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O wHE EZPZESENTABILITY OF A FUNCTICN BY MEANS OF A TRIGONOMBIRIC

SERTES ( From the 13th volune of the Proceedings of the Royal
Society of Sciences at Goetzingen)#

# This treatise was submitted by the author in 1854 for his
Habilitation in the Faculty of Philisoohy at the University of
Goettingen. Although the author did not, as it seems, intend its
publication, its publication in a totally unchanged form appears
to be sufficientlyig;stified, as is the great interest in the
subject matter itself,pbecause of 113 method of handling the most

important prineciples of infinitesimal anelysis.

Brsunschweig July 1867 | R, Dedekind

The following essay on trigonoczetric series consists of two
essentiaily different sections, The first section contains a kle-
tory of the research and opinions on arbitrary (graphiszally given(

functions and on their representadbility by means of a-trigonometric

gy s
R L

series. In sompiling it I was allowed to use some sug-

gestions from the famous mathematician, to whom we are indebted

for the first basie wrok in this subdject &Zxi®r, In the gecond part
CoYM/CTING '

s AN INUESICATIY) ;
raeaam® into the representability of a

function by means of a trigonometric series which will also in-

clude cases that have been uncompleted up to now, 1% was neces-—
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sary to preface this with a short essay on the concept of a E=20mEElT

integral and on the extent of its validity.

THE HISTORY OF THE AUESTION OF THE HEPRZSENTABILITY OF AN ARBITRARITLY
GIVEN FUNCTLON BY MEANS OF A TRIGONCHIYFIC SERIZ8.

1.
called thet by Fourier, i.

The Trigonometric series GEsccse

- a, sinz g, ¥in22r 4 a, sindr - ...
€., the series of the form 4 3 by 4 by conz + B, con2z 4 b, conBz 4 -« -

P —

vlay an izmportant role in that very section of mathematics where

LQM&L[C‘IPLE ]

totally arbitrary functions occur. Yes, w2 221 even zssert==uEr

P s pa e Ty .
neEsEay that the most essential progress in this section of mathe-

natics that is so important for pvhysics is dependent on a clearer

e

(.?
insight into the nature of these series. Even in the first mathe- N
natical research which led to the ohservaztion of arbitrary functions,

was already discussed,
i s ks Whether such a totally arbitrary

the ouestion
func<ion could be exdrassed through 2 ==2ries of the forms mentioned
above,
This happened in the niddle of the previous century, during the
) \ALETEATIY
sopor-unity occasioned by sammgE=¥ into vibrating chords, which en-
geged the most famoug mathematicians o7 that zime, YNaturally, we

cannot present their views about our subject EEEFS. without going

into thig problem,
ARE APROXIMATELY THOSE 1



e, it is well known that the form of a vibra-
ting chord that is stretched in one plane becomed determined by

means of the partial differential equation %’.— aa fi

if % is the distance of one of the chord's undeternzined points

from its starting position, y is its digtance from its positiom

[AND WHERE ]
of rest at time t,4a is independent of t, and of x too, given a

chord thect is ea_uaﬁy thick everywhere,.

; ; GENERAL
Tha first person who gave a -“emmmosad solution to this equa-

+tion was d'Alem‘pert.

i

He showed# that every function of x and T, ‘which is established

Hfemoires de l'academie de Berlin. 1747. pag. 214

70 AN N .
for y in order to make the equationfidentical{ must be contained
iri the form  fE+«)+g(x—a) which follows from the intro-

duction of the independent variable magnitude =-+tef z—oer

?

_ | Fy
instead of x, t. As a result .§;¥~_ L2 TRERS. i “.7&‘:'.'3 o

am g

{ Bﬁm‘ML |
Except for this diffe_rential equation, which follows from

GENERAL
the wedgpeomma®- laws of motion, y still has to fulfill the condi-

*

tion in which the chord's fixed points are always = O, So, when

x = 0 in one of these points, and 3 :=1 in the other,

af) am — @(-— at}, al) = —g{l—«
flaf) = — @(—at), [+ af)=—o(—a) and consequently

| fla) = — g(—2) = —g(— ({0 =[2+ 1,
y o f(at - 2) — {2t — 2). .



. CENERAL
After d'Alembert nad offered this zs the sz solutiomr

for the problem, he occupied himselZ wi+h the ecuation f(:)-f(?l-l—')

in a continuationfof his treatise, l.e&., he I4p¥# searched for

Ibid. pag. 220.

analytic expressions which remain unchanged when z inecreasegto 2,

It was to Buler's essentiel credit, who gave a new presenta-

oAE
tion of this workkby dvAlembert in the following/# year's edition

aof the Berlin Proc_eedings## that he recognized more accurately the

Mlemoires de l'Academie de Berlin 1748. ?ag. 69.

essence of the conditions whici%n function £(z® must satiffy. IHe
noticed that the nature of ‘th‘e .problem would be totally determined-
by the motion of the chord if at any point in time the form of thé
chord.é.nd the velocity for every point ( thus gum%)’ ) are given,
He also showed that when we consider both o.f these functioné to be
determined by arbitrarily drawn curveé, the d'Alembertian function
f(x) can always be found oy means of a simple geometrical construc—
tion. Actually, assuaing that =0, y=9() uut!.%%‘—h(x} ‘ then we
get fla)—¥(— :-]-y(x),. flx) + (= I)-':.‘f"(")"‘ ‘ for the values of

x between 0 and 1 ,and consequently, we get function f(z) between

— 1 uad ‘ﬁ. What follows from this is the function's value for every

Lt ~rer+a. )|

other value of x by means of the equations] This is Euler's defini-

()
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tion of function f(x) presented in abstract, but now more generally

current concepts.

D'Alembert immediately### proissted against this extension of

¢

his method by Euler, because his method necessarily presupposed that

v can be analytically expressed in % znd x.

: [ 3
Before an angwer ensued from Euler about this, a third treat~

ment of this subject r@=¥&k® appeared from Daniel Bernoulli# that

ilemoires de l'academie de Berlin 1753. v. 147

was totally different from these two, Taylor had seen even before
d'Alembert that o =eafd at the same time that y is 4AEEESS0

[FoR =0 Aap |

saenfy H T o Zbs- s lways ecual to Oﬁfor X =1 when we.have y =
£ R
2in 272 cop 2224 Avp PLACE Ll ki
I ma whole numberd It was from

this thet he explained the physical fact that a chord can also give

the key notes for a chord 1/2, 1/3%, 1/4... a3 long { the remaining
notes are created in the same way) tesides giving its own key note.

THE CENERAL oXE
Therefore, he held his particuler solution SMIEESIEEEESCSE{ i,e., he

belie*ged 2582 F% that the chord's vibration would always begpm at



Q
least very closely expressed by the equation if the whole nuaber
n were dete.r:rlined according %o the piteh of the tone, The observa—

+ion that a chord can produce 1ts various tones simultaneously now

1ed Bermowlli to the comment that the chord ( according to theory)

y == Xa. tin ?-’{—x— cos:;-:(t - ﬂ.) .

[CeNER AL ]

He meintained that this equation was the mos < e 4 because

can also vivrate accoring +0 the equation-

77 s
L.c. p. 157, art. KUl [ oBsERVYED MOBIFICATOAS |

pyEeanrs Of thephenmena%Lould be

vIiEW
explained from it. In order to supoort this@y he investii-

becruse all

gated the vibrations of a stretched thread that had no mass, angd
which was wﬁgv&n with finitg masse§ placed on it g particu~
lar points. He showed thet the masses' vibrations can always be
reduced intc a auantity for those vibrations that is equal to the
number of points, given that each of those vi‘qrations lasts an
equal length of time for all masses, :

This work oy Bernoulli induced_ a new article by Buler which
was printed ir.rfnedia-tely following Bernoulli's in the Proceedings of
the Berlin Academy., In it he firmly maintains against d"Alembert
that &&F function f.(z) can be entirely arbitrary between the limits

of #1. and~1L He also noted that Bernoulli's solution _(which he had

already presented as a special one) is therefore LS and,

Ty
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naturally, is only oms==awe when the gserias +,1.b°+z.‘“,-‘_;:+5

peosIET L
can represent the ordina£ea of a totally arbitrary curve between
the absgissas ;D and &F for abscissa X. Mow a2t that time no one
doubted £IEHEE that all the conversions that could be vndertaken
with an analytical expression, whether it was finite or infinite,
were valid for every value of—rggundei:emined. magnitude§ or were
only inapplicabl.e gx very special cases., Therefore it appeared
impossible to preéent 'an algebraic curve,'. or generally, an analytical-
ly given non-periodic curve, b,‘;r meens of the‘expressions presented
A

sbove. So BEuler believed that the cuestion had to be decided against
Bernoulli,

-Meailwhile the dispute between Euler and 4'Alembert was still
wnresolved. The B rmer induced a young, and at that time still
1ittie known mathematician, Lagrange, to attempt to fifld a solution

to the problem in an entirely new way through which he would

‘succeed in getting Buler's results. He undertook to determine the

L3

WEICKHTED
vibrations of a thread that had no mass and which was vessEmsd- down

INNETERMINATE
with a finite, AELE number of equally large masses in

equally spaced intervals, and then he investigated how this

L1410 THE mmrs.
vibration changed as the number of nmasses m increaseds

Despite the adroitness and the lavish use of enalytical devices




o .

8 3
with which- he carried out the first section of this investigation,

the transition from finite to infirite nevertheless left so much

+0 be desired that d'Alembert could continue to vindicate his

G#EfM LTy

waoich

solution as having the glory of the greatest
he did in a peice placed a% the ZEH bteginning of his opuscles
mathematica. Therefore the opinions of the most famous mathema—

2 |
ticians of that time were divided and remained divided abount this
subject: JLor even in later works everydne essentizlly stood by ZE3
ZGEEPEL. their position,

So in order 4o finally compare the gpiraamrs. ahout arbitrary
functions and about their representability by means of a trigono-
metric seriesf{ that had developed from the oppor*unity this nroblem

INTROLVCED
presented, Buler first of all ==mrgse® these functions into ﬁnalysis
and, basing himself on a geometric mcde of perception, used

infinitesimal calculetions on ‘them. Lagrange held Euler's results

(his gecmetriecal congiructions of the vibration's course) to be

-
e

correct: but he was not pleased with Euler's geometric treatment of
these functions. D'"Alembert, in coaparison, zgreed with Euler's

zethod of comprehending differenti-1 equations and limited himself ‘

to attacking the zccuruey of Euler's’fesults, because one could



