Introduction

to mathematics

in general

and its teaching.

1.  What is capable of increase or decrease, is called a magnitude.  This property therefore distinguishes things, which one considers distinguishable by nothing else, e.g. a quantity of Ducats from another, which all have a single coinage and weight.

2.  How large a thing is, we discover either through the direct perception, which we have from the thing itself, or the comparison with another known magnitude.  One who has traveled a mile, has an idea of the length of the distance, which is so called, obtained through the experience; and when he hears named a thousand miles, so he imagines this distance laid out after itself a thousand times.

3.  In comparing the distance of two locations from a third, one is obliged to express each through miles.  The mile here is a measure, a magnitude, which one looks on as known, and investigates, as to how many times it is contained within each of the other magnitudes.  This operation is called measuring.  All the while one must also indicate, what kind of pieces of measurement are contained in the measured.

4.  Direct measurement does not always require much skill, particularly if great sharpness is not demanded.  Anyone can measure out a path with steps:  However, to compare a magnitude with a given measure, without actually placing one on top of the other, e.g. to say the distance between two locations, without bringing one directly to another to measure, is harder, and presupposes ideas of magnitude, by which the comparison can be deduced from equations, also if one has not directly perceived them with the senses.  Mathematics actually provides such a teaching, by means of which the magnitudes will be compared through equations; although to use it on physical magnitudes,  will also require direct measurements.  If the distance between the moon and the earth are to be estimated, this must happen, without a doubt, through equations, whose premises could in part, however certainly not all, be perceptions.

5.  The knowledge of magnitudes; the mathematical knowledge can therefore be divided into the general and the learned.  However, if this should be applied, each is indispensible; as soon as through the latter he will become complete. [???]
6.  Magnitude can be conceived of as distinct from all other properties of an object; and this is the pure or  distinct mathematics (Mathesis pura vel abstracta;) or one conceives of it along with the other properties of the thing, with which one finds the magnitude, as in the applied (applicata) [mathematics].

  A length of ten miles, thought of merely as a length; belongs in the pure mathematics; conceived as the distance between places on the earth, it belongs in the applied.

7.  One can conceive of the magnitude purely as a quantity of parts; as in a whole (Totum); or one can look at the relationships and order of these parts; which make up a given compound thing (compositum).  In the one mode of thinking, it [ie, the magnitude] belongs to arithmetic, in the other to geometry.  

If one wants to use a clump of lead merely for a weight, one is fully indiferent to its shape; if only no lead is taken away or added: but a lead ball is not more useful for the use decided, than if one wanted to use it to mold into shot.
8.  The whole is the same its parts or one can, without departure from magnitude, always invert this and take all of the pieces instead of the whole; all of the pieces of the composite however are not the same as the composite, if they do not stand in their proper relation [to another].

9.  The study of the pure Mathematics can bring together, as is convenient, from both of the aforementioned studies (7), the same compartments which had originally been laid out with the name of a single science.  The method of calculating unknown sides or angles of a triangle, is called Trigonometry, and will, according to the differences among these triangles, be divided into plane and spherical.  Algebra avails itself of letters instead of numbers.  Analysis teaches how to find the Unknown, in which one looks on it as known, and from its comparison to another known thing, solves, in such a manner, how it is determined.  The ancients have left us behind principally methods of geometrical analysis.  The modern mathematicians have widened it, in that they have begun to conceive of magnitudes in general as numbers.  From this is derived the Algebra, the teaching of the equations, produced from the various expressions of a single magnitude.  Man has applied this algebra to the spherical cuts, which the ancients conceived of more geometrically, and to other curved lines, and upon the assumption that the static magnitude should increase or decrease without end, is built the calculus of the infinite, which is again divided into the Differential and the Integral calculus, according to which one can, from the given relationships between finite and defined magnitudes, find the relations between the rates with which they change, or from the latter relationship to seek the former.  All of these sciences belonging to Analysis are in reality large chapters of arithmetic or of geometry, or a science which partakes of both.  One conceives of them, and their applications, under the name of Higher Mathematics.  They place one who is skilled in them in the position to understand the most significant discoveries, and to discover for himself truth, and without it, it is not possible or yet very hard, to come far in the pure or applied mathematics.

10.  The applied mathematics obtains its name from this, that they each apply their teachings to the actual things.  The application of general arithmetic rules can certainly be counted to questions which arise in household economics, in commerce, etc.  If these questions only demand such knowledge as one may assume for every student of arithmetic, and their answers can be made short, then can they be brought forth as an example in arithmetic.  However there arise, aside from this, applications of arithmetic, which are only useful to certain lifestyles, e.g. Bookkeeping.  Surveying is a simple and easy application of geometry, in which one can combine specific measurements with theory, to make the discourse more changeable and comfortable.  In general, however, applied mathematics has no limits other than the universe, and can contain as many sciences, as there are things by which magnitudes can be determined through equations.

11.  The most common things of this type are the forces of bodies, by virtue of which they excite or hinder the motions of bodies;  light, and the heavenly bodies, of which we have almost no sense other than the sense of sight.  These give three parts of applied mathematics, Mechanics, Optics, and Astronomy.  Each contains so much within it, that one dissects them into new pieces.  

12.  Mechanics conceives of the body either in its motion, where one gives it this name, or in stillness, which is called Statics.  The motionless fluids will be dealt with in Hydrostatics, the motion in Hydraulics, and the nature of elastic fluid bodies in Aerometry.  

13.  Light, which travels straight ahead, which is reflected from mirrors; is refracted by transparent materials, is the subject of Optics, Ratoptrics; Dioptrics.  

14.  The division of space and of time on the earth, must be learned from the heavens.  Those will be contained in mathematical geography, these, if the discourse is of single days, in Gnomonik; years, hundreds and thousands of years, belong in Chronology.

15.  Man has also calculated Gunnery, civilian and military architecture through mathematics.  These arts require, in fact, for their execution, yet a quantity of such teachings which are not mathematical.  Mathematicians can acquire these teachings, but those unlearned in mathematics can, with these teachings alone, not come forth sufficiently in the execution of these arts.

16.  These sciences one tends generally to discuss in mathematical textbooks.  There are, however, more subjects, which will be looked into by those learned in mathematics, such that they can produce particular sciences.  Music was looked on by the Ancients as an important part of mathematics, and also many newer mathematicians have occupied themselves with it.  Navigation, which teaches to determine the path of a ship on the sea can be numbered along with geography; however the management of ships through the appropriate use of their parts, belongs to mechanics.

17.  Mathematics extends quite farther than merely sensual things.  Probability and Expectation (?), (it) has directed (them) to calculate, one asks them about the duration of men’s lives by anuity, Tontinnen (?) and the like, and estimates by their rules the growth of a state in citizens.  Self pleasure and pain they would understand how to measure out, if a measure, that a single emotion makes all spirits understandable, would be found here.

18.  Few human executions exist, upon which there is not based a part of mathematical foundations (?).  Plow and wagon, all tools of handimen and artisans, are machines, of whose nature and use he mathematical knowledge teaches right judgement.  Of all such executions is generally a physical part, the other mathematical.  Draftmanship and perspective are the mathematical of painting, the attributes of colors, the effects of their mixing, their durability, and the like, the physical.  That artisans and handimen have no knowledge of mathematics, does not prove that mathematics would be unuseful to them.  One use teachings which one has learned without knowing their foundation, without even knowing that they belong to a science.  However, had the science not been driven (?), then could these teachings, which were indispensable to the practices, never have been discovered.  The son of a merchant learns to calculate, without knowing that two thousand years ago a greek book was written, from which all subsequent times have learned the teachings of ratios and proportions, upon which the Detr (?) rules rest.  Had man not possessed this book, so would these teachings perhaps have been discovered by another astute mind; but from the son of the merchant, to whom they are yet indispensible, certainly not.

19.  Instructions, which one follows, without knowing their foundation, can actually be incorrect, if our teacher does not have enough insight or candor; if they are also correct, then we can err ion their application, because we do not know their definition and their limits with certainty; and finally, it becomes always harder for us if we should retain them purely in our minds, than if we understand through reason the connection with their foundation.  Arithmetic can again here give an example.

20.  Often an artisan makes mathematical rules from his employment, which his diligence teaches him, but at the same time he does not recognize their connection to more general foundations.  Emotion teaches the fencer the strength orweakness of the blade, and the rules of bed (?), if he has also heard nothing of [vecte heterodromo] and [centro gravitatis].  Upon these arts on discovers a mathematics to his application which is however only contained within the narrow limits of this particular application.  Since all men, who are not heavy sleepers, do this without lessons, so the human soul possesses, indisputably, an ability to unfold mathematical truths, from itself, if inclination and circumstances lead there.  One can call it the natural mathematics.  

21.  Hopefully, it needs no lengthy proof, that a science, or more, a combination (sammlung) of sciences, would be advantageous, whose connection to all human pursuits is so evident.  To scholars is it the least becoming, to be totally unlearned in them, if he does not wish to have shame, to have even so base a conception of things, which are without a doubt important to mankind, as a peasant.  The method by which mathematics is usually presented in universities, can, if the teacher possesses the appropriate aptitude, give university students at least the first concepts of the manifold teachings that mathematics contains, and their manifold applications, and if they in particular have acquired insight in the pure mathematics,  and singular dexterity in Algebra, so will they be in a position, such that investigations, which are immensely suitable to their objects, to drive themselves further through reading and consideration, or to use advantageously particular teachings therein.  Individual diligence is required by all parts of scholarship.  Mathematics however can, in the hours in which one deals with turning to an audience for his teaching, so much the fewer completely learn, that/where the hours are much too few in comparison to the amount of things. [???]

