Arithmetic

Chapter 1

On whole numbers, fractions, and opposite magnitudes.

1. Proposition.  Things of one type, are such that one conceives of them purely by what they have in common; e.g. when one conceives of a Spaniard and a German both as Europeans.  Things which one conceives of by their differences are called things of different sorts; e.g. when one conceives of them both in so far as they belong to different European nations.

2. Proposition.  A quantity of things of one type is called a whole number, or, in the beginning of this chapter, generally, a number.

3. Corollary.  The things which allow themselves to be counted together, or which make up a number, must be of the same type.  Three Spaniards and two Germans, as Spaniards and as Germans, do not constitute the number five; since there are neither five Spaniards nor five Germans; however, as Europeans they do constitute such.

4. Proposition.  That which the things counted together have in common, is called a unit, and the number is also a quantity of units (2).


With the number five (3), the unit would be a European.

5. Proposition.  A number will increase or decrease when such a unit as that from which it is composed is placed together with it or removed from it.

6. Proposition.  If one should place together with a given number, one or more others, which are not the same, one calls this increase, addition; but the number, however, to which everything taken together is equal, one calls the sum.

7. Proposition.  To add a number to itself multiple times, is called multiplication.  What results from this is called the product, or factum; the number, which is to be multiplied, i.e. that which one repeatedly adds to itself, and the number, with which it will be multiplied, i.e. that which indicates how many times it will be added to itself, are commonly called, factors.
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If the number standing in the horizontal row or line AB, is placed after itself as many times as the number in the vertical row AC indicates, thus is the product ACDB generated.

8. Corollary.  The number AB is contained in the product as many times as units in the number AC.  Since for each unit in the number AC, the number AB will be counted out once.

9. Corollary.  However many units AC has, so many rows like AB will come under each other.  The first unit of AB which stands next to the A, thus gives a vertical row from A to C, which contains as many units as AC; the second unit of AB taken with those standing just under it, gives just the same vertical row, and so for each further unit of AB.  Thus there come as many vertical rows, each equal to row AC, as there are units in AB, and the product thus contains AC as many times as there are units contained in AB.

10. Corollary.  Each factor stands in the product as many times as there are units in the other (8, 9) and it is just the same, whether AB is multiplied with AC or AC with AB; i.e. the same factors taken in different orders give yet the same product.

11. Proposition.  If, from a given number, another is taken away, on e calls this operation subtraction, or removal.  And what is left over after the number taken away, the difference, (the difference)
, the excess.
12. Corollary.  The difference, and the number taken away, together make up the number on which the removal was performed.

13. Proposition.  If one removes a number d
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from another, D, repeatedly, until nothing more remains of D,  one calls this operation division, the number D is called the dividend and d the divisor; the number Q, which indicates how often the removal can take place, is called the quotient.

14. Corollary.  If one places the units, of which D is composed, into rows, each containing as many units as d, the amount of these rows will be Q.  Indeed for each row, or for each d in D, comes one unit in Q.  Thus, the divisor stands as often in the dividend as units in the quotient.

15. Corollary.  The dividend consists of as many rows, i.e., of as many same sized pieces, as the quotient has units, (and thus is the division, a division.)

16. Corollary.  The divisor, multiplied with the quotient, gives the dividend (14), and a product, divided by one factor, gives the other (10).

17.  Corollary.  D and d can be so taken, that D cannot be divided into rows each as big as d.  E.g. if d is taken from proposition 13 but D from proposition 7, the operation from (14) gives the following.
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Thus, this indicates that d, taken twice, still doesn’t make up D; taken three times, however, would be more than D.  Q must therefore here fall between two and three; to clarify what this is exactly, belongs to the study of fractions.

18. Corollary.  All transformations of whole numbers occur as one of the four types mentioned (6, 7, 11, 13), these are the species of arithmetic.

19. Optional theorem.  One gives each of the first ten numbers an individual name;  Each bigger number is either the sum of ten and a smaller number, or a multiple of ten; or a sum of a multiple and a smaller number; and one indicates this multiplicity through developing(?) the various types of their names; e.g. nineteen; ninety; ninety-nine.  To minimize the inconvenience and confusion the too-often repetition of sounds would cause, one calls ten times ten, a hundred; ten times a hundred, a thousand; a thousand times a thousand, a million; [* translators note on german numbers] million times million, billion; million times billion, trillion; million times trillion, quadrillion; etc.

20. Observation.  The names of the numbers, which one knows by the language which he understands, are not necessary to set out here.  The method, however, of expressing such a magnitude of concepts as the multiplicity of numbers contains, with so few numerals, deserves attention, and is a test of Zeichenkunst; (ars characteristica) which makes observations about the method which allows concepts to be indicated through appropriate symbols, about the words created for the sciences (Leibnit. Praef. ad Nizol.Antibarb.) and about the nature of the language that should be appropriate to the sciences (Steuin Geobraph. L.I. def. 6.).

21. Observation.  It were not necessary to number up to ten, rather there can be conceived as many numbers, as there are things to ennumerate.  This belongs to Leibniz’s Arithmetica Dyadica and the like.

22. Corollary.  Ten individual units make one compounded unit, which one calls ten; ten tens again make up a new compounded unit, called a hundred, and so on.  One can differentiate these compounded units into orders, the tens make up the first order, the hundreds the second, and so on one conceives the units of each higher order to be ten units of the next lower one.

23. Corollary.  Thus can each of the known numerals 1, 2, 3, 4, 5, 6, 7, 8, 9, mean various numbers, depending on which units they pertain to.  One must, however, have a marking, to recognize what sort of units they pertain to.

24. Optional Theorem.  This marking should be given by the placing of the numeral.  One numeral alone, signifies a quantity of single units, and is called a one.  For a numeral, which occupies the second place going from the right hand to the left, the unit is ten, and the numeral is called a ten.  In the third, fourth, and fifth positions stand the hundreds, thousands, and ten thousands, and so the unit of each numeral becomes ten times larger, if one advances one place further toward the left.  If there are no units present from a certain order (22), the which, however, exist from higher orders, one then fills out the position of the missing numeral with a zero.  One can classify the numerals in orders according to the units to which they relate.  

25.  Observation.  The numerals will be looked upon as a discovery of the Morninglanders [easterners], concerning which fact there is already sufficient proof, in that the way these people write from right to left, shows so much accord [with our number system].   They have, before the written number, an uncommon advantage.  Were one not to make use of them, he could otherwise complete the larger calculations [only] with trouble, as through the similar discovery of the abacus.

26.  Corollary.  If six numerals stand together, they pertain to the Ones, Tens, Hundreds, Thousands, Ten Thousands, and Hundred Thousands.  So many numerals or fewer can one pronounce in the language which he understands, or write a number, which requires so many numerals, if it is told to him in words.

Task.

27.  To express in words a number that is written with numerals.  

Solution.  One breaks the numerals into classes, from the right hand toward the left, such that each class receives six numerals.  One expresses the numerals of each class according to corollary 26, and says Ones after the first class, and after the second, third, fourth, fifth, etc. classes million
, billion, trillion, quadrillion, quintillion, etc. there, to aid the memory, one can indicate the millions with one apostrophe, the billions with two, and so on.


Example.  83’’’403578’’573084’670243 this would be called:  eighty-three trillions, four hundred and three thousand, five hundred and seventy eight billions; five hundred and seventy three thousand, no hundred and eighty four million, six hundred and seventy thousand, two hundred and forty three times one.
 


Proof.  In each class one can express each numeral as a quantity of units of the lowest numeral in its own class; e.g. the 7 of the second class means seventy thousand of such units as the four of this class signifies four of.  That, however, the lowest numerals of the classes, according to the performed classification, have along with their units base units, millions, billions, etc. is shown by 22 and 19.  Indeed each unit, which is six orders higher than another, is valued a million times more, and a numeral which stands six places higher than another in the same way pertains to units that are a million times more than the units of the lower (24).

28.  Observation.  It is not necessary to say the "one" after the lowest class.  Sometimes one signifies the order of the numerals (24) by way of small numerals which one writes over them.  Thus would the lowest class of the example appear as follows
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this serves one to write large numbers without one needing as many numerals or zeroes as would otherwise be necessary; e.g. 25 is called 25 sextillion, and signifies that 42 zeroes should stand to the right hand of the numeral 25.  Moreover, for a number which is written with various numerals, the ordinal number is one less than the number of numerals, because the first order of the tens requires two digits, and so each order requires one digit more.

29. Corollary.  To write out a number which has been expressed in words, one writes, for each quantity of units of a certain order, the appropriate numeral, in the appropriate place, which cannot be completed until the number has been completely stated, because we, according to our custom, though contrary to the custom of their discoverers (25), read the numbers from the left to the right.

30.  Optional Theorem.  The symbols of the arithmetic operations are the following.

For addition, +, for subtraction, -, for multiplication, ·, and for division, :, for equality however, =; e.g. 3+4=7; 9—5=4; 3·7=21; 12:3=4; if an operation pertains at the same time to various numbers, one encloses them in parentheses.  E.g. (7+6 -[12-5])·8:(5+7)=4.  For multiplication, some avail themselves of a cross
, e.g. 5×4=20.  Yet another symbol for division appears below (61).  That a magnitude be more than another will be signified through the following symbol, whose opening turns toward the larger, and tip toward the smaller.  8>5.
Task

31. To add together various numbers.

Solution.

	678345  A

5321  B

4894  C

10  D

15     E

14       F

17 G

67 H

688560    I
	I) One writes the numbers that one wishes to add under each other in such a way that numerals of the same order stand under each other, like A, B, and C in the example.

II) One counts the numbers together, which stand under each other in a row, and writes the lowest numeral of each such sum under the row from which the sum originates, as in D, E, F, G, H.


III) These individual sums one adds together in that same manner, to produce the total sum I.

Proof. One adds together all the parts of the numbers A, B, C, in this fashion; thus one obtains their sum (Remin. 8) and since, according to I), one always counts together parts which have the same units, one does not need to keep in mind the units of each row, which is readily apparent from  II.

32. Observation.  I) will be fulfilled, if only one writes the ones under the ones (24), i.e. if all the numbers begin directly under each other on the right hand.

33. Observation.  Whenever the sum of a row obtains more than 9, a one is written in the next higher place for every ten.  Upon this is founded the test of addition through discarding the nine.

34. Observation.  One can add the higher digit of each sum like D, E, to the lowest of the following sum in thought immediately, and thus find the sum I at once, without having written the individual sums.

Task

35. To subtract a small number from a large one.
	Solution.
	I) One writes the numbers as in 31 I)



	3467  A

254   B

3213    .


4.3.2  C

167  D

265    .
	II) One takes the digit of the number to be subtracted, B, away from the above positioned number A.

III) If this doesn't function, one imagines that the next higher digit of the number on which the subtraction should be performed will be reduced by one unit, and this unit brought to the numeral from which one was supposed to subtract the below standing larger numeral; so the borrowed unit counts as a ten; as in C, if one brings one unit from 3 to the place of 2, this is as much, as if 12 would stand right there.  Since the digit that one shall subtract is never over 9, one can always perform the subtraction, and must put, by the digit from which one has borrowed, a mark, perhaps a dot.

	
	


IIII) When the next higher digit, or one of the next higher, is filled with zeroes, one 

	7.0004

42356

27648
	E

F




borrows from the next higher digit where it is possible, proceeds according to III) with the there subtracted unit to the digit from which the subtraction of a larger should happen, and regards the zeroes standing in between as though they had been transformed into nines.

Proof.  II) is obvious, because in this manner all parts of the number B will be taken away from the parts of the number A.  III) bases itself on the fact that one can (according to Remind. 8) put a number together variously from its parts, as long as you maintain all of them; thus can C be written,

300

 120

  




   12

then, in number D one can take away 7 from 12; six tens from twelve tens; and one hundred from three.  If one borrows from over a zero, one must first bring the borrowed unit to the place of the zero which stands just to the right of the numeral from which one borrows, which would be valued as though a 10 stood in the place of the zero.  If, to the right hand of the mentioned zero, one finds another, one takes a one away from the obtained ten, in order to transform this 0 into a 10,  thus there remains a 9, and so one proceeds until [one reaches] the number for which one has borrowed.

Observation.  Addition and subtraction serve to test one another (12).

Task

36.  To find all products which emerge if one multiplies two numbers with each other, each of which is written with one digit.  Or to produce the Einmahleins.
Solution.  One adds each such number to itself, so one has its double, and to its double, so one has its triple, and to its triple, so one has its quadruple, etc. which process one only needs to continue until the ninefold.  If one writes these products  under the numbers from which they originate, and next to the numbers which indicate the multiple, one obtains a table, where one encounters each product twice, each time in the row under one factor and across from the other.

	1
	2
	3
	4
	5
	6
	7
	8
	9

	2
	4
	6
	8
	10
	12
	14
	16
	18

	3
	6
	9
	12
	15
	18
	21
	24
	27

	4
	8
	12
	16
	20
	24
	28
	32
	36

	5
	10
	15
	20
	25
	30
	35
	40
	45

	6
	12
	18
	24
	30
	36
	42
	48
	54

	7
	14
	21
	28
	35
	42
	49
	56
	63

	8
	16
	24
	32
	40
	48
	56
	64
	72

	9
	18
	27
	36
	45
	54
	63
	72
	81


37.  Corollary.  If a number of a higher order is multiplied with a One, then the product is of the order of the higher factor; since it is the same taken as many times as the One[s digit] indicates.  E.g. 9000·7=9·7·1000=63000.

38. Corollary.  Should the other factor also be a higher number, the product will thereby without a doubt be as many times higher as it would be, were the factor a One taken as many times as the factor is higher.  E.g. a number multiplied by 3000 is undoubtedly 1000 times as much as it is when multiplied by 3.  Therefore 9000·700 is without a doubt 100 times as much as 9000·7.  A number, however, is raised as many orders as one writes zeroes to its right (24), thus must the zeroes, which stand to the right of the seven, yet be written onto the product 9000·7.  The product 9000·7 however was 9·7 with as many zeroes as stood behind the 9 (37), thus is 9000·700 as much as 9·7 with as many zeroes as stood behind the 9 and 7 together.  That is, to multiply two numbers, each of which has zeroes on its right, means to multiply both numbers as Ones, and to write on the product's right as many zeroes as stood behind both numbers together.  Or, the order of the product 

	7     4       11

	5·3=15


of two numbers of higher order will be found, if one calculates both their orders together (24).  E.g. 

This shows how the Einmahleins is sufficient to multiply all numbers together.

Task

39. To multiply two numbers with each other.

	I. Case.

34785  A

9   B

45  C

72    D

63       E

36         F

27          G

313065  H
	When a factor B only has one digit.  One multiplies each digit from A by B, by means of the Einmahleins (36) and writes the lowest digit of each product under the digit from A from which it originates (37); further, one adds the individual products.  Thus is


C+D+E+F+G=H=A·B

	II. Case.  

34785 = K

20469 = L

313065    M

208710       N

139140         O

695700            P
712014165  =Q
	If the other factor, like L, has more digits, one then proceeds with each digit as in the first case, and adds the individual products like C, D, E, F, G, together in his head, so that one can write out the whole M at once.




Each one of those whole products, however, between K and a digit from L, one writes so that its lowest digit stands underneath the digit of L from which it originates (38).  If instead of this digit there is a zero, one must only write a zero under it, as in P, and begin the product of the next higher digit from L and K (from the 2) in the same row as P [but] under the next higher digit.  Ultimately

M+N+O+P=Q=L·K

TASK

40.  To divide two numbers with each other.  I assume that the divisor is smaller than the dividend.

Solution.  I. Case.  If the divisor only has one digit.

	B

	A

	C


	5

	97645

5

	10000  D

9000  E

500  F

20  G

9  H


	
	47645

45

	
		  2645

  25
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	      45
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	I)  One checks how many times the divisor is contained in the highest digit of the dividend.  This happens by one choosing a number from the Einmahleins which, multiplied with the divisor, gives a product that is equal to the highest digit of the dividend, or is just smaller.

II)  This digit one writes in the place of the quotient, and after it as many zeroes as follow digits after the highest in the divisor, as in D.


III)  This discovered piece of the quotient indeed indicates how many times the divisor is contained in the dividend as far as the units in the highest digit of the dividend are concerned; e.g. how many ten thousands of the divisor are in the dividend.  Because thus in the highest digit of the dividend can still be quantities of the divisor which cannot be expressed by such large units as those just mentioned
, one multiplies

IIII)  the discovered part of the quotient, D, with the divisor, (5), and subtracts the product from the digit of the dividend that one has divided (9).  One needs write neither to the product nor to the remainder, the zeroes which stand by D, because these digits already get their appropriate value from their positions, which is as much as if zeroes stood to their right.

V)  To the remainder [4], one adds the next following digit [7], and proceeds with what one has in such a way obtained, according to the first rule.  The number which arises from this is the second part of the quotient, and after it belong as many zeroes as digits follow in the dividend, after the lowest [digit] among those which one has divided (7); (E)

VI)  Now one performs with E as with D in the fourth rule, and with the remainder according to the fifth rule, which operation will be carried out for as long as there are digits at hand in the dividend.  Each new digit of the dividend, added to the remainder immediately prior gives in the quotient a digit, after which follow as many zeroes as there are digits standing to the right of the digit in the dividend.

VII)  Because these zeroes only serve to indicate the value of the digits in the dividend, one does not need them in practice, because the various digits of the dividend, one after another, fill out these places; e.g. the quotient

D+E+F+G+H becomes together 19529

	7
	6314

63
	902

	
	014

14
	

	
	0
	


VIII) If the divisor is not once contained in the highest digit of the dividend, one carries it [the highest digit] to the next [digit], if it is not contained in the rest [remainder] and the added new digit, one writes a zero for it in the quotient, and adds the next following [digit] to this digit of the dividend.

VIIII)  The proof of all of this is obvious, and bases itself on the fact that one seeks out the parts of the quotient in the way they, bit by bit, allow themseves to be expressed through numerals, as the divisor and dividend themselves are expressed.

	L

37
	M

7654

74
	N

206

	
	254 

222    
	O

	
	32   
	P


X) II. Case.  If the divisor has more than one digit, one compares the divisor, according to the above rules, with yet as many digits of the dividend as it itself has.

XI)  To perform this comparison, and e.g. to find out how many times 37 is contained in 76, one could, for the time being, multiply 37 by all the numbers 1 through 9, and thus make an Einmaleins for the divisor, which procedure in fact, if the divisor is large, brings with it some convenience, and it has been proposed by Ludolf to divide without the Einmaleins.

XII)  Moreover, however, one only needs to seek how many times the first digit of the divisor stands in the first digit of the dividend, and assumes that the whole divisor stands just as many times in the appropriate digit of the dividend.  This can be wrong, as with O; this reveals itself through the IIII rule, where the product is bigger than the number from which one would subtract it
.  One must thus decrease the part of the quotient which is to be discovered in such a way, until the product can be subtracted from the dividend; the rule of this twelfth paragraph can indeed give the quotient too big, but never too small.

XIII)  If there is something left over, like P, the dividend then contains the divisor some whole number of times, and still there is some left over, which does not make up a whole divisor.  This will first allow itself to be clarified below (61)

XIIII)  Remark.  This type of division one calls under itself division.  All products will thereby be orderly written out, and one can thus easily prevent and discover errors in the forming of the products or in the subtraction.  One also already has the product before his eyes for when a number in the quotient appears repeatedly.  Thereby this procedure gains great advantage over the over itself division, where one forms the products and subtracts in his head.

XV)  If nothing remains left over, the test of the division flows according to (16).

41. Remark.  The skillful art of expressing numbers with numerals, brings with it the advantage throughout, that one does not have to think about the value of the digits during work, because it is given by their position, which will be determined by the rules which one blindly follows, even if one does not understand their foundation.

42. Remark.  In common life, in trade, in the arts and sciences, one divides the larger units of various types into smaller units.  The calculation therewith, one calls, in spoken numbers [?]  Further, it requires further no new rules, than what one knows: how many smaller units go into each next larger.

On Powers
43. Proposition.  A product of two of the same factors is called a square, and the factor which is multiplied with itself, its root.

e.g. 9=3·3

44. Proposition.  The square, multiplied with its root, gives the cube, a product between three of the same factors, each of which is called here the cube root.

16·4=4·4·4=64

45. Proposition.  A product of a number of the same factors is called a power of the factor which is multiplied with itself multiple times in this product.  The amount of the same factors is called the degree of the power; and one of these factors is called the root.

46. Optional Theorem.  One writes a power so that one puts a little number, which shows the degree of the power, over the number which indicates the root, and this is called the exponent.
The examples 43. and 44. look so:

9=32; 64=43
Thus is 625=5·5·5·5=54, which is called the fourth power, or the biquadratic.  Similarly, one million is the sixth power of 10, or = 106
47. Proposition.  To extract the root of a known degree from a number, means to regard this number as a power of the same degree, and seek the number which, multiplied by itself as many times as the degree of the power requires, gives the given number.

48. Optional Theorem.  The symbol for the root is 
[image: image1.wmf] and one writes the exponent of the root in the opening of the root symbol.  For the square, however, one leaves out the 2.
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49. Corollary.  The individual square digits stand in the Einmaleins, and their roots can easily be found.  This gives the following little square and cube table.

	Root
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Square
	1
	4
	9
	16
	25
	36
	49
	64
	81
	100

	Cube
	1
	8
	27
	64
	125
	216
	343
	512
	729
	1000


50. Corollary.  If zeroes stand to the right of one or more numbers, their square is the square of the numbers with once again as many zeroes, or the square and the cube of a number of known order, are the square and the cube of this number regarded as merely a quantity of ones, but raised to the doubled or tripled order (38)
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51. Corollary.  With a number, which is written according to 27, one can look upon each digit as a base One, which were multiplied by a power of ten whose exponent indicates the order of the number (38)
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On Fractions

52. Proposition When a whole is divided into several equal parts, and some of those are taken, this piece is in comparison with the whole called a fraction.  For example: One Gulden
 contains two thirds of a Thaler.

53. Corollary Thus one has to know how many parts the whole has been divided into and how many of those go into the fraction. The first is shown by the denominator (three), the second by the numerator (two). The former gives the frame to the fraction, the latter counts the number of parts that constitute it.  If one assumes one of these parts to be the unit, the fraction turns into a whole number which has as many such units as the foregoing numerator indicated.

54. Optional Theorem One writes the numerator on top and the denominator below; and a line between them both, 
[image: image9.wmf]3
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55. Corollary If the fraction is smaller than the whole, it is as large a part of the whole as the numerator is a part of its denominator. 

56. Corollary One can take as many, or more, parts as make a  whole; for 
[image: image10.wmf]4
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or 
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17

; in this case, the fraction indicates the whole once, several times, or several times and another part of it in addition. 

57. Proposition.  Fractions such as (55) are called authentic (verae) like (56) unauthentic, bastard fractions, (spuriae).

58. Corollary.  A large whole number (12) can not fit completely in a small (7); but a piece of the whole number will make up the smaller.  How much this piece amounts to, one finds thus:  One divides each number into its units, and asks, how many units of the larger number the smaller constitutes.  The smaller number in such a way contains several units, as parts of magnitudes in itself, and can be looked on as a fraction of the large one, whose denominator is the quantity of units of the large number, and whose numerator is the quantity of units of the smaller.  (
[image: image12.wmf]12

7

) This fraction thus indicates, what sort of piece of the larger number is contained in the smaller.  It is thus the quotient which the little number divided by the larger number gives, by which division one cannot ask, how many times the larger number, but rather what part of the larger number is contained in the smaller, although conventional speech also allows for answering these questions through 
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 times, 
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 times, etc.

59. Corollary.  An unauthentic fraction contains the whole in itself as many times as the numerator contains the denominator in itself, and is thus the quotient which the numerator divided by the denominator gives.

60. Corollary.  
42








� The german reads "die Differenz, der Unterschied, der Ueberschuß."


� The german reads "und also ist die Division, eine Eintheilung."


� The german number system at the time of Kaestner changed order after every six digits, instead of every three, as we are used to.  Therefore 1,000,000,000 is not one billion, but rather one thousand million, where 1,000,000,000,000 is one billion.  The modern german number system uses Milliard instead of one thousand million, and Billiard instead of one thousand billion, etc.


� See previous footnote.


� Andreaskreuze


� i.e., thousands


� 3 is contained 8 times in 25, however 8 times 37 is bigger than 254 and thus cannot be subtracted.


� old currency
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