Proof of the Existence of a Function, Which for a Given Space Satisfies Certain Conditions

(Dirichlet's Principle)
___________________________________
from Dirichlet's Lectures on Forces Which Act in Inverse Ratio to the Square of the Distance as presented by Dr. F. Grube

___________________________________

The objective of the following investigations is to prove that always one such {Belegung} of the surface of a closed space, or of the surfaces of various [mehrerer] closed spaces, with masses is possible such that the potential at each point of the surface takes on a prescribed [vorgeschreiben] value.  The possibility of a {Belegung} of such a type [derartige] rests on the following theorem:


There is always one and only function u of x, y, z, for an arbitrarily bounded space, which has itself and its differential quotients of the first order continuous, which fulfills the equation

	d2u
	+
	d2u
	+
	d2u
	= 0

	dx2
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throughout the entire space, and is reduced to a given value for each point of the surface.


The problem of finding that function u cannot be solved: the discussion can only be of an existence proof of the same.  The latter presents no difficulties.


For each bounded continuous space T, there are obviously infinitely many functions u which are continuous in x, y, z, and also in their differential quotients of the first order, and which reduce themselves to given values on the exterior surface [of that space T].  Among those functions there will be at least one, which reduces the following integral extending throughout the space T

	U=∫ ((
	du
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to a minimum; since it is clear that this integral has a minimum, as it can not become negative.  Now can the following be indicated:


1.  Each function u which makes U into a minimum satisfies the differential equation

	d2u
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	d2u
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throughout the space T.  With that we had already proven that there exists a function u of the required characteristics, namely that function for which U becomes a minimum.


2.  Every function u which perchance satisfies the differential equation (1) within the space T, makes the integral U into a minimum.


3.  The integral U can only have one minimum.


From 2. and 3. it follows that the there is only one function u with the required characteristics.


Let one of these functions u for which U has a minimum value be v.  Each other u can be expressed in the form

u = v + hw
where h is an arbitrary constant, and w signifies some function which on the outer surface of the space T is everywhere =0, and is itself everywhere continuous within the space along with its first differential quotients.  We indicate the minimum value of the integral which appears if one sets u equal to v, by V, and the value which it takes on for some other u = v + hw, by U, we then have because of
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the following equation

U = V + 2hM + h2N,

or

U - V = 2hM + h2N,

where
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Since V is a minimum value, the right side of the equation (2) can never be negative.  From this it follows that M must necessarily be equal to zero; since otherwise one could determine the sign of h  such that 2hM would be negative, and the absolute value of h such that h2N would be smaller than 2hM.  Now however, according to §7., if one considers that the function w on the surface everywhere has a zero value, is

	M = -∫ (
	d2v
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	d2v
	 + 
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	) w dT.
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In order that this become zero, the complex

	d2u
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	d2u
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must in the space T be everywhere equal to zero.  Since, were it not equal to zero, one could then so take w, which within the surface is an arbitrary function, that it everywhere had the same sign as that complex; then we would have an integral, that consists of {lauter} elements of equal sign, that thus could not be zero.  The trinomial could certainly not be equal to zero in isolated points, lines, or surfaces, since then the integral would be equal to zero.  Only it can easily be indicated, that one such expression in a continuous space as a consequence [in Folge]  of continuity can not differentiate itself from zero merely in points lines and surfaces.  Herewith is assumption [Behauptung] 1. proven.


That further, as is assumed [behauptet] in 2., each U, which corresponds to a u that satisfies equation (1) throughout the whole space T, is a minimum, is clear immediately.  


It remains yet to be proven, that the integral has only one minimum.  Therefore let there be besides the function v, yet another v + w , which brings the same function to a minimum, then will the value V' which it takes on for v + w not be greater than U, i.e. the value which it takes on for v + hw if h differs infinitely little from 1.  It is however, according to (2), since M is = 0,

U = V + h2N,

therefore if we set h = 1,

V' = V + N,

so that V + N must be ≤ V + h2N, or

N ≤ h2N
This condition can only be satisfied for an h which is bigger than 1, unless N =0 [check translation -SJS].  From that, it follows however, that within the space T, everywhere
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that is to say, w = Const.  Since w has the value of zero on the surface, this constant can only be zero.


For the sake of a concise expression, we establish the following:


Everywhere, where in the future [subsequently] the discussion is of a given or to be determined u for a determined, finite or infinite, space T, it shall be understood a function, which satisfies the following conditions within a space T:

	1)    u,
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	2)              
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� This theorem is known by the name of Dirichlet's Principle.  In recent times doubts have been levelled [geäussert] against the following proof of Dirichlet, and consequently against the principle itself.  These are directed at the two completely unproven assertions put forward right at the beginning of the proof, that there are infinitely many functions u for the space T, which themselves as well as their differential quotients of the first order are continuous, and on the surface are reduced to given values, and that one of these u makes the integral U into a minimum, just as against the following application of the method of variation [Variationsmethode].  As to the particulars, reference should be made to Bacharach's already mentioned (in endnote 14) "abstract", pages 32-34.





