuquire upon whet function, tecitly, as it were, sssumed asz a
buse, the common principle, the excellones of which is generally acknowledged,
depends, Ithuhaanuuuhmuynaﬂainl}ft&rﬁgﬂrﬂumnﬁnmthuhﬂmheﬁu
that if any quantity hes been determined by several divect observations, wmade
amder the same circumstances and with equal care, the arithmetical mean of the
obwserved values affords the most probeble valoe, if oot rigetously, vet very
nearly at least; so that it Is always most aafe to adbere to it By putting,

therefore,
F=V =V an=pg
wi ought to hawve n gemeral,
¢ A M —p} g (M —p) 4 ¢ (" — p) - ete. =1,
if instead of p in substiinted the value
S 36+ M - ote),
woatever positive integer p expresses. By supposing, therefore,
M=M= ote. = M — .V,
we shall have in general, that is, for any positive integral valua of s,
¥ (p— 1 N={1—p) ¢ (—X)
whence It s readily inferred that ' must be & constant quantity, whish we will
denote by k. Hence we have

log g 4= 4 k44 - Constant,

g = x il
devoting the bass of the hyperbolic logarithms by ¢ and amaming
Comstant = log «,
Moreover, it ia roadily perceived thet & must be negative, in order that 42 may
really become o maximum, for which reason we shall pat
i = ki
and sinee, by the elegont thearam first discovered by Larraos, the integral
Jerasg
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fromd=—w tod=+4w iu?, (densting by = the semicirumference of
the circle the rudive of which ik unity), our (onction becomes

*J‘: ;; ﬂ-.mi

178,

The fonstion just found canmot, it &7 true, express rigorously the probabilitios
of the errore: for since the possible errors ave in all cazes confined within eertain
limaits, the probability of errors exceeding those limits ought always to be zero.
while our formuls shways gives some velue, However, this defeot, which every
analyiioal fumetion wust, from its nature, lehor under, is of no hapovtanes in
prectice, becsuse the value of our function decresses eo rapidly, when A has
acquired 4 considerable magnitude, that it can sfely be considered ns vanishing,
Besides, the noture of the solject pever admits of assigning with absolute rigor
the limits of ervor.

Finally, the constant & can be considered as the measure of precision of the
oheervations, For if the probability of the error J is supposed to be expressed
in any one system of obsarvations by

5; e=hnbs,

and in another system of cheervations more or Jess exact by

& .
;; rl"h .HJ

the expectation, thet the ecvor of any ohservation in the former aystern i con-
tuined between the lmits — & end & will he expressed by the integral

fﬁig—mudj

T

taken from J=—& to A=+ &; and in the same menner the expectation, that
the error of any observation in the latter system does not exceed the linits — &'
and 4 & will be expressed by the ntegral

[oemaadg
extenied from d=—@&" to £ =-4": but both integrals roanifesily become
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vual when we have 44 =¥, Now, therefore, if for example ' = 24, a doable
ereor ean be committed in the former evstem with the same fanility as o sngle
error in the latter, in which case, sccoriling to the common way of speaking, o
double degiee of precision is atiribused to the latter observations,

175,

We will new develop the eonclusions which follow from this law. It is evi-
bent, in order thet the produet
ﬂ:.ﬁln-"ﬂl"“':"*‘""['ﬁ'l'*"":'

may become & maximum, thet the sum

v’ o L ot
must becorne o minimum, Therefure, that witl be the wiowd probabiz syslem of valies of
the wnknow guaitivs D, 0 1,8, oo, i abich the sum of the squares of the differeices
batween ths observed and computed pakies of the funetions V, V', V", slo. i o swhain, i
the same degree of socuracy is to be presumed in all the ohservations, This prin-
ﬂipla,whhhpmmimﬁubaﬂfmmtﬁ'ﬂqnmtminuﬁﬂppﬁmimufthemﬂh&
maties to natursl philoeophy, mast, everywhere, be consdered an axiom with
the samse propriety as the erithmetical mean of several oheerved values of the
same quantity is mdopted as the most probable valus,

This principle ean be extended withont difieulty to observations of wegal
aocurecy.  If for example, the measures of precision of the sheervations by
means of which F= M, V" = if, I"" = 3", eto, have been found, are expressed,
regpectivaly, by & &, 1", otey, that is, if it is assmemed that errors reciprocally pro-
portional t0 thess quostitios might heve been made with equal fueility in thoss
nhaermﬁnna,thh,midmw',wﬂlhthea&mauiﬂ.b}-munsnfuhmﬁmnuf
equal precision (the messurs of whick i equal o umity], the values of the fome-
tows &7, KT, i'F", ste, bad been diveetly found to be AM ¥, B M", eto.:
wherefore, the most probable system of velues of the quantities g ¢, r, 5 ete,
will be that in which the sim of khre 4 ¥y 4 FH"" L ato, that is, # which
fhmfﬂhmfﬁMH&mi&Mﬁmﬁm&myﬂﬂmﬂm
rukiplid by sembers fhal measiee the daproe of precieion, te @ mivian, In this way it
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Is wot even necessary that the fumctions ¥, ¥, ", ete. relate to bomogeneous
guantities, but they may represent heterogencous quantities alsn, {for example,
serondz of are and tme), provided onfy that the vatio of the ervors, which might
have been committed with equal facility In each, can be astimated,

180,

The princigle explained in the preceding article derives value wlso from this,
that the numerical detenninedion of the noknown guantities is veduced to & very
expeditions algorithm, when the functicns F, F, ", eto, sre linear, Let us
SUppose

F—M=v=—m-tap+dy+ er 4 de ot
e M =y= il =i 4= Fg 4 &7 = 5 4= w0
Pl M"=p"=m '~ a"p - Vg o"r 4 2 4 ete,
et and let ne put
ar 4 o | a"" |- ete. =P
b 87 - et = ¢
er 4 ¢y + "0 oo = R
dr -+ & d - pte. = &
ete,  Then the » equations of artlele 177, from which the values of the snknown
quantitics must be determined, will, evidentiy, be the following:—
Pl Q=0 R=1, §=10, eto,
provided we emppose the obzarvations egually good; o which oase we have showa
in the precoding article how o reduee the others.  We hawve, therefors, ns many
limear equations g2 there are unknown guandities to be determined, from which
the values of the latter will be obtained by common elimination.

Lot us zee now, whother this eliminstion iz always possible, or whether the
solution ean become mdeterminate, or even impossible. 1t i3 hnown, from the
theory of elimination, that the second or third esss will oceur when one of the
equations

F=0,0=08=08=1 cte,
being omiited, an equation can be formed from the rest, either identical with the
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omitted ona or inconsisient with it, or, which amounts to the same thing, when
it is possibla to assign a Linear fonstion
al + 3 4 p 8 405 - ete,
which is identivally either equal to zers, or, at least, free foom all the unknown
quantities m, ¢ 5 ete. Lot o8 assame, therefore,
P+ 30+ 7B 488 | eto.=w.
We at once bave the ideutical aqoation
(b )8 O ) e {0 e )8 b =P g @ PR L sS  ete.
If; accordingly, by the substitations
p=us, g=frr=ypr =y elo
we suppose the funetiows », ¢, ) to become respectively,
— o Ay e e Vi — " U, atey,
we shall evidently have the identical equation

(R =MV 270Y - ele) g — (Am - Vi 4 270" ate) 2= xx,
that is,

L 4= VU 4 10" - ato, == 0, x - dm 4 V' 1 0" 4 ete. =10
hence it must follow that =10, V=10, ¥" =1, eto. and also x =10, Then it is
evident, that all the finctions ¥, F* F", are soch that their valoes are not
changed, even if the quantities p, ¢ #, & ete recelve any mcrements or deore-
ments whatever, proportional to the numbers e, 8, 7, & et hot wo have alrendy
mentioned hefore, that cases of this kind, in which evidently the determination
of the unknewn quantities would not be possible, even if the true values of the
fanetions ¥, ¥, ¥, ate, should be given, do not helong 40 this subject.

Finally, we can enslly reduce to the case here considered, all the others in
which the fungtions 7, ¥, F”, eto. are not lingar. Letting, for instance, 7, ¥, o,
¢, ote, denota approximate values of the unknown quantities p, ¢, r, 2, cte., (which
we shall easily obtain if st fiest we only use v of the g equations F=MN, F" =",
P*= M* ete.), we will introduce in place of the unknown quantities the others,
Fraty o, e, putting p=nw—4pg=g -+, r=p4+r, s =04 ete:: the
vilues of these new unkoown quantities will evidently be so emall that their
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siquares god produsts may e neglected, by which means the equations become
lingar. 1£ after the calculstion is completed, the valnes of the wmknown quenti-
fies g, ¢, ¥, &) ete, prove, conbrary to expectation, to be eo great, sz to meke it
appesr wnsafe to seglect the squares and products, a repetition of the same pro- .
cess (the covvected veluas of p, g, », 4 ete, being taken instead of a, g, g, 0, ete.),
will farnish an essy remedy,

181

When we heve only one unkpown quantity p, for the determination of which
the values of the fanetions ap 4w a'p o, &"p 4+ &', ete. have been found, re-
spectively, equal to M, M. M" eto,and that, also, by means of observations
equally exact, the most probable valoe of g will be

g T

putting m, ', m”, respectively, for M—n, B —a) MY —u", ate.
In order to estimate the degres of acenruecy to be attributed to this value, lot
uA pappose that the probability of an error o in the cheervations is cxpressed by

4 —unn.

_..’

W

Henoe the probability that the true value of pis equal to 4 4" will be propom
ticnzl to the funetion

g [l fop Ty —i s e i
if 4 + " is substituted for p. The exponent of this fonction san be redused to
the form,

— ki (ae 4 o' - "6 4 ote) (pp—2pd 4+ B),
in which & iz independent of p: therefore the function itself will be propor
tienal o
Vs e,

It is evident, accordingly, that the same degree of acouracy s to be ssdgned to
the valoe A 68 if it hed been found by o direct observation, the sccuraey of which
woukd be to the accuraey of the originel obeervations as by'{as 1 oo™ a"a"+ ete,)
to & or ae y (sa - &0’ - &"2" 4 eta.) to unity.
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182,

It will be necessary to preface the discussion concerning the degree of acen-
racy to be asmgned to the values of the unkoown geantitios, when there are sev.
cral, with & mors careful consideration of the function ve - o' 4 o"" + ete,,
which we will denote by .

L Let us put

iy =r =kt apfgfrrdacpoate,
elso
F"’—E‘g:]’?’,
and it is evident that we have p’ = P, and, since
dF_ IF  axdy
TG ="
thet the function W is independent of . The coefficient & = aa 4+ o's’ + a"a"<-

&te, will evidently alweys be o posttive guantity,
IL. In the sane manner we will put

P == 5 defeto,
alzo
W=,
and we ahall have
(=5 —LE=0—4y, ai T =0,

u-ﬂ.g-

whenes it is evident that the fonction WY is independent hath of poand g
This would not be so iff § ecould becoms equal to zerc.  But it i= evident
that W is derived from ro Lo 4 0"" 4 ote, the quantity g being eliminated
from w, ¢, o, ete, by means of the aquafion ' =10; hence, 3 will be the sm of
the coefficients of gg in w5, o7, %", ete, after the elimination; each of these
noefficients, in fact, is » squere, nor can all vanish et ones, except in the case
exoluded above, in which the anknown guantities remsin fndeterminate. Thus
it i evident that &' must be o positive quantity.
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L By puiting aguin,
= =N F ot ste, and B — 15 =
we shell havae '
’:=E-£PF—EE';
alen W™ independent of g, and g, aa well a2 . Finally, that the coefficient of 3"
must be positive i proved In the same mammer a3 in IL  In faet, it is readily per-
eeived, that 3" is the sum of the coefficients of v in vy, o%, #'5", ete, after the
quantities p and ¢ heve been eliminated from ¢, ¢, ", eto, by mesna of the equa-
IV. In the esme way, by putting
T =1 07 ot =TT,
wa shall have
$= S Ly,
W independent of p, g, v, 8, and & o positive guantity.
V. In this manner, if hesides p, g, v, g, theve are atill other wnkoown guanti-
ting, we ean proceed fiurther, so that st length we may have

: i
ﬁ'=éﬁ+?fg’+5#+;ﬂ+m+w
in which all the coefficionts will be positive gueatities.

Y1 Now the probebility of any syatem of determinate values for the guan-
tities pm, @, vy 6, ete. is proportional to the fimction «=**%; whorefore, the valua of
the quantily p remaining indeterminate, the probability of & system of determi-
fite valuee for the rest, will be proportional to the integral

fﬂ—iI'dF
extended from po==—w to p= o, which, by the theorem of Lirracz, becomes
F=lg—tmig—r (vt mmregmartm)
therefore, this probability will be proportional to the funetion ¢=**™. In the
same manner, if in eddition, § is treated as indeterminate, the probability of a
34
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system of determinate values for #, ¢, ete. will be proportional to the integral
f"_”r'lf-:
extended from g=—o0 up f0 y=+ o, which ia
N  Fua s LET P

or proportional to the function #=*4%, Preciscly in the sums way, if » sleo is
considered us indetorminste, the probability of the determinate values for the rest,
# ete. will be proportional to the fimetion «#—***™, and a0 on, Lt us sopposs the
mmier of the unknown quantities 0 smount fo four, for the mme comelnsion
will hold good, whether it is greater or less. The most probable value of » will
hﬁ—g, and the probability that this will differ from the trath by the quantity
g, will be proportional to the function ¢—*¥"ec; whenee we conclude thut the
measure of the relative precision to be attribuied to that determination is ex
pressed by /8", provided the measure of precision fo he asdgned to the origioal

observations is put eqoal to unity,
183.

By the method of the preceding article the measure of presision is conven
fently expresed for that noknown quantity only, to which the last place has
been assigned in the work of elimination; in order to pveid which disadvantage,
it will be desivalle to expros the coefficlent ¢ in anotber manner. From the
aq:uu.tiun.i

P=y

e=g¢+5y

BR=r+5q 41y

S=d 4 5r 24+t
it fullows, that ¢, &/, #', #, tan be thus expreased by mneans of P, §, &, 5,

F=P
¢=Q+up
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F=R4+¥Q| AP
- A=84+T'R4+8"Q+U"P,
#o that ¥, W, &, €", B", " way be determinate quantitiea We shall lmnl,.
thareﬁm{hyrammmgihambﬂnfunkhnwnqumhmmfnm}.

Heoce we deduce the following comelusion. The most probable values of the
unknown quantities p, g r, 4 ete, to be derived by elimination from the equations
P= g=02=10,5=0, eta,
will, it P, ¢, F, 8, ete, are reganded for the time as indeterminets, be expressed
In u linesr form by the same process of elimination by means of P, @, K, &, ete,

&0 that we may bave
p=L 4+ AP4- B+ CR+4 D8} eta
§=L AP L- BQ+ CR+ D8 ete.
r=L4A"PL B QA "R D" 8+ cte.
§=L"4 AP+ B" Q4 ("R I8 - eln,
ate.
Thiz being dowe, the most probable values of p, g, ¥y & ety will evidently be
L, I, L% L, ete., vespectively, and the meusure of precision to be amigned fo
thmdﬁﬁ&rmmhmr&upmﬁvﬂymﬂba&rpmb}r

70 B Too g s
the preeision of the original observations being put equal to unity. That which
ﬂhﬁﬂbﬁﬂ:ﬂﬂmm#ﬁdnmmthqdmmﬂfﬁamhm
guantity # (for which Ftnmmtu D™} ean be applied to all the others by the
exmple interchange of the tmknown guantities,

184,
In order to illustrata ﬂaspmaﬂingmwguﬂ,mbymmmph,htmmp-

pmthﬂ,hmm&fmmwhnhaqmlmmjmyhnm
wa have found
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p—g-+2r=34
dpddy—dr=>a
kp = g 4r=1Il,
but from a fourth cbeervation, to which i= to be pasigned one half the same
aconeacy only, there resulis
—Spt-Gg4Or=28
Wo will substitute in place of the last equation the following : —
—pt bg4-dr=14,

wnd we will ruppose this to have rosulted from an observation posessing equal
acouracy with the former. Hence we huave

P=E8Tp4 iy — 85
= Gp4 1654+ — TO
A= § == By — 107,

and hence by aliminstion,
19800 p — 40104 - B0 P—824 O LG R
WBlg= 17— 12P} S40—R
BHMBr=12T07 - 2P — 00198 R

The most probable values of the unknown quantities, thérefore, will be

P=24T0
g ==3.551
¥ = 1914

and the relative precision to be asigned to these determinntions, the precision of
the original observetions being put equal to unity, will ba
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135,

The sabject we heve just ivested might give riss to several slegant analyiionl
investigations, upon which, hewever, we will not dwell, that we muy not be too
much diverted from owr object.  For the sune resson we mast reaspve for another
otohsion the explanation of the devices by means of which the numerical ealen-
lation can be rendered more expeditious I will wid only a single remark.
Whmth&nmbuufth&pmpmdﬁmchummeqmﬂmnhmmﬂmhla,tha
sompuiation becomes a little move troublesorza, on this acommt cldefly, that the
cosfiiciants, by whick the original equations are to be multiplied in order to oh.
ﬂiﬂP;ﬂ':ﬂﬂ%ﬂﬁMimﬂmimmwﬂanﬁdmimﬂﬁmﬁnn If in #uch
& case it does not seem worth while o perform these multiplieatione in the most
aceurate manner by means of logarithmie tables, it will gemarally be sufficient
to employ in place of thess multipliers others more convenient for caleclation,
and differing but little from them. This change ean produce sensible srrors in
that cese only in which the mewsure of pracison in the determination of the
wiknovwn guantities proves to be much less than the precision of the originsl
ohservations.

186,

In conclusion, the principle that the svm of the sguares of the differences
between the abserved sod computed quantities must e o minimmm may, o the
following manmer, be considered independently of the caleulus of probabilities,

When the number of unlmown quantities is egual to the number of the eb-
served quantitics depending on them, the former may be so detarmined as exactly
to satisfy the latter.  Bot when the number of the former is less than that of the
laiter, an absolutely exmot agrecment cannot be obtained, ynless the shservations
poseess absolute securacy. In this ease care must be faken to establish the bast
poesible agreement, or to diminish &s far as practicable the diffirences, This ides,
however, from its nature, involves something vague.  For, although a syetem of
velues for the onknown quantities which makes off the differences respectively
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less than another syaten, is without doobt to be proferred to the laiter, still the
rhoice hetween two syetemns, cne of which presents a better agresment in some
ohservakions, the other in othery, is left in & messure to one judgment, and oo
merable different prineiples com be propossd by which the former rondition is
antisfied.  Denctmg the differences hetween observation end caleilation by o,
A, A", eto, the first condition will be satisfied not only if 4.4  o'4"+ #7474
ete., ia a mintmum {which is cur prineiple), but als i L 4L 4L eto, or
Ao A% ™ 4 ebe, or in general, i the sum of any of the powers with an
even exponent becomes & winimem. But of all theee principles ours is the most s
ple; by the othere we should be lad into the raost complicated caleslations,

Our principle, which we have made use of since the year 1795, hus Iately
been published by Leaesore in the worle Nounellee seefhodes powy Jo defevmination des
srlifen dis oometes, Poris, 1906, where several other properties of this principle bave
been explaied, which, for the mbe of brevity, we hare omit.

If we were to adopt s power with an infinite even exponent, we should be
led to that system in which the geeatest difforonees become less than in any other
EyBLer.

Lartack made vse of saother principle for the sclution of lnear squations the
number of which is greater than the nwber of the unknown guantities, which
had been previeusly proposed by Boscovim, namely, that the sum of the errors
themsilves taken posttivaly, be made & mintmum. Tt can be ensily shown, that a
systeme of veloes of nnknown gqusntities, derived from this principle slene, must
necessarily * exactly satisfy me many squations cut of the number proposed, as
there are unknown guantities, po that the remaining eqantions come nnder eonsid-
eration only so fie as they help to delsrmine the olwice » if, therefore, the equation
V= M, for exomple, iz of the number of those which sre not satished, the sy=
tem of wnbaes found according to this principle would in no respect be changed,
even if any other value N had been obesrved instead of A, provided that, denct-
g the eomputed valoe by #, the difforences M — n, ¥ —n, wers affected by the
gaine signs,  Desides, Lurracy qualifies in some mensare thin principls by adding

* Excopd the sjecisl cases in whish tie probdem vemonlng, bo some exteant, indetermsioate
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& new condition : he requires, namely, that the sum of the differences, the sipns
remaining nechanged, be equal to zere. Hence it follows, that the momaber of
equations exactly represented may be less by vnity than the aumber of unknows
quantities; but what we have before said will still hold good if there are culy
two unknown quantities, '

187.

From these genera] discussions we return to onr speclal subject for the sake
of which they were undertaken, Before the most acowreate determination of
the orbit from more observations than are absolotely requisite can be nom-
menced, there should he as approximate determination whisk will nearly satisfy
all the given observations, The corrections to be applied to these approximate
elements, in order to obtein the most exact agreetnent, will be rogarded ae the
ohjects of the problem. And when it oan be pssumed thet these are so small
that their squares and products may be neglectad, the sorresponding chamyes,
prodneed in the computed geocentrie places of a heavenly body, ean be obitainad
by means of the differential formulas given in the Second Seation of the Firs
Book. The computed places, therefors, which we obtain from the corrected ele-
ments, will be expressed by linear fnetions of the corrections of the elements
amd their comparison with the cheervad places according 4o the principles before
~explained, will lead to the determinwtion of the most probable values These
proceses are g0 simple that they require no further llustration, and it appesrs at
once that any number of observations, however remote from each other, ean
be employed. The same method may also be wied in the correction of the pers-
iﬁmhlhﬂmmﬂnuﬂwhwnlmgﬂﬂuﬂnmmmdﬂahm

apresment he required.

188,

The preceding method iz adapied principally o thoss esses in which the
greatest sconracy is desired: but cases vevy frequently oeeur where we may,
withoot hesitation, depaet from it a little, provided that by so deing the calonlp-
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tion s considerebly ehridged, especinlly when the observation= do not embrace a
great intervol of time; here the finsl determination of the orbit is not vet
proposed.  In ench easea the following methed may be employed with great
advantage.

Let complete places L and I he selected from the whole number of obearva-
tions, and let the distances of the heavenly hody from the esrth be computed
from the approximate elements for the torresponding times,  Let thee by pothes
ees then be framed with respect to these distances, the computed values heing
retained in the first, the fivst distance being changed in the secomd hypotheds,
and the second fn the third hypothesis; these changes can be made in proportion
to the mmoarfainty presumed to remain in the distances, According to these
three hypotheses, which we present in the following table,

Wl | Hyp il | HyplIL

Dys | D
z.v+ I+t

Dristamres ® eovemponding fo e first plaos, Fa
Tnstanes correspondicg to the mooml plice, I’

Lot three sete of elements be compuied from the two places £, £ by the methods
explained in the first book, snd afterwarde from esch one of these sets the geo
centric places of the heavenly body corresponding to the times of all the reroaine
ing ohservations Lot these be (the several longitodes and latitudes, or right
asoensions sail declinations, being denoted separately),

inthe first et . . . . M, M, M, em
in the second set . ., . Mo, 4o M4 e, ate,
in the third et . . . . M-8 #4354 4, et

Let, moveover, the observed

places be respectively . ., ., . N, X N7, ete,

Now, so far as proportionsl veristions of the Individua! elements correspond

* It will bee 26ill moce eonvenient i uss, instend of the Jistancss therssplves, b logarithies of the
cuntube distarioes,
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to moall variations of the distances I I, as well as of the geocentrie places
computed from them, we can asmme, that the geocentric places computed from
the fomrth eystem of elements, based on the distances from the envth D1 a4,
I¥ |- ¢, are respectively H—|—::s—j—-g:i‘;,E—[—u’r_+|3'j,,ii‘*+.:*=-|—ﬂ“;r,em
Henee, #, g, will be determined, aceording to the preceding diseussions, in soch o
manner { the relative sconracy of the chservations being taken into secount), that
these quantities may es far as possible agree with &, &, X', eto, pespoctively.
The corrected gystem of elements can be derived either from L 2’ and the dis
tances O ad, I -2 on, gecording to welllknown rules, from the three flrst
systems of elements by simple interpolation.

184,

Thiz method differa from the preceding in this respact only, that i eatisfies
two geocentric places exactly, and then the remaining places as nenry ne possi-
ble; while aceording to the cther mathod pe one observation has the preforence
wver the rest, but the ervors, as far as it can be done, are distributed among el
The method of the precedmg article, therefore, is only net to be preferrad to the
former when, allowing some part of the errora to the places I, I, it is possible 4o
diminish considerably the errors in the remaining places: but yet it is generally
easy, by a soitable choice of the olwervations I, I, to provide that this difference
cannot become very lmportant It will be necessary, of eourse, fo teke care that
such observetions are selected for L, I, sz not only possess the greateet acouracy,
but also such that the elements derived frem them sud the distances sre not
too mnch affected by mmell variations in the geocentria places, It will not, there-
fore, be judiclous fo salect ohservations distant from each other by a emall inter-
val of fime, or those to which correspond nearly opposite or cofneldent heliocen.
trie pluces,

a6



FOURTH SECTION,

LN THE DETERMINATION OF OREITA, TAETMG TNTO AOCOURT THE
TERTURBATIONS.

14,

Ter perturhations which the motions of planets eaffer from the inflnence of
cther planets, are g0 small end so slow that they only becoms sepsille aftor g
long interval of time; within e shorter time, or even within one or several entire
revolutions, sceording to circomstances, the motion would differ so little from the
motion exactly described, aceording 0 the lawe of Keergn, in o perfoct ellipse,
that cbeervations cannot chow the difference. As long ss this is true, i wonld
ool be wortl: while to wndertake prematurely the computation of the perturba-
tons, bat it will be sufficient to adapt to the ohservations whit we may call an
osmlating conde ssetion: but, afterwards, when the planet has been securately
observed for a longer time, the effect of the pertarbations will shew iself in sueh
a mannar, that it will no longer be poeshble to satisfy exactly ali the observations
by & purely elliptic motion ; then, accordingly, a complete and permanent agTroe-
ment cannot be obtaived, unless the perturbations are propedy commected with
the allintic motion,

Sinee the determination of the elliptic elements with which, in order that the
observitions may be exaotly represanted, the perturbations are to be combined,
supposes o lnowledge of the labter; so, inversely, the theory of the perturbations
caniol be acourately settled unlesa the elements are alveady vary nearly known:
the nature of the ease does not admit of this diffieult task being aceomplished
with complete sucoesa at the first trinl: but the perterbations and the elements
can be brought to the highest degree of perfection only by alternate oorrections

(278
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often repeated. Accordingly, the first theory of perturbations will be construoted
upon those purely elliptical elements which have been approximately adjusted to
the chservatioms; a mew orhit will afterwards be investigated, which, with the
addition of these perturhations, may stidy, as far es practicabls, the ohserva-
tiona. I this crbit differs considerably from the former, a second determination
of the pertorbations will be based upon it and the corvections will be repoated
alternately, until ohservations, elements, and perturbations sgree se nearly as
posible,

181,

Binee the development of the thecry of pevturbations from given elements 19
foreigm to onr purpose, we will only point cut here how an approximate orbi
can be @0 oorvectad, thatf, jeined with given pertwbations, it mey satisly, in
the best manner, the obsereations. This i secomplished in the most simple
way by a method anslogous to those which we have explained in articles 124,
L4, 188, The numerical values of the perturbetions will be computed from the
equistions, for the longitndes fn orbit, for the mdil vectores, and also for the halio-
centrie latitudes, for the thmes of all the obssrvations which it is proposed to wuse,
and which ran either he three, or four, or more, according o ciroumstances: for
this caleulation the materials will be teken from the approximate elliptio ele-
ments uwpon which the theory of pertorbations bas been comstructed. Then two
will be selegied from all the observations, for which the distances from the earth
will be computad from the same approximate element:: these will constitute the
first hypothwsds, the seeond and third will be formed by changing these distances
s little. After this in each of the hypetheses, the heliocentric places and the
distances from the sun will he determined from two geocentric places; frorn those,
after the latitades heve been freed from the pertorbations will be deduced the
lomgitnde of the ascending node, the inelination of the obit, and the longi-
tudes m orbit. The method of ariiele 119 with some modification iz nseful in
this caleulation, if it is thought worth while to take scoount of the secular varie
tion of the longitude of the node and of the elinetion. 1f #, #',denote the
helineentrie brtitudes freed from the periodical pertusbations; 2, 1 the heliocen-
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tic: longitudes; @, @ -} 4, the longitudes of the sscending node; 4714, the
inelinations of the orbit; the equations can be conveniently given in the follow-
ing forn ;—

tan # = tandsin (L —g ),

o tan 8= tan {ain (i 4 — @),

This value nf‘m"’%ﬁ- aequives all the requisite seourncy by subetiteting an
approximate value for & § and @ can sfterwards be deduced by the eommon
methods,

Moveover, the sum of the perturbations will ba subtracted from the longitades
i orbit, and also from the two radii veotores, in order te produce purely elliptical
values. But here also the effect, which the seculnr variations of the place of the
perihelion and of the eccentricity exert upon the longitnde in orbit and radina
veotor, and which s to be determined by the differentisl formulas of Seciion T,
of the First Book, s to be combined directly with the periodieal perturbations,
provided the obaervations are sufficiently disteat from each other to make it
appesr worth while o fake geeount of it. The remaining elemonts will be deter
wined from these longitudes fn orbit and corrected radii vectores together with
the corresponding times  Finally, from these elements will be computed the
geoventric places for all the other observations, These being compared with the
ebserved plices, in the manner we have explumed in srticls 188, that set of
distanees will be dedueed, from which will follow the elements satisfyng in the
best possible mammer oll the remaining observationa

142,

The method explained in the precsding article has been prancipally adapied
to the determination of the fref orbit, ineluding the pertndtions: but as soon
as the mean efliptic alements, and the egoations of the perturbations have buth
become very nearly known, the most sscurats detevimination will be very con
veniently mude with the sid of as many ebservations as possible by the method
of artiole 187, which will not require purticnlar explanation in this place. Now
il the nember of the best ohservations iz sufficiently grest, and a great interval
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of time is embraced, this method can also be made to answer in several cases for
the more precise detesmination of the masses of the distarbing plancis, st least
of the larger planets, Tndeed, i the mass of any disturbing planet assumed in
the caleulation of the pertarbations does not seem sufficiently determined, besides
the six unknown guentities depending on the corrections of the elements vet
angther, e, will be introdueed, putting the ratio of the correct moass to the assumed
one a8 1o to 1; it will then be admissible to anppose the perturbetions them-
gelves to be changed in the same ratio, whenee, ovidently, in each ong of the com-
puted places a new linear term, comtaining m, will be produced, the development
of which will be subject to no diffieulty. The comparson of the computed places
with the obeerved pecording to the prinaiples sbove explained, will furnish, st the
aamre time with the corrections of the elements, alao the correction g The
marsea of zaveral planets even, whish axort very considersble perturbatiome, can
b mrors exactly determined in this menner. Thers is no doubt bat that the mo-
tions of the new planets, especially Pallas padd Juno, which sufler such great per-
turbations from Jupiter, vay furnish i this mansner after sotne deendes of vears
& mest accurate determination of the mass of Jupiter; it may even be possible
perhape, hereafter, to ascertain, from the perturbations which it exerts upon the
others, the meas of some one of these new planets.






APPENDIX.

Li
Tee velue of ¢ adopted in the Solar Tables of Havsew and Ouopses, {Copen-
hagen, 1558,) is 536562508582, Using this aad the value of 4,

F‘:E}Iﬁ'
from the lost edition of Luetace’s Sysfésie dy Monds, the eorapatation of & ia
log2x . . . . . . . . DTIEITEREEL
Compl.logé . . . . . . TABT4022154
Compl. log ¢ (14-4) . . . ©0009008283
legk . . . . . . . . . BE305R14730
Gy ST UE R QOLTZ0210016,
11.

The following method of solving the equation
M= E—¢wn E, _
is recommended by Exouw, Bedkie Asronomizehes Jalkebuok, 1838,
Teke any spproximete value of B, pa ¢, end compute
M =g —¢"sne,

* The nambering of the Noiws of the Appendix desigmetea the articla of ibe oeigisal work to
which they pertats, =
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¢ boing used to dencte ¢ expressed in seconds, then we have
M =l ] = g paz K,
or
M M = B s — " (50— ity 0]
={H—j{l —eonae),
i F—r is regunled as a small gqoaatity of the fiest order, and goantities of
the second order are naglected for the presant : —so that the corvection of = j
A W

|

and a new approximate value of o is
: T
'+:l—-r-ma" .
with which we may procesd in the mune manner until the frne welue s oltnined.
It is almost alwaye nmmecoesary to repeat the caleulation of 1 —oecose.  Gener- -
ally, if' the first & is not too far from the troth, the first computed wvalue of
1 — ¢ cos & may be retained m all the trials
Thiaprmmm:ﬂenﬂm]mththmfumhll,ﬁ:rllnnnthmgmnraﬂ:m
_dlgsinE e E
=0 e
i we neglect the modules of Bricas's ujsbmnnflugnnthmu,whﬂh would subag.
guently dissppear of itself, and

o log (" sin B}
K= difen By u-:l..E"

therefors,

iz
p—A1 1—acsk?

and

P (A e — ) = (U — 30 b =200,
eod the double sign s to be used In such & way that A shell alwayes have the same
gign as cos £ In the first approximations when the value of ¢ difers o mmch
from F that the differences of the logarithma sre uncertain, the method of this
note will be found most convenient But when it is desived to insure perfecs
agreement o the lest decimsl place, that of article 11 may be wsed with

advantnge.
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As an illustration, take the date of the example in article 13,

Agume & — 3267, and we find

log eine  QT47T56n ling o0 & 201857
loge” 470415 lnge 858073
log« sine  4456171n log e oos & §.30850
¢ i ¢ = — 2HEHL" = —-=T* 51’ 35" I —eooae = TGRS
M= =—o" =303 51" 35" lugl:]'_—;q:usg_] Sonlsn
M — B == 4BG log M M J.60548n
L I log =X 3704284

=—1"43" 46",
And for a second approccmation,
= B26° —1° 40" 46" = 824" 16" 14"
logsine D.TEORREDN
log  AT041613
logeeine 24705305 m

¢ sin e = — J0545"86 = — & 12 25".55
M= §52° 28" 4258 log{l—ecoose] 900556
M— M= 4 12741 log (M — 2}  L09STT
R o PICTYY M A e
T = 10740 log 7 ———— 1189021
which gives

B = 8247 16" 14" - 10°.60 = 324° 16" 20".50.

: 18.
Putding
g== % p= perihelion distance,
e=ky1,
log 2 = B.0230668:4436,
4 _,'IL_.—.;LI
=1 1'_ gl"
we hive

ten g v+ dtani o =1xr,
r.—,,ll—u{:ﬁ tan § ¢ - tan® § ) ;
bl
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a table may be eomputed from this formula, giving » for values of © us the argo-
ment, which will rendily furnish the true ancwsly vorresponding to any time
from the perihelion passage. Teble Ilp f= sueh o table. 1t i3 taken from the
first volume of Auasles ds & Obssrvuttoire Toipdriade de Panls, (Paris, 1855.) and differs
from that given in Desaweres Astromomy, (Pars, 1814,) Vol IIT, only in the
tervals of the argument, the coefficienta for interpolation, and the value of &
with which it was cowputed,

The true anomaly corresponding to any value of the srgwment is foond by
the formula

v=n (e —5)+ d (r =6 {r —wmlf dyf A (T —r)t,

The signe of Ay, Ay, 4y, are placed before the logurithms of thess quantities
in the tabie,

Brutmisor’s table, Bownrrew's Appendiz fo the thind volume of the Mecwipus
Cilestz, 1a similar, axcept that log 7 iz the argament instead of «,

Table IL; contains the true ancmaly corrcsponding to the time from perds
helion passage in a passbols, the peribelion distanee of which is equs! to the
eartl’s meun distance from the sun, sud the mass © equosl to zer. For if we put
g=1, =1, we have r=|{.

By substitating the value of x in the equation

‘ izﬁ;{ﬂfﬂﬂiu—'—-tﬂ.ﬂ'iﬂ
It beromes
7= 2740380544 (5 tan § v 4 tax? § o)

= LOUE15GE816 (Thtan f ¢ L 25 tanf fo;
and therefore, if we put # = 0012278081,
Totamd ¢ - 20 tan' fr==u"v
log %' = 00601277089

Bugeee's Table, explained in article 19, contains "¢ for the argument ¥,
The Mean duily mobion oy the gqoantity M, therefore, of Baneew's Table muy ba
obtuined from table Il for any value of v, by multiplying the eorresponding
velug of ¥ by« :

The following exsmples will serve to illustrate the nse of the table,

Given, the peribelion distance ¢=10.1; the time after perihelion passage
b= BL50094T, o find the true anomaly.
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Assuming p =0, we find
= 20242561

Ty = 20 _
-l.'_—'#',J e E-.ﬂﬁﬁ].
py = 110" 24" 46769

Ay (g—my) =417 14742748
Az —gf=e 220"10
g —r)f—=d 4.7
Afr—r)l=— 016
#=111" 371352

r = 20842061
€ — 7y = — L5T489
ty = 1117 &' 1G".8T

Ay(r—7) =— 12 58”06
Ay (v —g)f =— 1".35
Ay (7= )f = — 0”08
Ay (§ e Tt = — 0,00

»=111" 47" 1858

The latter form of caloulation is to he preferred becanse the value of ¢ —g,
1 smaller, and therefore the terms depending on (¢ —x), (v — % {v — )}, are
smaller, and that depending on (T — ) iz insensible ; and it i the only form
of which all the apprecisble terms are to be fouad in the table.

Beyomd = $000H), the limit of the table, we can use the formmla,

e s Ty N— I
v =180° — [6.0047259] (1) — 8.87718] (1) — rra0s] (3, e

in which the coeflivients expressed in are are given by their logarithms,

For v = 40, for example, we have

‘v 180T — 1 & 78T = B BT Al =044
= 184" 50" 44”25,
If v 18 given, pud it ia required o find r, we have

Fmg =" g
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For o first approximation the tevms depeading on the equare and third power
of T—, may be noglacted, and the value of © — 1, thus found ean be correcied
0 08 to exactly satisly the equetion

If » exceeds 149°, the fovmuls

£ = 101493567 tan  # 4 [14575123] ton® § v

may be nsed instead of the table.
Thena, for v = 168° 50 44728,
log tan ¢ . .1.0518610
19149338
026,85 20062046

log tan® § ¢. . 3.1640850
14378123
3007487 40018403
v = £0000.00

This method will often be found more convenient than the table, even whese
v is less than 1657

35,

Table Va contains Besems's fable here referred to, in a dightly modified
form; and alwo a similar table by Poesmr, for the coefiicients ¢ and o in the
formuls of ardcle 34, '

w=p L&' - 00" 8™ - pte,
itihkmﬁumﬂmdﬂaﬂiﬁnnufﬂumﬂhdwﬂwﬁmwm
Methode oy Bubn vines Comisten su berechuen (Weimar, 1847), The following
explanation of its construction and wse i taken from the same work, with
mhdmguumu&&dedtnurhptittathuhﬂtaﬁunufth&pﬂmﬂing
articles: —

If we put

dh==1{an § &
f=‘ﬁﬂ]ii‘
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the formulss of article 4 hecoime
weo ARy

r=w-t— *#+i%+i”‘

-—fr#—n'tﬂ‘+ﬁﬂ‘+i!+ﬁ'+ﬂﬂ'+ﬂ—.#"
+ Jast 8

The second equation, in which » is expressed in terms of w, is that given by
Bessr, Monatliche (owrespoudene, Vol XIL, p. 107, He also gives the thied coeffi-
aient of the series, but has computed a table of only the fiest two. Poseers, in
the Feitecheifl filr dstrousinie wied verwomala Wisrenzehafice, Vol, ¥, p. 181, has given
the Aret egnotion ; he has also given three coofficients of the seriee, but & table of
the second ouly, since Besssr's table will give the first coeffielent simply by
changing the sgn.  Poeeevr has changed the gign of the second coefficient also.

Instead of the logerithros sz given in the tables of Bestm and Posseir, the
corvesponding numbers ave given in tabls Va, snd to avoid large numbers, 0.01
i taken as the unit of J.

Putting
tan $ r=F
the table contains
A__—iﬁmﬁlir+wﬂmm5
_—Tai— P & 48 8 o iy 87
B==10 1mg+J 200265
— & ¥ 4 %" B g, M
F= T i o — ¥ 008205

S0 that when 2 = we have

W=t == A (1) &) = B {10047
And when r =,
w=r—A {1004 — B (1007

Tt seeme unnecessary to recompute the tabla in order to he certain of the
acguracy of the last place, or to extend it further, es its use s lmited For
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absolufe valnes of & greater them 008 and for values of 7 eonsiderably greater
than @0° the terms here given wounld not be suflicient,. Jn such cases the
method of BT and the following articles shonld be nsad.
Ereplis, — For Harzer's comat,
log & = R5008524, and == $3*° 43502, we have
by table 1L, w= 09" §6’ 5.0
and by fable Vi, A= |- 41745 1st cor. -+ 22 30763
Be=< 3111 24 cor 4 BIVGY
r= 09" 50" 59°.11
which, rigorously, shonld he 100*s so that & i3 in this czse too great
Inversely, we find, for v = 1007
e =100° {r 04700
A= 426,78 1et cor. — 28" 0728
Be=1 0207 2d eor, —_ 811
w= 99° 34’ 68”08

which agreee nearly with the preceding valoe. The change of the tahle to the
present form has been made under the snpervision of IF Anmser,

39.

When table Iy i= used instead of Bamse='s table, w i the valne of ¢, which
corresponds to the argament

L
'!-'—ﬁ..
400,
If wa put
1
==
,__1—gA4 0
L’_J—H-'—-L

the formulns for computing the true enomaly and rading veetor are

tan o= K v tan
r==E goec® } v,
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Table Is for the Ellipse containg leg £, and log K for the argoment A, to-
gether with the logacithms of their difforences corresponding o & changs of & unit
in the seventh decimal place of the argument  J6 was computed by Profl J. 8
Huspanr, and has been used by him for several years. Sioce it was in type, a
similar table, computed by Mr. A. Manth, bas appearsd in the Adrmomiscks Nack
vichfen, Vol. XUIIL, p, 132, The example of article 43 will furnish an losteg.
tion of its wea.

Formulas expressing the differentials of the true scomaly aml radius vector
in u very ecoentrie ellipse, in terms of the differentials of the time of peribelion
passage, the peribelion distance smd the eceentricity mey be oblained from the
equationa of this article,

If we put B=1, 0'=10, we hava, article 35,

| tan § o - § tand § o =1
which, by article 20, giﬂl

mrr ﬁ‘”_;ﬁﬂf']'ﬁg“*

We alao have, article 40,

logtan v =logtan g w— jlog (1 —4 # fan’ $ w) - log »
gnd, therefore,

ae m‘ wd
Teofremsin u..}-m.qu-(l g..ij‘l‘ +1_iﬁ'.&e
de _ weod B et cosf
Ei—ﬂmiﬂt:u}“_:mii_mdi
ST P ey ¢

which, by putiing

woos g w
T tn e (1— g £)

F=—
_L=i
M
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. 3d
I—y4

i 10

— (= {l L3

B8 reduecd to

dy o KT —EKLtdg [EMi—XN— 0 P]de,
HIE &
obeserving that o § = —dd, Il T denotes the time of parihelion pazsage,
If we differentinta the equation
K I_1 L r}
= 145 coaw
wi find
Teteint e . g, Medny Fu.

dr="rdod : ¢
Ut BT e ey by

These formule: ae given by Nicowa, [Mopmlisle Coreegpondoe, Yol XXVIL,
p. 218). The labor of usieg them is greatly absidged by the fact that X, I,
M, ete,, wre computed once for all, and that the guantities needed for this pur
poge ave those required for compnting the frue anomaly and radive veetor.
If the ellipse so nearly approuches the parabola that, in the coeficients, we
DAY asfume
an dp=1y tan ¢ »
B/ Twage
_ryq!-Hu.-}v
the values of dv and dp sssume o much more almple form  In this cass we
shonld have

kT et jraioye E.,I'_LH"{-;- ""'r"?_'i"

Keny=
.-J-'_.'E::-ru-gr -;E' -
ry % et 4 & Jm:."ﬁ-u
(N ’jfr'“”‘_[u = Y e ey Ry }“'”"
d-—Hau’-}l Htamle

e (LT % ‘] wn s —IFaitiag

and oonsequenily,

EyEg Bk Y] g tnn §
dy— AT p o da- vy i HBMpe. o
o PyEg ¥ |[ CE TUE = TR T -|-ﬂ-=1]"“
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Thiz form is given by Exeen | Berfing Aslvonospizohes Jalobuel, 1822, page 184,
If we put ¢=1 in the coaffivient of d¢ il becomes

_ﬁ—gﬁ—ihﬂh.

If we pobatitute the value of Jv in the expresion for dr given above, it
may be redused to the form
Feainw

dr=—mmvﬂi"—|—madg+{ﬁ —.—n"l—f'ﬁ'fm!iﬂ')

41.
The time ¢ may be found from fabia Ilg by multiplying the velue of + cor

vésponding to w by
« B

45,
Table Iz for the hyperbols is similar to that for the ellipse, and conteine
log E, end log K for the formulas
tan de=F ytan g w
# =K san® v,
The differentinl formules of article 40, of the Appendix, can be applied fo
the hyperbole alao, by changiog the sign of A and of 1—4 in the coeflicients.

i,

As the solation here referred to may sometimea be found more comvenient
than the one given m artioles 53-07, the formulas sufficiont for the use of prae-
tieal computers are given below,

Haing the sotation of 50 and the following erticles, the expresions for the
rectanguler cotedinades referred to the sguaior are, —

Ty 008 M O08 {§ — R0 A0 G cos
{1} y=—rcosysin g cose - ruinuoos & cosfons e —r ey ain e &
#==7 00 i 8N G Eina - rEin e cos @ oosdain e -f- o e sindeons
87
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which can be put in the form
&= sinxain {4 4-u)
(2) g =rsin bsin (B u)

2==rgin eeln { 4 w)
o
#=y i gsin Aoosy - reinecos d sin g
{8} y=riindsinBeosu 4 »&in b eos Beinu
#==yainspn Ceosu - ronooos Csing

equations {3), compared with (1) give

gin 2 sin A = coe § #in g cos = —sin 9 cosd
(4} embsin BF=wsin Q cose  sinboos B— 08 @ cosfcone—aingsns
Enesin '—=¢in § sne #ineoos =008 & cosdEn e 4 sinicosn,

By introducing the suxilinry angle £
tam £
wi ehall find
cotan 4 =— tan g oos

cotan B — %1 mm (Fq)

tn G ove B g e

con ¥ o0 { Bt 1)
B T o B 5

din g=—=""8 uin £} ous s

wad . coed

o3 SN Ll s oos §1 o6 cos g —gin et e
il e T e

Ain § sin e ood [ cosd el g ain § cosr
En e :

Bin ¢ —

sin &, &in A, gin o are always positive, and the quadrants in which A, B, ' are to
be taken, con be decided by means of equations (4},

The following relations between thess oonstonts, eqsily deduogible from the
toregoing, ave added, and may be used as checks:

__ o benosin (00— B)
tan i = snmaln 4
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o8 g ==Fin § Enf

coR f == — o5 £ i cod s — Q0RF EINLE

008 g == =009 § gin i sine - cosd coze
ginfa 4 ey snte==2

eost o < con® § 4= cod ¢ = 1

ood {4 — B = — colan ¢ cotan d
ooa (B — ') = — ootan 5 cotan ¢
ood [ 4 — ) = — cotan o cotan o,

If in the formulas of article 56 of the Appendix, the ecliptic iz sdopted =a
the fundamental plang, in which case e=10; and if we put
n= long of tae penhelion

gine—=k A= —(mz—8)

siné=4k F=K—(r—7q)

sme=4% = —<[(rt—§Q)
we ehall have

en(A,—(r— Q) =nom g

& ooa (K, —{m— @))=—azn 7 coaif
E sin K,=rcos ) cog(m— Q)-—¢in @ sin(r— Q) cosd
00 KL = —[cos 3 ain (7 — &) ~f-sin § cos (7 — Q) coaq)

which can eastly be redeced fo the form,
& min K, = oo t {eosw +-gin® g fomaim —2 @)
by cos K, =—Jco }iginm ~ein’ tigin(mr—2 0 )]
and in [tke manner we should find
kooin B, —cod jrdnm —ent$isin{n —2 Q)
kcop K, == cod® fiooar —ein® icma{nr—2 )
Esin K =sminign{r— Q)
kocon B, =ciniein (T — Q)
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If' these values are substituted in the peners]l expression for colirdinates,
@k o0a g cos K ain B =g & sin & {o0s F—e)

and i we put
@ g == &

aeof fieonn [1 4 tant 3 RE=2B] _ 4
—booe? § isin [1 4 tant 2200 p
acost § isin [1—tan? i 2RI —
boost i con 1~ tant 4 T2 _ g
ot gin (7 — ) = 4"
bsindoos (T— Q) =05"

the cotrdinetes will be

g=A (cEBE—¢})4 B sinE=4 {1l —¢secE)+F snE
p=dA (e B—p) 4 F et E=4 {1—¢zecE} |7 nE
g7=A" {008 B ==t} 4 B" din B = 4" (1 .= ¢ 82¢ B} J- B sin E.

If the equator is adopted as the fundamentsl plane instead of the ecliptie,
the same formulss may be ueed, i @, &, snd § sre referred to the equator by
the method of arbiele 55 Thos it &, denote the right ascension of the node
on the equator, for @, 7, sod f, we must uee 2, 2, +{*—R)— 4, nnd s
respectively,

Thia form has been given to the computation of eolrdinates by Frof Pomoe,
- miwl is desigmed to be nsed with Zaen's Tables of Addilion and Subfraction Logaritha,
Eromple. —The data of the example of arficles 58 sad 68 furpish
. R =155 80" 50748, w—122°12' 28”56, i= 11° 45’ 52”80 when the equator
is adopted as the fundamental plane ; and al=o log § = 04258583,

Whenee we find

logeoms{r—24) 0858041 logsn(n—22) 84070145
log sec ® OATSEM4ER  Tog cosec 7 00725618
log ton® ¢4 BOZS4SIZ o tan® §4 80254332

loge . B2R20821 log s 75089008
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add. Jog 2 00052854 Claub log} 0.0916052
log coa 072670624 logeosw 47267062
log cost §4 00004404 logeod §i 2.99544 14
log e (0.4428780 log b 04288553

log A 01727600 8 log & 01426041 w
adld, Jog 7 00013866 Ol ewh log 5 0, 0486120
Ing sin 09274882 logeinw 04274582
logg o § 4 Q0004404 logeod §i DODGAL04
log b 04988588  logas 04428700

log B 03561155 n log A 03638696

This wethod may sleo be used to compute k and K for the general formula
of article 57. Thus:—

wid, Tog 00082854 Ol log 0.0918058
log voasw G7237002 R log cosn GT2RTO52 u
log eos® §4 08054404 logcost i 9,8054404
log k, ain K, 073035108  logk, oo K, 07157508
add. log 2 D.0013836  Clad.log > 0006120
log &in =, DOETLIER log sin 90272582
log cog § DOPEL404 . logeod 4. - 0.9054404
tog . 008 & 0.0242022n  log &, vin K, 99214006
log tan K, GEGEL1EE  Togtaa K, 020773984
log eos X, 002546080 logsn K, 0.3204055
log &, = UBBTIZ4 log &, = 09920848

- K== 2127 3 507 K= 121" 47'28"1

It will not be necosary to extend the exmnple 2o the final expressions for
*, 3, #, 82 illustestions of similor applications of the Addition and Subtraction
Logarithims are given in the directions sccompanying Zera's Tables,
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99,

If r, 5, and ! denote the radins veator, the heliocontrie latitade and longitude
of any planet, the rectangular colirdinates referred to three axes, —of which
that of = is directed towards the vernal equinox, thet of #, parallel to the earth's
axis, and that of g, P° of right ascension in advanee of £,—will be as in case IT,

F=yroaheoal
y==rcosdginfcose —reinksne
#—y qosbsin ¢ pin /- r5in booae

and by pulting

oos ¢ == cos & oo §

they assume the following forms convenlent for somputation: —

= O0E N
Fo=reinuconé4-z)
#o==r sin w #in {8 4 e).

74
The following are the solutions and examples from the Monaiivhe Correspo-
dema Teferred to in this artiels, adopting the notation of article T4, and veing I
to denota the longltede of the Bun
Given, @, £, 15,1, B, to find u, r, 4, und the anxiliary sngles 4, B, ¢/, et

L
% “ﬂ'ﬁf"‘%_;“"—_-mj dod bl =) —tan e
o (I —Deend pos Main b tan (K =00
& 1.{.@:1%-"“3 s AT ek
gin (L —3) tand aln Cain (L —8Y
% Emg—hmy—wnl T — oo 128
s (F—Rjtand _ fin Dtan (L — @) ooa (B =y

e {0 — mng &1 — Thene
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The angle & iz to be taken hetween 0° and 180° when & s positive, and be
tween 120" and 880" when 3 i= negative, When # =10% the body ie in one of the
aodes of its orbif, in the ascending node when sin (L' =1} and &in ({—3 )} have

the ssme sign; and in the descending node when they heve opposite signs,

It iz immaterial in which of the two gquadrants that give the same tangent,
the suxiliary augles A4, B, (', eto, are faken. In the following exwnples they

are always taken between 4 $0* and — 807,

II.
tam sin B sin (0 = @)
b Erm—twF B e =R
prRs . oos Faln (' —Qsind__ r
il i Gant (P emacmi R
. — e & sin (L — ) _r
w f— Q) sle Han (Ll —0 _ »
& gy —taH dn (H— ) sin (T =32} E
tan b s S (£ —R1 "
@ o i—g o d Wl —21 B
Edsbooa (LI —g)
10, sinieos{l—Q)tenw= tan K ey =%
sfn fain (L— sin T, r
win S ens {5 — gin H r
12 & L—g}m¢=t‘nﬂ Eu v — M) om (L —a) B
_ III.
rEinEing
18 —_—_T = =4
14 .ﬁ'ain.i-'m{.!’f-ﬂ}dni Boos Bsin (£ —Q)and __
Ais m{i—B}mﬁl—gjmi-
R:u:uj'm[l."—g}uni! ety Fain { L= g sin il —
15. sl (F— ) L{ —1} B=y
(Mher expressions for 4 may be obtaimed by combining 13 with all the
formulas I1,
Examples: —

Given, = 80"5012".07, I'==281°1"34".00, I =53 83" 2"46, /= 10° 37/ 9".56,

b= — 8* & 53,561, log &= 09526158,
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1%

Log tan, & B.THL608 n logr i A BRIBLNGG 4
log oos{ T —§)  DOTI8782 log ten (£ —R)  0.5820014
Clogsin (F—8)  01813827n  Clogsin {443 0.9850808
log tan 4 AREG2ERT log tan 89552577 n
o A=—2551"2"136 p=—12" 13" 37" 042
Ali= #4041
x,
loge gin { L =) GhBGRE1TER log oos & G.0aeR2TY
log tan i 02720872 log sin b B.7B48300 5
Clogeoe (I'—Q) 00271235 log tan (L' — @) 2.5520014
log tan B 01657265 Clogen(B -3} 10360001
B=—=70"25"121"888 0 log eosf 0.007 5036
B - 5= 05" 16 487827 log tan u SAHBZATT
& _
logsin{L—@)  0.5548776% log sin €' 0.1243583 u
log tan & BTHAPORE logsin (L' —a) BAIBTTO 8
wlog sin (F—17) 01313827 % Clogsin{ 04 Z'—g } 060685194 0
. log tan 0.7270128 0 Loy eos § 000TEB25
log tan & 91252430 5 log tanu 05352678
C=—"T"80 7T".068 x
O4-I'— q = 192° 28 15" 864
47,
logeoa (L' —g)  BOT2ET0Zn log sir: D 0.6TI6205 #
log tan & 87349698 5 log tan (L'—0} 25820014
Clogeos (E'=—0 017149738 log eos { L' =1} 08285027 o
¢ log tani 0.7270128 og sin (D =- L' —1) 0.365721T 5
log tan I} 08055001 n & log eond 00075025
D=—21"50" 51".182 fog tenw 032525780

D L—]= 205 88 41”548
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as.
log tazt b 37540605 u logsin B 00681081
Tog sin {i— @ } 08558873 5 Tow s { E'— 8 ) 05848776 n
log tan B © ROGIOTES € log éin ({~—-8&)  L163T907
. E= 41 12412 ¢ log sin & 0ETARRNE =
i— F= 8 5§ 57T".158 log % 04504508

log tan i 9372987
logsin{f—R) 96358073
log fan F 82538545 R

P = — &7 BT 539556
F—b=—1751 20" B4

low cos é 20024975
log tam i 4885257 T m
log tan &7 83277552 %

F=—12 1 2"118

I—8 — G =— 1535 42"492

bgtan(i—g)  718874dn
log cosi 09024975
log tan 97258708 1

H=—38 "8
H e g == 157 48" 17037
38

fie

e

8,

logr=log B -+log § = 0.4320724

log cos F BOOE3ETL
log sin & S.T343200 4
Yo sin [ L —52 ) 05348776 n
Clogsin (F—b§)  148969%0a
Clog sin g (LGTHEEDE
€ log cos i O00TH26
log % 04384567
log vos & £.9008922
log sin (&' — 1) 080856175 u
L log sin {I—Q-—») 0.5T0H092 R
O log coun 0H002570
log & 04894508
tog sin BT BETITATE n
Tog sin { I — 1) BEERE1TE
Ologsin (H—w) 066406058
O logsin(i—f) 08841027«
log & DASHLEGT

297
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o,
log tan & RTS40058 a log sin J
£ log sin § Q7345153 Iogsin (L'—g)
£ log ons {{—5 } (0542771 £ dog sin {u— 1)
log tan I $.0257622 gz
T= 18" 2§ 557354
w—J= 0" 1117542
10e.
ling i g 02654847 log cos &
log o (1 —12 ) 9.0475220 log sin b
oo tiih i R3SELETT 4 log cos (' —g ) -
log tan A LodE20588  Clogein (K—8)
E=—2"1"26"344 g conu
E—b= 1°F 11T log
11%,
0 F — 1= 210" 5 257474
Tog; sin € 01243588 0 log sin L
logsin (L' —{)  B8086175x  Ollopsin(w— E)
Clogeos{ O+ L'—F) 01155850  Clogoos (I —Q)
Clogten (L'—@) 04378988 log
€ log con QLOOTHO2E
log tan % B8.5541817 n
L=—=10" 42" 33".543
p— L= T80 54581
125, 15°.
D4 EF—a=175 2 31".738 log »
loge st I3 ROTIE205 0 log s n
log eos [(I'—R)  QOTIRTE2 . long sin 4
Clogos P L) 0O0D2 536 5 o sin b
Clogooss 0075025 log 4

togtin M{=1) UA641G184

SL901T49 0
DET2RTH2
GOGTI054

(LAGE4565

8.080T200
E.7H43300 »
DET2ETER
17225886

(LOOBEETD

4304587

DEZTOAED N
0ERLARES
DOZTI238 0

04304505

04320724
9.0258108 s
HMLEELE Y

. LE2A56T00R

0,2885400
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T6.
If in the equstions of wrticle 640,
g—=X=dcoaf coe e
o= F= A vos & win o
e denoting the right ascension, nnd & the declination, we suppose X, ¥, Z known,
we have
de=caeoaddd-——Jdenecsdde —f osasnd 44
dy=sninaoald st deosecond de — f din o end J0
da=sind dd}+ Seosddd,
Multiply the first of theas by sina, and subtract from it the second muolkiplied by
oos &, and we find
Aeoadde=—drame -} oy sn a,
Maultiply the fret by cose and add to it the second mubtiplied by sin e, and
wa find
doone f-dyane—conddd—snddd,
Multiply this equation by —sin & and add it to the third of the differentinl equa-
tioms above multiplied by cos & and we find
—dremesnd —Jdyine and S deomd = d8F
and, thersefore,

sin
cosdde =—""Lde L0y

PO TT L PR TTY PRt PN

Frown the formolas of avticle 50 of the Appendix are vbiained
oz = 4 WE__a
s T B e
x

s of

o= ot (4 +u), Tl=yootan (B ), T3=scotan{ 04 x)
;—:’;=#ﬁnunm¢, %zrinim&, §=ruinum¢,

and the purtial differentials

dx . dy de
Jg— —ome—gsine, L e=zcone, d_g_“h" :
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whenes
dc=$dr ~+ x cotan {A—[—u]d#—]—:nmﬁm{ﬂ.-kﬂj d
=[x eoton (A S} 4 poose $-rdin] d @ 4-rednucosedi
d;=£d‘r+ymhn{3+u}dﬁ+ymhn[ﬁ—|—=}shr
— [yootan (B 4-u)—zeone] d @ F-remuond §d4
de="dr—zcotan (0t u)dv4 2 ootan (O u)dn
—[reatan {0t} —sune] d 2 4y hinw cosedi.

These formulzs, as well as thoss of 58 may be found in a ssll treatize

Ueber dis Differendiniformeln fiir Cometen Baknen, ete, by G. . E Wzyes, (Berlin,
18523, They are from Bespl'y dbbendlung dber den Oerd’schon Crmatan,

).
Gavss, in the Berfuer Asbvonovdaches Jakrbuck for 1814, p. 256, has given sne
other method of computing £, and also £ of article 100, It is as follows: —

We have
3 =$_%+;_}=#I—II+-’F.

This fraction, by substituting for X the series of ariiele 90, is veadily truns
formed into :

8 2.5 a.&.10 4.5.14.1% S.E.10.01%.14
b= et { 4+ G e+ S 2 S S g ¥ ete)

Thevefors, if we put
A=14 LB,y 8810
=14 a4 « +etey
we ghall hava
X=X =g 44

y U d

—j=
g= B AZ0_ L

by means of which § can alwaya be found easily and necorately.
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For &, article 100, it is only necessary to winte z in place of @ in the pre-
ceding formulas.
A may be computed move conveniently by the following formula: —

. 1.8.5.7 1.8.5.5.7.8
A== It i e o)

142,

Prow. Escee, on the 15th of January, 184% read a paper before the Bayal
Academy of Sciences at Berlin, entitled Ueher den Awmahngfull siner doppelion
Boluhestivummyg oua dewselben drel geoeetrischen Oertorn, in which be entered into &
full discussion of the origin of the smbigoous cese here mentioned, and the
reanner in which it i= to be explsined. The following paragraphs, containing
wseful instructions to the practical computer, embody the vesults of his in-
vegtigtion : —

By putting
=0 sn o
g = (w0},
Equation IV, 141, becomes, for ¥ > K
ﬂﬂn’ll= Hi[l.{l' l——f}
nod for ¥ < B

main'z = ein (# 4= ¢)
m 1s alwiys positive.
The numhber and the limits of the roots of this equetion may be fonnd by
examining both forms.
Teke the first form, and eonsider the ourves, the equations of which are

p'=HI-EIl]1"I!, j’r=ﬂfﬂ{l—§'}

g and 3" being ordinates, nnd 7 abscissas,
The ficst differsntial cosfficients are

;iz-iﬂ gin® s l:ﬂ-;l#, g’:—: cos (2 — gl



803 APPENDIX.

Theve will, therefore, be a contact of the curves when we have
meinlz = gin(z — g)

Bl
4 o gin® & o8 ¢ = co8 (2 — g)

or when
4 uin{e— ) oos ¢ == cos{z — ¢)sing
which may be more simply written
Bin {22 — g) == }=in g
Whea the valoe of # deduced from this equation satisfies
i Bt # = Bin (g — g}
then there is a contact of the curves, or the equation has two equal roots. These
eqpun] roote eonstitute the limits of possbilify of interssefion of the curves, or the
limita of the real roots of the equation.

For the delineation of beth ourves it is only necessary to vegurd walues of
g —yq hetween {° and 180", emee for values hetween L30° and 330° the solution

= impoesible ; and boyond 3807 these periods are repeated.
The curvae
Y=gy
is the simple sinecurve, always on the positive side of y,and concave to the axizof
ahsoissn, and has & maxinum for
£ =g = ",
y—gin's

in of the fourth order, and since it gives

~:—E= dmsn’zopar = micin2y — fmeinde

5; == 12 main’ s o8t s — 4 pigin' =

= 4dmen*z{l + 2cos2e) = Zm(oosds — conds)

The cmrve

T

=—dmizmis — EI]:‘I'.‘I.*!I:]I

3

= — Smicoels — deonds)

=9

L

it hins & maximum for
g == Q0F
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and a point of contrary Rexure for
F= 0% pods=—=120°

From s#==07 to0 2#=60° it s comvex (o the axis of phecissns, from O0° to
1207 it is conecave, and convex from 1207 to 1807,
For osmulation, the three equations,
# ant e == gin {#— ¢}
4 m gin® 2 008 £ = ooa (2—g)
dmein®z (1l 42 coaBgj=—:sm [r—gq)
must coexist, OF
. i #inty = sn {#—g)
win (24— g}==§sing
cog 22 = —§,
In this rase we should hawe

sin (22 —g)==§ cos g |- Jeing,

pomsarnently,
tang =
ail
sing =g,
ar
g=—45" 4 den~t 4,

From thess considerations we infer that for the equation
m sint g = sin {2 — ¢)
or even when it is in the form
o g0’ — 2 m cos g sint 2 e ginf 2 —ain g =10
of the eighth degree, there can only be four real moots; hecause, in the whols
peviod from @ ——g={F to #—g = 560°0nly four intersections of the two enrves
are possihle on the poative side of the axds of ordinates.

Of these, three are between #—0° and #=180° snd ome betwesn 180°
and 180° - ¢ ; or, inversely, one betwsen (° and 180°, and three between 180°
and 150° 4 ¢; eonzsquently, there are three positive and one negative roots, or
three negative and one positive roots for sin #.
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Coutact of the cwrves can exist only when for & given walue of g,
fF=4gt tani§fsing

=200
If the oontact of the ourva of the fourth order with the snecwrve s withe
out the latber, then will w' constitute the upper lmit,— for s greater than this
witlaes of the roota will be impossible. Thﬂmwuuldthanrmmﬂymmmqg

and voe negative root,

It the contast ie within the sne-carve, then will the corresponding n" con-
stitute the lower Bimit, and for m losa than this, the roots agsin would be re-
dueed to two, one positive end ene negative,

If g is taken negative, or if we adopt the form

m sint 2 = 0 (5 - )
180F 2 st be mbstitated for 2,
The equation
it gin 7 — 2 me coe g sin® 2 4 @in’ s —mn g =01

shows, maveover, according to the wule of Dpscanrss, that, of the four real
roots three can be positive only when g, withont regard to sign e less than
DI, hecause nt = always regarded s positive.  For g greater than $4F, there is
always only ene renl positive root. Now sinee one real root most always o
vegpond to the orbit of the HEarth, that is to @ = F'; and since sind’, in the
equation, article 141, -

and

is always positive, so that it can bo satisfigd by wome but positive valoes
of 23 an orbit can correspond to the oheervations only when thres resl voots are
- pogitive, or when ¢ without regard to its sign is less than 00°. These limits are
still more parrowly confined, because, alss, there can he four real roots only
when m liea batween o' and w", and when we have

feingTl, orsing <3, g<C806°52' 11764
in order that a veal value of ' may be possdhla,
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Then the following are the condificns npon which it is possihle to find &
planet's orbit different frorn that of the earth, which shall satisfy three complete
absereations

Firgf, The equaiion

wm glnt s = sin {5 <4 ¢)

must hove four resl roots,  The conditions necessary for this ave, that we st
have, without regard to sign,

sin ¢ < §
and mi must lie between the limits " and W™

Seeond,  OF these four veul roots theee must be positive snd eoe negative,

For this it iz necessary that cos ¢ should remain positive for all four of thoss
waluer for which
" sin g < £ §,
the two in the second and thivd guadesnts are exclnded, and ouly values batween
w357 52’ and = 30% 52" are to be retained.

If hoth these conditions are setisfied, of the three real positive muh,uu&muﬂ
alwaye correepond to the Earth’s orbit, and consequently will not satisfy the
problem.  Amd generally there will be mo doubt which of the other two will
give a solution of the problem. Amnd since I:-thhsmeumng of the symbols, arti-
cles 138, 140, we have

sing_ sin (F—s)  ain¥

B R R R e B :
not ouly must 7 and & ba alweys less than 1807, but, aleo, sin (8 —z) must ba
positive; or we must have

& =,

H, thevefore, we arrange the three real positive voota in the order of their
sheolute magnitades, there may be three distinet eases,  Either the smallest rood
approaches most nearly the value of &, and corresponds, therefore, to the Ferth's
arbit, n which ease the problem is impossible; becanss the condition & 22 ean
never be falfilled.  Op the middle reot colveides with &, then will the preblem
be salved only by the emallest voot,  Or, fimally, the grestest of the three roots
differs leagt from &, in which case the choice must ke between the two smelier

i =
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roots.  Each of these will give & planetary orbit, because each one fulfils all
the conditions, and it will remain to be determined, from observations other than
the three given ones, which s the frue solation.

As the value of m must lie between the two limits m' and m"”, so also muat.
all four of the roots lie between thosa roots ms limits which correspond to m and
", In Tabla IV are found, therefore, for the argument g from degree to degres,
the roots corresponding to the limits, erranged geconding to their magnitode, and
distinguished by the symbols & &, &% 2" For every value of m which gives a
possible solution, these roots will lie within the yoantities given both for o' and
wi, and we shall he emabled in thi» manner, If & is found, to discern at the firsts
mance, whether or not, for o given m and g, the paradoxieal cese of o double orbit
can oocur. 1t mmst, %0 be sure, be considered thet steetly speaking, & would
anlr agree exactly with one of the s, when the corrections of P and @ belong
ing to the earth’s orbit had been employed, and, therefore, a cortaln differenca
even heyend the extrernest limit might be allowed, if the intervals of time should
e very great,

The voot &, for which sinz s negative, always falls out, and is enly inteo-
duead heva for the sske of completaness  Both parta of thiz table might have
been blended i one with the proviso of putting in the place of = it supplemcent 3
for the sske of more rapid inspection, however, the twe forms sin (& — §) and
sl {7 <= gi have been separated, =0 that ¢ B always regasded ae posithve in the
tiabile.

To explain the nse of Table [V two cases ave added ; one, the example of Ceres
in this Appendix, and the other, the exeoptional case that ocenered to Dir. Gooln,
in his compakation of the orbit of the ffth comet of the year 1847, sn neconnt of
which s given in his daronocee! Jornad, Vol. T, Ne. 19,

I In our example of Ceres, the fine] equation in the fird hypothesis is

[0.9112987] sint ¢ == sin (s — T° 4’ 2".0)
= 240 10755754 )

the fastor in bracket= being the logarithm By the table, the tmmerical factor
ligs between m' and m', and this " answers to 2% concerning which there can be
no hesitation, since = must lie between 10° 27" and B7° 54 Aceordingly, we

and
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have only to choose for the o which seours in thia case, and which, aa we per
soive, i9 o be sowrht hetween 7° 50" and 10° 27"
The root 1 in faet

#= 750 30”3,
and the remaining roo
i = 2L 3
= 1458 2 85
#F = 18740 9

are all found within the limite of the table.
2 Tn ﬂ:auuaaftheﬂﬂhmmetuflﬂ-ﬂ,ﬂrﬂumdmaﬂmmﬂm
hypothesis the equation
[B.7021264] sin's = =in (¢ | 32° 53" 23".5).

& = 133° ¥ 51%, )
Then we have sin ¢ < §, and the inspeation of the table shows that the factor
in the pereatheals lisa between @' and m" ; thereforve, there will be four real roots,
of which three will be positive. The given & approximates hore most nearly fo
&%, ahout which, at any rate, there can be no douhit,
Consequently, the paradoxieal case of the determination of & double orbit
oocurs here, snd the two possible valoes of & will lie betwean

B8° 20" — 106" 50

Hea had al=a

anil
105 6% — 131 T

In fiset, the four roots are,
' = U6 31" 4875
=117 B1 18 .1
=~ = 187 &8 168 .7
& = 32% o5 35 5.

By a small decresse of m without changing ¢, or by a smail decresse of 4
without changing m, a point of ceoulation will be obtained corresponding to
nearly & mean between the segond and third roots; and on the comirary, by o
emall increase of m without changing ¢, or & small inerezes of ¢ without changing
w, & pomnt of oseulation bs obdained corresponding to pearly a mean betwoean the
tiret and second roots
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We hove, therefore, the cheies between the two orbits.  The root nsed by D
{(yurnk was 2% which gave him an ellipse of very short period. The other oheer
vations showed him that this was not the real orbit. M. D'Asgesr waa fnvoived in
4 similar difficuity with the ssme eomet, and arived alwo 6t an ellipes. An ellipee
of eighty-one years vesulted fom the wse of the other roof.

# Fmally, both forme of the table show that the exceptional cas¢ can never
paor when & < 68 267,

“It will also seldom oecur when & <7 $0°  For then it can ealy take place
with the first form sin (¢ — ¢, and since bere for all values of g either the limits
are very narrow, or one of the limits approximatea very neardy to 007, so it will
ba peroeived thet the case where there are two possible roots for & < DOF will
viry seldom happen.  For the smaller planets, therefore, which for the most part
ary discoverad near opposition, there is rarely occasion to loolk at the table, For
the comeis we shall have more freguently & = $0° ; siill, even hers, on aceount
of the proximity to the sun, & > 150° can, for the most part, be excloded. Con-
sequantly, it will be pectssiey, in order that the exceptionsl case shoald ocour,
that we should have in genersl, the combinmtion of the conditons & = 80" and
g between 07 and 32° in the form sin (7 — ¢), or between 22° and 58° 52" in the
form sin (¢ -1 g)."

Professor Peser has communieated to the Amevican Academy several methods
of exhiliting the gecmetrical eonsteuction of this celebrated equation, and of
othara which, like this, invelve two paramefers, some of which are novel and
curicus.  In order to exploin them, lot us resume the fundamental equation,

sty = din{z — gl :
1. The first rocthod of representation is by logarithmis eurves; the logarithm
of the given equation is
logm - 4 logsin 2 = logsin (s — g}
If we constenet the curve
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and olap the same eurve on apother scals, in which y is reduced to one fourth of

its value, so that )
' ¥ = logsin g,

it ia plain that if the second ourve is removed perallel to itsell by o distance equal

to g in the direction of the axis of #, and by  distance equal to — logm in the

direction of the axis of g, the valoe of ¢ on the first qurve where the two curves

intersact each other will be a rvot of the given equation ; for, sinee the point of

interssction is on the first curve, its cobivdinates satisfy the equation,

y=4logsing
and because it iz on the second curve ita cobrdinates satisfy the equation,

¥+ logm = logsin (¢« — ¢}
and by eliminating y from these two sqnations we return to the original equation,
- m et = sim (& — g}

A disgramn constructed on this principle is Mwstrated by fguee §, and it will
be readily seen bow, by moving ecne curve upou the other, according to the
changeable values of g and s, the points of intersection will be exhibited, and also
the limits at which they become points of osenlation.

Om thiz and all the socceeding disgrmms, we may remark, once for all, that
two onses are shown, one of which is the preceding example of the planet Ceras,
~ in which the faur root= of the equation will eorrespond in il ihe fignres to the
four points of mtersection B, B, D", D", and the other of which is the very
remarkable ense that occomred to Dr Gowo, approgching the two limits of
the ceculation of the sseond crder, the details of which are given in No, 19 of his
Asfronomical Journel, and the polnts of which are marked on all ewr dingrams
A S P

2, The second method of representation is by a fixed curve and straight line,
as follows

{z) The fundamental equation, developed in its second member, and divided
by wi coas, meearmea the form

: %;':%“tmr—mg}

By putiing '

#mtani,ﬁ=un§r,s=¥
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the roois of the eguetion will correspond to the points of intersection of the

Qurve
.ui:"t =t

with the straight line ;
y=ualz—48. [Figs 0 and §.] :

It will be perceived thit the curve line, in this as in all the following rases
under thia form, is not effected by any change in the valees of m and ¢, and that
tlmp{rﬁtiunufthaﬂmqhihnamdatﬂmm&dhytummngthemnfzat
the distance tan g from the origin, sod the axis of y at the m_—f
Erumtheungm Thamngmdlmmdmamnmthaumtnhmuﬂfaquﬂtu

=1 which may in some cases answer more conveniently for determining ita
pﬂlhmthlniﬁllllt-amhﬂnmﬂ:ihemnufy :

(h) The development of the fundwmental equation divided by m sin 2, is

in'r=ﬂf[mhng—mhnrj;
e

and by putting
& = cofan e
b = ootan g
o — Hof
m

the ootz of the aquation correapond to the intersection of the curve
y=rnts = (1} —%

y=ua(b—z) [Fig T.]

The position of the straight line ia determined by its cutting the axis of £ at 2
digtance equal to cotan g from the origin, and the axis of gt a distance equal to =27
from the origin. This form of consivuction = identical with that given hj'H:
Binet in the Jowrnal de I'Beole Polidechnigue, 20 Cahier, Torme XL p. 285, His
method of fiving the pesition of the straight line is not sérictly aseurate. This
made of representation s not surpassed by either of the others under this form.

{e} The fourth root of the fundamental equation developed, and divided by
0s (& — g), nsswmes the formn

{meosg(tan (e — g) + tang) = Uinle=a)

with the eteaight line
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By putiing

! £ = tan (s — )
b= tanyg
o= ymeosg

thﬂmtanﬂhﬂaqmﬂmmapﬂmmmﬂmtammﬁmﬂm EUrveE

y=tEEm) i 4o

with the straight line
y=alz+4 b [Fig 8]

The straight line culs the axis of v at a distance equal to — tang, and the axls
of # at a distance equal to { man g, from the origin.
(d] The development of the fourth root of the fandamental equation divided
by ein (e — g) in
{/m sin g (eotan (s — g) + ootan g) = cosee (s — g).]
By putting

. # = coten {7 — g)
§ = coten g
di=#l:ial'lig
the roots of the equation correspond to the intersection of the ourve
y=(1+2¥
with the straight line '
g=a{x 3. [Flga & and 9]
mlthﬁghtﬁnamhthﬁmhuf:ata:ﬁahnmaiunlh—mmg,mﬂihﬂ
axis of g at & distance squal to §f m eos g, from the origin.
ie) From the weeiprocal of the fundamental equation mu]lip]lﬁdbj’ﬂ:ﬂ
roots may be seen o correspond to the imbersection of the curve
» — ooeed® &
with the straight line
v == m coago (#—g). [Figs 10 and 10')
Buth these equutions are referred to polar eodirdinates, of which # is the rading
vertor, g the angle which the radine vector makes with the polar axis, m the dis-

tencs of the stvaight line frotn the origin, and ¢ the inelination of the line to the
polar axis,
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if ). From the reciprocal of the fourth root of the fundamental eqoniion, is
roots ey be seen to corraspond to the mtersection of the curve
¥ = posot ¢
with the steaight line
= 5 oose (4 g,

g=r—y¢ [Flg11]

Both these equations are referred to polar eolirdinates of which g is the
angle which the radins veotor » malkes with the polar axis, § 2 the distance of the
steaight line frow the origin, and ¢ the inslinetion of the line to the polar axis

d, The thied method of representation s by & ourve and o cirede,

fa.) The roots of the fundamental equation correspond to the interssetion
of the curve .

in which

r==alnts
with the eirele

r=2sin(s—s). [Fig.12].

Both these equations are reforred 4o pelar cobrdinates, of which ¢ is the radius
veotor, # the angle which the radius vector makes with the polar aﬂs,;& the
radiug of the cirele which pases through the cviging and 90° | ¢ is the sngle
which the dinmeter drawn to the origin makes with the polar axis,

() Hrom the fourth root of the fundaments] equation it appoers thai ita
oot gorrespond 1o the interssetion of the equation

: r==1 @0 g

with the circle
r={ mein {p4-4) [Fig 13],

in which g={7—4) is the inclination of the radiue veetar to the polar axis,
¥ o fs the dinmeter of the eirole which passes through the origin, and 00° — ¢
is the inclination of the diameter deawn throogh the orvigin of the polar axis.

In these last two delineations the ewrve 7K T K I incloses & spase, within
which the eentre of the cirele wmust be contnined, in order that there should e
four veal routs, and therefore that there should be a possible orbit, The enrve
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itaclf corresponds to the limiting points of csoulation denoted by Professor Excre'a
' nnd w”, and the points K and A gorrespondd to the extreme points of csoule.
tion of the second crder, for which Excee hee given the values y= = 36 52'
and o' = 42078, and w" = 00008,

{m the delineations, & 18 the centre of the circle for our example of Ceres,
and & the same for Dr, Goven's exceptional case, A careful eswmination of the
singular position of the peint &' will illustrate the peculiar difficultios attanding
the solution of this rare example,

150.

We sdd another axample, which wea prepared with great care to llostrate the
Method of Computing en Orbit from theee observations published in paraphlet
form for the o=e of the American Ephemeris and Noaticsl Almanae 12 1862, It
Fornishes an Mlustration of the ease of the detevmination of two orbits from the
same three geocentric places, referred to in article 143

We take the following obeervations, made at the Greenwich Obssrvatery,
from the volume for the year 1843, p. 36,

Ailana, Tl Feppiwih, duprparner Rk desaidon, Azpanzs Telsatinn,
m b o
1846, July &0, 14 3 208 gge ol 1508 8 25 51 S0
Sept & 11 & 568 AL 42 §9.00 27 10 818
Cot 14, & 19 388 3L 7 BL4S 26 49 57.28

From the Nmuizal Aimeanae for the seme yenr, we obtein |

G o
Dats, ..ﬁ[l]:-.-“&qh Hun Tilia=en n tha % (2] wm
July 8o, | 197 40 1liss 14,99 00841 08 1y 25 97 #dls
Hepe, G Th4 & ADES T4 MAGRT S LnEL #a41
O, 14k POL BL 1R.49 1214 R L R T 0ad | 2aAE

The compuiation Is areanged as if the orbit were wholly unknown, on which
acoonnt we are not at Hberty to free the places of Ceres from pa:mlla-x,. but mmnat

transfar it to the places of the earth.
40
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- Reducing the observed places of the planet from the eguator to the ecliptic,
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we find
Tesirs, ﬁmhudhhﬂﬂn'ﬂ.l A Letitnda of Ciees
July &, s03 o elog & 18 st allar
Heps. 314 85 FABT 1& 48 Do
Ot 14 BIL 4 GBS 11 5 BE
Ani also,
Dilie Tesngglbades of ottt Tacite of Epaire
TIBETEEE
gihllk 1 4 58 4
The method of asticle 72 gives
H I Bealveztiom of Lasgriide. Beduaiton of THibisos, Beduoilia of Tizm
Jely 80, 185 400001488 — 070
Eup{- L i'?.l!?l 1481 — 085
ez 14 =24, 15 Ga0T =71

The reduction of time is merely added to show that & s wholly insensible,

All the longitudes, both of the planet sad of the earth, are to be redused to
the mean vernal equinox for the beginning of the year 1846, which is taken ns
the epoch; the nutation, therefore, being applied, we nre still 40 subtract the
precession, which for the three observations i= 28709, 5420, and 30741, re-
apactively ; 50 that for the fiest cheervation it i= necesary to add — 45".95, for
the secomd, — £8%26, and for the third, — 51757,

Finally, the latitudes and longitudes of Ceres are to be fieed from the sher
ration of the fixed sinrs, by subtracting from the longitodes 15776, 10°.69, and
16"A0, respectively, end adding t0 the latitpdes — 202, 1 173, and -+ 402,
numbers which are obtuined from the following formulas of Prof, Pemes ; —

do=meos (O —a)eed -
FF =8 (@ —e)sine;
where @ = sun's lougitude, and = sberration of @,
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The lonpitodes of the sun were corrected for abermtion by addimg 20700,
20721, and 20"4%, reepectively, to the numbers given In the Newtioad

Alpisms.

Thess reductions having beea made, the correct data of the problem are asz
followe : —

Timies of ohaervation,
For Washingion Mecidian | July 80, ST2908 | Seph B 243485,

Ceres'slong, «, o), o} 830° 27 25%28 | 324 54 o092

Tntitudes &, @ 87— 18 54 54 40 — 14 45 2825
Eath'along § & £| 807 39 43 .88 344 8 4548
logs of dist. B, &, &7 00084758 1L.0081706

By the formulas of Arts. 138 and 137, we find

: P il AR 3260 25" Q4781 | 918° 117 29738
L&, L. L. 28 12 o8 A 24 18 53 34
log &, &, 4" elnes OT4ETIT Q41401581
AD A, AD 1397 &8 41700 | 204" & 25714
AY 0, A" I, A P, 285 64 11 .72 [ 233 Bl 2% 54
g oy ", o7 32 45 .72 | 142 87 25 44
log ¢, &, ¢ sines, . . D.6850758 0.7882221
log sin 4 & PATHATAT
log cos 4 o' 85057158
And by article 138, :
lﬂ! Tﬁi ¥ + % % ﬂdmﬁiﬂaﬂ
log T cost D.2PEE2TR
wherefors
f=180° 8 12"08, log¥ . . . 0.2056230
¢4y = 85°14° 85"01, log sin (£ 1) B.7016258
i-pgﬂ+ 4 + = k ] Eaﬂ'gmﬂﬂ'l
log Tsin(t-Ly) . . A.0B73178
Whenea log tan (¥ —a) . . . RG1ITCG0

& — =192 14" {7747 and 0 =2* i 5".BT.

Oied, 1h LHHILES

321 8 5258
— 13 5 3131

21 19 s30T

AR TR

104 69 25 .15
81 6 5oT8
9,9422070

204° 566" 48”56

199 8O 24 .04

115 4 41 .10

9056902
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By articles 140-143, we fiad _
A —&" = 172° 24' 3270 log elo 01208006 log cos D.9981TTER
A —d = 176 &b 28 30 BEB8516880 000950004 =
A O == 172 47 20 .84 HODETIGE
AD—&+e =177 30 53 .63 BESTON04
A —§ =175 43 49 .72 HET1E046
A o= 17T 15 35 5T SETRATE
boge . . . . . (00095516, e== 10222870
logé . . . . . OJ138H4E

Formula 18, which serves ss & check, would give log b== 01389058, We
prefer the lattar value, becanse sin (4' D — & 4 o) s lews than sin (4 D7

—& ).

The interval of the time {not corvected) between the wocond and third obsar-
vations is $T884450 days, and between the first and second 57875552 daya
The logarithms of these nombers are 1LETE4618 and 1.BTE3587; the logarithi

of &1 82355814 ; whenee log ¢ = 98140427, log & = §.8150401L

We shall put, therefore, for the fst hypothesks

s=log P=) = 09088074

p‘=1ﬁg 0=¢d& = 18250888
and we find
o= 5" 48’ 56".13

u.r—|—|::'='f_ 49 2 .00
log @ ¢ sin w == 00112087
It in found, by & few triala, that the aquation
aninnﬂiﬂ‘n'=.!infw+1'°4ﬂ"_ﬂﬁ.m}
iz satisfied by the value _
o= T° BY 8030,

whence log e 2= 9.1431101, and
Haip ¥
= —— =={.474830.
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Beaides this sslution, the equation admits of theee others, —
g== 26°3& A"
g==148 2 35
a= 1ET 40 @

The thind most be vejected, becwnss sins is negative; the second, becanse = is
greater than & ; the first answers to the approximation to the orbit of the earih,
of which we have spokin in article 1424
The manner of making these trisls is as follows, Om looking at the table of

sines we are lod to teke for & first approsdmation for one of the valnes, » =4
nearly, or 8° <=z Then we bhave

logems . . . . . . . D14360-4-B0e

logsints . . + + . . 007424 856«

log Qeeine, . . . . . (#1130

iL'lE'ii.I:I (F—W—=e} . . . T.iH-":-%-.L—FSE:Ez-

g it — o = 0 10" BE" L f4Fd 2
wfo=7 48 3I
T o8 Bo <=z, nearly =5° <=7,

For the second approximation, we make
p= T B A0 42" 5 and have
logeme . . . . . 214510664 1504
logsine . . . . . GET2L224 46004,
Jesmew ., . . , . 09112987
log sin (3 — o0 —o) . TA83T311 4 GO0
@ et — 7 = (" 10" 26”27 4 2’ nearly.
pta="T 40 2 00
g=T 58 80 27 4 2’ = 7" 60 50780,

The process is the same for the other roota

® Ban grticle 142 of the Appondir.
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Agnin, by art. 143 we obtain

= 185 10r 81778
b =180 25 30 25

log # = G4T4OTES
log r" = (L4744 748

§ (0" <4 o) = 2647 21" 48".61

¢ (0" —u)=268 40 &5 .10
ar = 6 4y T .48
arY = 6 o6 52 .68

The sum 274 27", whish is o check, only differs by 0720 from 27, and the

enuation

__rangf”  w”

—Fenlif n

= gufficiently eatisfied by distributing thiz 0°2 equally between 27 and 277, a0

that 2= 6*58'7".88, end 2" = £°50'32" 58,

Now, in order thet the times may be corrected for aberration, the distances
¢ (s ¢ muest be computed by the formulas of Art 145, and then multiplied into

the time 498 or 0“005708, a= follovws: —

g r o 4 s e s s
log sin (AD—{) . . .
comp. log sind . . .
log ¢

log eonsg

log of reduction
Redustion = O.0L1828
lag +,
log e (& —a)
comp log ein &,
log of rediction
taduotion, 0011744,

(27407
£.61157
(L32558
L31217
7.76054°
BOTETL

047407
B.44031
0.38509
050027

* The conztent of ohorrathon Btk of B Siznre
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L 047447

log sin (A" D' —1L1%} . . . 684368

log #in &% . . Yo D0ETTO

log of peduction . . . . (ETATO

~ Redustion = 0.013653 . .
Oberrreticas, Qarsiotad Times, Rubarvads. Legarittaa,
L July 30, 381080

IL Sept 0. 230691 BT.ETHA1L 15788636
T, Oot, 14, 119260 37.882568 16724895

Heanee the corrected logarithms of the quantities 4, & become 85140209,
and .E1530410, :

We are now, according to the precept of Art. 144, to commence the determs
nation of the elements from the quantities 7, ¢ #%, &, and o comtinue the ealeuls-
tion 80 far as to obtuin 4, and agein from the quantities f, #, 7, 8" 50 a8 to
c-htain-lj"'.

bog# « « « « . 000L1ETE
bopy*. o .+ . o DOD1L552
log P . . . . 9.0909220

g @ . . . . D.630M78

From the first hypothesis, therefore, there resulis X = 00000251, and
F= 00029648, .
In the second hypothesis, we assign to P and @ the values which we find

iw the first hypothesis for P and §. We put, therefore,
:m=hEP=m599ﬂﬁ,
y=log ¢= 8300476,
Since the eomputation ia to be performed in procisely the ssme manner as in
the fivst hypothesis, it ia sufficient to set down hers ite principal results: —
L1 4 ) F + L] L] ﬁﬂ ‘5’ E&vnln " n L3 3 4 1 L L " Tﬂ EF Eiﬂ.m

wed .o e s A 10T [ lgd ... . 0ATAB03T
log Qeslne . .o . . 09142688 | leg®D . . . . . . 0772407
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g%, ... ... 07724053 | 4 (wb¥) . . .. 2647205044
Do w i 185° 10789764 | #(—sm) . . . . D88 40 B 57
¢ .. ... . .1892548 86 | 87 . . .. . . .13 58 58 42
logr . . . . . . . O4TASEP6 | 2F. . . . . . . . G AT 1D B8
log e . ... .. GATAZONE | 97" . . L . . . . B 5643 41

I thiz case we distribote the difference (717 s a8 to make 2 F= 8 51" 15”40
and 2= 0" 54 45758

It would not be worth while 4o computa anew the redustions of the time on
mmmaflhanhamﬁ:theymmﬂ;ﬂiﬁr 17 from these which we de-
rived from the flest hypothesis

Further computations fumish

log % = 00011682, log 4" == 0.0011558, whenee are deduced
log & = DESINOSEG,  F=0.0000473,

Frﬂnﬁhmhitiuuppmmhﬂwmuuhmﬂmmutthnmmﬂhyputhmmthm
the first.

For the sske of completing the axampls, we will atill construet the thind
hypothesis, in which we shall adopt the velues of P and § derived from the
aeoond hypothesie for the values of P and @
== log P = 9.0009225
y==log § = DELOBNGE

the following are nhhmedﬂ:rthemmtmpurhnt-putanﬂhnmmpuhhnu -

0 o won w s BREIEAD T B s . . 1B9PE5 42°45
wtao, ... L L. T 48 197 WEE v woomen wose 0.4748690
log Qesine . ., . OSMELIL | loge” . . . . . . . 04745000
P e TERSEE | R . . .. 28402175076
g seh @ o 04748081 | §(w'—w} . . . . 288 4F 6 .57
og X L. ovTmeles [oap L ... L. 15 53 55 84
e o o . 077448 | 2F . . . .. . BT 1585
R | [ T B o Bt
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The difforonce 0%3 betwesn 27 and 27 4= 3/ is divided ns in the first
bypothesis, making 2 =857 16".54, and 2 /"= 56" 45735,

All these numbers differ eo little from those given by the second  hypothesis
thut it may safely be concluded that the thisd hypothesta requives no farther oo
rection ; if the computation should be continued s in the preceding hypothesas,
the result would be X = Q.0000000, F = 00000001, which last value must be
regarded as of no oonsequence, and not exeseding the unavoidable tneertainty
belonging 4o the last decimal Hgara,

We ave, therefore, ot liberty o proceed to the determination of the elements
feom 277, r, #, & seconding to the methods contained in grticles 835-07.

The slements are found to be as follows : —

Epoch of the mesn longntuds, 1846,. . . . 2787 4T 15°78

Mewn dodly motiony, . . . . Y TT1".5850
Longitnde of the perthelion, . . . . . . HMEZT 47D
Angle of socentricity, . . . « .« . . . + 33 B8 .3b
Logerithm of the major semiaxis . . . . 04417481
Longitude of the sscending node, . . . . 8B0F 48" 36"0
Inelinndion of the orbét, . . . . . . . . 1087 T7.08

The computation of the middle place from these elements gives
e'= B24° B4 5106, F'=— 1440 28" 31
which differ but little from the ohesrved values

o' 8247 54" 50702, B'=— 14" 45 28" 28,

11
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FOBMULAES FOBR COMPUTING THE ORBIT OF A COMET.
Fven

Mean times of the oheervations in doys, o o

Ohearved longitudes of the comet, e, a', =

Ohserved latitndes of the comet, T g 3

Longitades of the sun, A, A, A

Distances of the sun from the earth, r, R, B
Bequired

The curtata distances from the earth, R
Computa

L.
tan 5 H=r‘*—r" it #ilt {m" — A} = fnn &

S Y — L T tho g"— m i (@ — A"

and by means of thia approximetely,
q"'"' = _-'Efrpl).

IL
B eoa (A"— A')— B =g con { F — A')
R gin (A" = A" = gsin {F — A%
ff is the chowd of the earth's orbit between the first and third places of the earth,
& the longituds of the firet place of the sarth 2s seen firom the third place,

I11.
M — cos {g"=— "y =k cos { con { H —a™
8N (" ') = f cos § sin { H—e™
Mtan #™—tan § = hein {.
& in always positive. If ¥ is a point, the colrdinates of which, reforred to the
third place of the earth, are
¢ eosa’, ¢ sina’, ptan g,

then nra
ag, I I,
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the polar eodrdinates of the third place of the comet, {that is, the distance, longi
tude and Intitude,) refarred to the point & as the origin

IV.
eos § oos [ — H) = coe g gsng=4d
cosf cou (@ — Ay =ooay’  Eenyp'=F

coe " eos (6" — A" = coa ™ B sin g =B"

By means of g, v, v, A, F, B", Olhar's formulas, become : —
B o={hg—geong} + £ '
2 = e F'— Koo’ - B
= M sec §" — R" oo y"F B

The computation would be somnswhat eazier by
V.
heoaf'=f',  gooep—f B oeosw'=4
’%ﬂ=_r"'"‘ g ooz — " B pogy™'= "

R
ﬁ:("T";.i’}'-+_aﬂ-

= (SR + 87

==ﬁf’—~gmp

in which

¥i
A value of ¥ s to be found by trial which will satiafy the equation

—
(¢ b i = =t =
log m'= (L9BRZATH

If ne approximate value for ¢’ or for + or ¥ i3 otherwize known, by means
of which an approximate value of » can be found, we may begin with

o= = [ 4]

in whiok
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This triel will be facilitated by Tukble 111, which gives u [‘-‘_lrrl_‘-_cj:'uundi_ﬂg b

L s
=W
by mesns of which is found & which comesponds rigovomaly to », ™, and 1™— ¢t emm
R{—r
i

in which
log x— BBHI6G114,

The process may be sa follows: For any value of compute & 7, r, by T,
end with #, #”, computa 7, with which w i3 to be taken from Table II1s, and & valoe
of % is to be computed which coresponds to the #, v, " —¢ nsed. Apd wisto
be chaoged until the second walue of & shell agree exactly with that eomputad
by V.

Thee we have

o = T2

¢ =8y

YIL
Yeoale — AN — R =+ eoe b cos (¥ — A
g’ gin (o — 4"} =+ poa ¥ ein {7 — 1)
g tan ' = =nl
™ oos (@ e A = B = +™ cos 6™ cor {I”" — A™)
¢ sin (™ — A™) =" oon 3 eln -—-...'1""":|
¢ tan 47 = ¢ zin K,

FIRST CONTHROL.
The values of #, 7, oblained from these formules, must agree exnetly with
those hefore compuied,
£ 0 178, are heliocentrie longitodes and latitodes of the eomet,
The motion is direct when I"—72 i= positive, and retrograde when FM'—/7 =
negntive,
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TIIL
= fan ' = fani sin {{— @)

s B — tan F o (Y —F)

= e (1 =1

=tanicoa{f — @)

i the Inelination ia always positive, and loss than 90°. The upper signa are to ba
used when the metiom is direot ; the lower when it 18 retrograde.

IX.

fasm ([ — E‘:"_ * m:'h"w_'ﬂ]_ T
- -_"'_Iﬂ_'ﬂ.::..f.—rﬁ], T—tﬂ.ﬂ"L —ﬂ-j.

I and I are the longitudes in orbit,

ERCORD CORTHRAT.
The valua of & before eomputed muet be exactly

b=y [r =" =2 ¢ ¥ con (L™ — L'}].

X
1 __ewdil—a)
AT
oo (LY=L gogen g (LY == L} fing (& —a)
TN T T T

1, the longitude of the parhelion, is eonnted from a pomnt n the orbit from which
the distamee, in the direstion of the order of the signs, to the ascending node, is
efual to the longitede of the sscending mode

XL
The trus onomszlies are

= —r, V=L,
With these the correspomding M and M™ are to be taken from Barzen's

Table, gnd we have then the time of perihelion passage

P=fF M gu=1"F _-Li"”g-g':l.l,
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in which M and M have the sign of ¢ and ¢™; the constant log » is
log n = DLO3BET2E.
The opper signs serve for direct, the lower for retrograde motion.
For tha use of Tabla Il; instead of Bagare's Table, see Articla 18 of the
Appendix.
THOD CONTROL

The two values of T, from £, aod ¢, must agran exaetly.

LAER
With T, g, 2,4, I, A%, B", compate &* and 8% and compere them with the
observed values. And aleo pompute with these values the formula

= ﬁﬁf—dﬂ}.

If this value agrees with that of m of formnlas I, the orhit fa exmetly deter
muned aceonding to the principles of Olberss Method. That is, while it satisfles
expotly the two extreme ploces of the comet, it agrees with the obeervations i
the great sirela which conmects the middle plase of the Comet with the middla
place of the S,

It a difference is found, i can be changed until the agreement i3 complete.
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ELL1FSE, HYPERBOLA.

A Lig b a T lag Tt 0 T
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CONBTANTS.

Loy,
Attractive foree of the Sun, § in terma of radius, 0 0T72021 B2355814

& in seponds, 54818761 SA500066
Length of the Sideveal Year (Havsex and Ouoesex), 36542568582 25626078
Length of the Tropieal Year, T850, SE5584 22008 25030800
Horizontal equatorisl parallax of the Sun (ExoRg)* 875776 0.9852458
Constant of Aberration (Starvs), 202451 L3105802
Time required for light to pass from the San to ;

the Earth, 48727 LBTOTES
Bading of (irele m Seconds of are, 206264306 54144251
in Beconds of time, 1ETa0 98T 41588539
Hin 1" 0000004348187 46855744
Circumferance of Circle in Beconds of are, 1286000 §.1123050
in Beconds of time, 864 00e 40885187
m terms of dameter, »  5.14150865 04971403

Greneral Precossion (Saove) 6072411 4 0" 00022684 '

Obliquity of the ediptic (Srzuve and Prrms), 28° 97 54”22 — (4845 ¢ — 00000148
in which ¢ is the pumber of vears after 1800

Daily precession, 1550, 01875887 21385660

Modulus of Common Logarithms, M 04342045 26377843

*mm&%mmmMMhhmqﬁmm
the antbority for tham ey be found by refarence to the vobaiee Sor 1955,
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